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This document contains Part III of the course notes for the course “Artificial Intelligence 1” held
at FAU Erlangen-Nürnberg in the Winter Semesters 2016/17 ff.
A Video Nugget covering this document can be found at https://fau.tv/clip/id/22466.
This part of the course introduces representation languages and inference methods for structured
state representations for agents: In contrast to the atomic and factored state representations from
??, we look at state representations where the relations between objects are not determined by
the problem statement, but can be determined by inference-based methods, where the knowledge
about the environment is represented in a formal langauge and new knowledge is derived by
transforming expressions of this language.
We look at propositional logic – a rather weak representation langauge – and first-order logic
– a much stronger one – and study the respective inference procedures. In the end we show that
computation in Prolog is just an inference problem as well.
Other parts of the lecture notes can be found at http://kwarc.info/teaching/AI/notes-*.pdf.
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Chapter 1

Propositional Reasoning, Part I:
Principles
1.1

Introduction

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/22455.

The Wumpus World
Definition 1.1.1. The Wumpus world is
a simple game where an agent explores a
cave with 16 cells that can contain pits,
gold, and the Wumpus with the goal of
getting back out alive with the gold.

 Definition 1.1.2 (Actions). The agent can perform the following actions: goForward,
turnRight (by 90◦ ), turnLeft (by 90◦ ), shoot arrow in direction you’re facing (you
got exactly one arrow), grab an object in current cell, leave cave if you’re in cell
[1, 1].
 Definition 1.1.3 (Initial and Terminal States). Initially, the agent is in cell [1, 1]
facing east. If the agent falls down a pit or meets live Wumpus it dies.
 Definition 1.1.4 (Percepts). The agent can experience the following percepts:
stench, breeze, glitter, bump, scream, none.






Cell adjacent (i.e. north, south, west, east) to Wumpus: stench (else: none).
Cell adjacent to pit: breeze (else: none).
Cell that contains gold: glitter (else: none).
You walk into a wall: bump (else: none).
Wumpus shot by arrow: scream (else: none).
©: Michael Kohlhase
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Reasoning in the Wumpus World
 Example 1.1.5 (Reasoning in the Wumpus World).

A: agent, V: visited, OK: safe, P: pit, W: Wumpus, B: breeze, S: stench, G: gold.

(1) Initial state







(3) Back, and up to [1,2]

(2) One step to right

The Wumpus is in [1,3]! How do we know?
No stench in [2,1], so the stench in [1,2] can only come from [1,3].
There’s a pit in [3,1]! How do we know?
No breeze in [1,2], so the breeze in [2,1] can only come from [3,1].
©: Michael Kohlhase
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Agents that Think Rationally
 Think Before You Act!:
2.4.based
The agent
Structure can
of Agents
A Section
model
think about the world and his actions

51

Sensors
State
How the world evolves

What my actions do

Condition-action rules

Agent
Figure 2.11

Environment

What the world
is like now

What action I
should do now
Actuators

A model-based reflex agent.

function KB−AGENT (percept) returns an action
persistent:function
KB,MaODEL
knowledge
base
-BASED -R EFLEX
-AGENT( percept ) returns an action
state, theinitially
agent’s current
of the world
state
t,persistent:
a counter,
0,conception
indicating
time
model , a description of how the next state depends on current state and action
TELL(KB, MAKE−PERCEPT−SENTENCE(percept,t))
rules, a set of condition–action rules
action,
the most recent action, initially none
action := ASK(KB,
MAKE−ACTION−QUERY(t))
state ← U PDATE -S TATE(state, action , percept , model )
TELL(KB, MAKE−ACTION−SENTENCE(action,t))
← RULE -M ATCH(state, rules)
t := t+1 rule
action ← rule.ACTION
return action
return action
Figure 2.12

A model-based reflex agent. It keeps track of the current state of the world,

using an internal model. It then chooses an action in the same way as the reflex agent.
 Idea: “Thinking”
= Reasoning about knowledge represented using logic.

is responsible for creating the new internal state description. The details of how models and
states are represented vary widely depending on the type of environment and the particular
technology used
in Michael
the agent design.
Detailed examples of models and
©:
Kohlhase
3 updating algorithms
appear in Chapters 4, 12, 11, 15, 17, and 25.
Regardless of the kind of representation used, it is seldom possible for the agent to
determine the current state of a partially observable environment exactly. Instead, the box
labeled “what the world is like now” (Figure 2.11) represents the agent’s “best guess” (or
sometimes best guesses). For example, an automated taxi may not be able to see around the
large truck that has stopped in front of it and can only guess about what may be causing the
hold-up. Thus, uncertainty about the current state may be unavoidable, but the agent still has
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1.1. INTRODUCTION

Logic: Basic Concepts (Representing Knowledge)
 Definition 1.1.6. Syntax: What are legal statements (formulae) A in the logic?
 Example 1.1.7. “W ” and “W ⇒S”.

(W =
b Wumpus is here, S =
b it stinks)

 Definition 1.1.8. Semantics: Which formulas A are true under which assignment
φ, written φ|=A?
 Example 1.1.9. If φ:={W 7→T,S7→F}, then φ|=W but φ̸|=W ⇒S.

 Intuition: Knowledge about the state of the world is described by formulae, interpretations evaluate them in the current world
(they should turn out
true!)

©: Michael Kohlhase
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Logic: Basic Concepts (Reasoning about Knowledge)
 Definition 1.1.10. Entailment: Which B are entailed by A, written A |= B,
meaning that, for all φ with φ|=A, we have φ|=B? E.g., P ∧(P ⇒Q) |= Q.
 Intuition: Entailment =
b ideal outcome of reasoning, everything that we can possibly
conclude. e.g. determine Wumpus position as soon as we have enough information
 Definition 1.1.11. Deduction: Which statements B can be derived from A using
a set C of inference rules (a calculus), written A⊢C B?
 Example 1.1.12. If C contains

A A⇒B
then P, P ⇒Q⊢C Q
B

 Intuition: Deduction =
b process in an actual computer trying to reason about entailment. E.g. a mechanical process attempting to determine Wumpus position.
 Definition 1.1.13. Soundness: whenever A⊢C B, we also have A |= B.

 Definition 1.1.14. Completeness: whenever A |= B, we also have A⊢C B.
©: Michael Kohlhase
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General Problem Solving using Logic
 Idea: Any problem that can be formulated as reasoning about logic. ; use offthe-shelf reasoning tool.
 Very successful using propositional logic and modern SAT solvers! (Propositional
satisfiability testing; ??)
©: Michael Kohlhase
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Propositional Logic and Its Applications
 Propositional logic = canonical form of knowledge + reasoning.



Syntax: Atomic propositions that can be either true or false, connected by “and,
or, not”.
Semantics: Assign value to every proposition, evaluate connectives.

 Applications: Despite its simplicity, widely applied!


Product configuration (e.g., Mercedes). Check consistency of customized combinations of components.



Hardware verification (e.g., Intel, AMD, IBM, Infineon). Check whether a circuit
has a desired property p.




Software verification: Similar.
CSP applications: Propositional logic can be (successfully!) used to formulate
and solve CSP problems.
(see ??)

 ?? gives an example for verification.
©: Michael Kohlhase
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Our Agenda for This Topic
 This Section: Basic definitions and concepts; tableaux, resolution.


Sets up the framework. Resolution is the quintessential reasoning procedure
underlying most successful SAT solvers.

 ??: The Davis-Putnam procedure and clause learning; practical problem structure.


State-of-the-art algorithms for reasoning about propositional logic, and an important observation about how they behave.
©: Michael Kohlhase
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Our Agenda for This Chapter
 Propositional Logic: What’s the syntax and semantics? How can we capture deduction?


We study this logic formally.

 Tableaux, Resolution: How can we make deduction mechanizable? What are its
properties?


Formally introduces the most basic machine-oriented reasoning methods.

 Killing a Wumpus: How can we use all this to figure out where the Wumpus is?


Coming back to our introductory example.
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1.2. PROPOSITIONAL LOGIC (SYNTAX/SEMANTICS)
©: Michael Kohlhase
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Propositional Logic (Syntax/Semantics)

Video Nuggets covering this Section can be found at https://fau.tv/clip/id/22457 and https:
//fau.tv/clip/id/22458.

Propositional Logic (Syntax)
 Definition 1.2.1 (Syntax). The formulae of propositional logic (write PL0 ) are
made up from




propositional variables: V0 :={P ,Q,R,P 1 ,P 2 , . . .}

(countably infinite)

constants/constructors called connectives: Σ0 :={T ,F ,¬,∨,∧,⇒,⇔, . . .}

We define the set wff0 (V0 ) of well-formed propositional formulae (wffs) as











propositional variables,
the logical constants T and F ,
negations ¬A,

conjunctions A∧B(A and B are called conjuncts),
disjunctions A∨B (A and B are called disjuncts),
implications A⇒B, and
equivalences (or biimplications). A⇔B,

where A,B∈wff0 (V0 ) themselves.
 Example 1.2.2. P ∧Q,P ∨Q,(¬P ∨Q)⇔(P ⇒Q)∈wff0 (V0 )

 Definition 1.2.3. Propositional formulae without connectives are called atomic (or
an atoms) and complex otherwise.
©: Michael Kohlhase
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Propositional Logic Grammar Overview
 Grammar for Propositional Logic:
propositional variables X
propositional formulae A

::=
::=
|
|
|
|
|

©: Michael Kohlhase

V0 = {P ,Q,R, . . . , . . .}
X
¬A
A1 ∧A2
A1 ∨A2
A1 ⇒A2
A1 ⇔A2

11

variables
variable
negation
conjunction
disjunction
implication
equivalence

10
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Alternative Notations for Connectives
Here

Elsewhere

¬A

∼A

A

A∧B

A&B

A•B

A,B

A∨B

A+B

A|B

A;B

A⇒B

A→B

A⊃B

A⇔B

A↔B

A≡B

F

⊥ 0

T

⊤ 1

©: Michael Kohlhase
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Semantics of PL0 (Models)
 Definition 1.2.4. A model M:=⟨Do ,I⟩ for propositional logic consists of


the universe Do = {T,F}



I(¬) : Do →Do ; T7→F, F7→T



the interpretation I that assigns values to essential connectives.



I(∧) : Do ×Do →Do ; ⟨α,β⟩7→T, iff α = β = T

We call a constructor a logical constant, iff its value is fixed by the interpretation
 Treat the other connectives as abbreviations, e.g. A∨B=
b ¬(¬A∧¬B) and A⇒B=
b
¬A∨B, and T =
b P ∨¬P
(only need to treat ¬, ∧ directly)
©: Michael Kohlhase
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Semantics of PL0 (Evaluation)
 Problem: The interpretation function only assigns meaning to connectives.
 Definition 1.2.5. A variable assignment φ : V0 →Do assigns values to propositional
variables.
 Definition 1.2.6. The value function I φ : wff0 (V0 )→Do assigns values to PL0
formulae. It is recursively defined,


I φ (P ) = φ(P )



I φ (A∧B) = I(∧)(I φ (A),I φ (B)).



(base case)

I φ (¬A) = I(¬)(I φ (A)).

 Note that I φ (A∨B) = I φ (¬(¬A∧¬B)) is only determined by I φ (A) and I φ (B),
so we think of the defined connectives as logical constants as well.

11

1.2. PROPOSITIONAL LOGIC (SYNTAX/SEMANTICS)
 Definition 1.2.7. Two formulae A and B are called equivalent, iff I φ (A) = I φ (B)
for all variable assignments φ.
©: Michael Kohlhase
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Computing Semantics
 Example 1.2.8.

Let φ:=[T/P 1 ],[F/P 2 ],[T/P 3 ],[F/P 4 ], . . . then

I φ (P 1 ∨P 2 ∨¬(¬P 1 ∧P 2 )∨P 3 ∧P 4 )

=

I(∨)(I φ (P 1 ∨P 2 ),I φ (¬(¬P 1 ∧P 2 )∨P 3 ∧P 4 ))

=

I(∨)(I(∨)(I φ (P 1 ),I φ (P 2 )),I(∨)(I φ (¬(¬P 1 ∧P 2 )),I φ (P 3 ∧P 4 )))

=

I(∨)(I(∨)(φ(P 1 ),φ(P 2 )),I(∨)(I(¬)(I φ (¬P 1 ∧P 2 )),I(∧)(I φ (P 3 ),I φ (P 4 ))))

=

I(∨)(I(∨)(T,F),I(∨)(I(¬)(I(∧)(I φ (¬P 1 ),I φ (P 2 ))),I(∧)(φ(P 3 ),φ(P 4 ))))

=

I(∨)(T,I(∨)(I(¬)(I(∧)(I(¬)(I φ (P 1 )),φ(P 2 ))),I(∧)(T,F)))

=

I(∨)(T,I(∨)(I(¬)(I(∧)(I(¬)(φ(P 1 )),F)),F))

=

I(∨)(T,I(∨)(I(¬)(I(∧)(I(¬)(T),F)),F))

=

I(∨)(T,I(∨)(I(¬)(I(∧)(F,F)),F))

=

I(∨)(T,I(∨)(I(¬)(F),F))

=

I(∨)(T,I(∨)(T,F))

=

I(∨)(T,T)

=

T

 What a mess!
©: Michael Kohlhase
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Now we will also review some propositional identities that will be useful later on. Some of them we
have already seen, and some are new. All of them can be proven by simple truth table arguments.

Propositional Identities
 We have the following identities in propositional logic:
Name
Idenpotence
Identity
Absorption I
Commutativity
Associativity
Distributivity
Absorption II
De Morgan
Double negation
Definitions

for ∧
for ∨
φ∧φ = φ
φ∨φ = φ
φ∧T = φ
φ∨F = φ
φ∧F = F
φ∨T = T
φ∧ψ = ψ∧φ
φ∨ψ = ψ∨φ
φ∧ψ∧θ = φ∧ψ∧θ
φ∨ψ∨θ = φ∨ψ∨θ
φ∧(ψ∨θ) = φ∧ψ∨φ∧θ
φ∨ψ∧θ = (φ∨ψ)∧(φ∨θ)
φ∧(φ∨θ) = φ
φ∨φ∧θ = φ
¬(φ∧ψ) = ¬φ∨¬ψ
¬(φ∨ψ) = ¬φ∧¬ψ
¬¬φ = φ
φ⇒ψ = ¬φ∨ψ
φ⇔ψ = (φ⇒ψ)∧(ψ⇒φ)

©: Michael Kohlhase
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We will now use the distribution of values of a Boolean expression under all (variable) assignments
to characterize them semantically. The intuition here is that we want to understand theorems,

12
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examples, counterexamples, and inconsistencies in mathematics and everyday reasoning1 .
The idea is to use the formal language of Boolean expressions as a model for mathematical
language. Of course, we cannot express all of mathematics as Boolean expressions, but we can at
least study the interplay of mathematical statements (which can be true or false) with the copula
“and”, “or” and “not”.

Semantic Properties of Propositional Formulae
 Definition 1.2.9. Let M:=⟨U,I⟩ be our model, then we call A


true under φ (φ satisfies A) in M, iff I φ (A) = T



satisfiable in M, iff I φ (A) = T for some assignment φ



falsifiable in M, iff I φ (A) = F for some assignments φ



false under φ (φ falsifies A) in M, iff I φ (A) = F



valid in M, iff M|=φ A for all assignments φ



unsatisfiable in M, iff I φ (A) = F for all assignments φ

(write M|=φ A)

(write M̸|=φ A)

 Example 1.2.10. x∨x is satisfiable and falsifiable.

 Example 1.2.11. x∨¬x is valid and x∧¬x is unsatisfiable.

 Alternative Notation: Write [ A]]φ for I φ (A), if M = ⟨U,I⟩.
ground, and [ A]], if M is clear)

(and [ A]], if A is

 Definition 1.2.12 (Entailment).
(aka. logical consequence)
We say that A entails B (A |= B), iff I φ (B) = T for all φ with I φ (A) = T (i.e.
all assignments that make A true also make B true)
©: Michael Kohlhase
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Let us now see how these semantic properties model mathematical practice.
In mathematics we are interested in assertions that are true in all circumstances. In our model
of mathematics, we use variable assignments to stand for circumstances. So we are interested
in Boolean expressions which are true under all variable assignments; we call them valid. We
often give examples (or show situations) which make a conjectured assertion false; we call such
examples counterexamples, and such assertions “falsifiable”. We also often give examples for certain
assertions to show that they can indeed be made true (which is not the same as being valid
yet); such assertions we call “satisfiable”. Finally, if an assertion cannot be made true in any
circumstances we call it “unsatisfiable”; such assertions naturally arise in mathematical practice in
the form of refutation proofs, where we show that an assertion (usually the negation of the theorem
we want to prove) leads to an obviously unsatisfiable conclusion, showing that the negation of the
theorem is unsatisfiable, and thus the theorem valid.

A better mouse-trap: Truth Tables

1 Here (and elsewhere) we will use mathematics (and the language of mathematics) as a test tube for understanding reasoning, since mathematics has a long history of studying its own reasoning processes and assumptions.
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1.2. PROPOSITIONAL LOGIC (SYNTAX/SEMANTICS)
 Truth tables visualize truth functions:
¬
T
F

∧
T
F

F
T

T F
T F
F F

∨
T
F

T F
T T
T F

 If we are interested in values for all assignments
assignments
x
F
F
F
F
T
T
T
T

y
F
F
T
T
F
F
T
T

z
F
T
F
T
F
T
F
T

(e.g z∧x∨¬(z∧y))

intermediate results
e1 :=z∧y
F
F
F
T
F
F
F
T

e2 :=¬e1
T
T
T
F
T
T
T
F

e3 :=z∧x
F
F
F
F
F
T
F
T

©: Michael Kohlhase

full
e3 ∨e2
T
T
T
F
T
T
T
T
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Hair Color in Propositional Logic
 There are three persons, Stefan, Nicole, and Jochen.
1. Their hair colors are black, red, or green.

2. Their study subjects are AI, Physics, or Chinese at least one studies AI.
(a) Persons with red or green hair do not study AI.
(b) Neither the Physics nor the Chinese students have black hair.
(c) Of the two male persons, one studies Physics, and the other studies Chinese.
 Question: Who studies AI?
(A) Stefan (B) Nicole (C) Jochen

(D) Nobody

 Answer: You can solve this using PL0 , if we accept bla(S), etc. as propositional variables.
We first express what we know: For every x∈{S,N ,J} (Stefan, Nicole, Jochen) we have
1. bla(x)∨red(x)∨gre(x);

(note: three formulae)

2. ai(x)∨phy(x)∨chi(x) and ai(S)∨ai(N )∨ai(J)
(a) ai(x)⇒¬red(x)∧¬gre(x).
(b) phy(x)⇒¬bla(x) and chi(x)⇒¬bla(x).
(c) phy(S)∧chi(J)∨phy(J)∧chi(S).
Now, we obtain new knowledge via entailment steps:
3. 1. together with 2.1 entails that ai(x)⇒bla(x) for every x∈{S,N ,J},
4. thus ¬bla(S)∧¬bla(J) by 3. and 2.2 and
5. so ¬ai(S)∧¬ai(J) by 3. and 4.
6. With 2.3 the latter entails ai(N ).

©: Michael Kohlhase
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Predicate Logic Without Quantifiers

In the hair-color example we have seen that we are able to model complex situations in PL0 . The
trick of using variables with fancy names like bla(N ) is a bit dubious, and we can already imagine
that it will be difficult to support programmatically unless we make names like bla(N ) into first
class citizens – i.e. expressions of the logic language themselves.

Individuals and their Properties/Relations
 Observation: We want to talk about individuals like Stefan, Nicole, and Jochen
and their properties, e.g. being blond, or studying AI
and relationships, e.g. that Stefan loves Nicole.
 Idea: Re-use PL0 , but replace propositional variables with something more expressive!
(instead of fancy variable name
trick)
 Definition 1.3.1. A first order signature consists of pairwise disjoint, countable
sets for each k∈N


function constants: Σfk = {f ,g,h, . . .} – denoting functions on individuals

predicate constants: Σpk = {p,q,r, . . .} – denoting relationships among individuals.
S
S
We set Σf := k∈N Σfk , Σp := k∈N Σpk , and Σ1 :=Σf ∪Σp .


 Definition 1.3.2. The formulae of PLNQ are given by the following grammar
functions f k
predicates pk
terms
t

formulae

A

Σfk
Σpk
X
f0
f k (t1 ,. . .,tk )
pk (t1 ,. . .,tk )
¬A
A1 ∧A2

∈
∈
::=
|
|
::=
|
|

©: Michael Kohlhase

variable
constant
application
atomic
negation
conjunction
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PLNQ Semantics
 Definition 1.3.3. Universes Do = {T,F} of truth values and Dι ̸=∅ of individuals.

 Definition 1.3.4. Interpretation I assigns values to constants, e.g.






I(¬) : Do →Do ; T7→F; F7→T and I(∧) = . . .
I : Σf0 →Dι

I : Σfk →Dι k →Dι
I:

Σpk →P(Dι k )

(as in PL0 )

(interpret individual constants as individuals)

(interpret function constants as functions)mo
(interpret predicates as arbitrary relations)

15

1.3. PREDICATE LOGIC WITHOUT QUANTIFIERS
 Definition 1.3.5. The value function I assigns values to formulae





(recursively)

I(f (A1 ,. . .,Ak )):=I(f )(I(A1 ), . . . ,I(Ak ))

I(p(A1 ,. . .,Ak )):=T, iff ⟨I(A1 ), . . . ,I(Ak )⟩∈I(p)

I(¬A) = I(¬)(I(A)) and I(A∧B) = I(∧)(I(A),I(G))

(just as in PL0 )

 Definition 1.3.6. Model: M = ⟨Dι ,I⟩ varies in Dι and I.
 Theorem 1.3.7. PLNQ is isomorphic to PL0

(interpret atoms as prop. variables)

©: Michael Kohlhase
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A Model for PLNQ
 Example 1.3.8. Let L:={a,b,c,d,e,P ,Q,R,S}, we set the domain D:={♣,♠,♡,♢},
and the interpretation function I by setting


a7→♣, b7→♠, c7→♡, d7→♢, and e7→♢ for individual constants,



R7→{⟨♡,♢⟩,⟨♢,♡⟩}, and S7→{⟨♢,♠⟩,⟨♠,♣⟩} for binary predicate constants.



I(R(a,b)∧P (c)) = T, iff



P 7→{♣,♠} and Q7→{♠,♢}, for unary predicate constants.

 Example 1.3.9 (Computing Meaning in this Model).





I(R(a,b)) = T and I(P (c)) = T, iff

⟨I(a),I(b)⟩∈I(R) and I(c)∈I(P ), iff

⟨♣,♠⟩∈{⟨♡,♢⟩,⟨♢,♡⟩} and ♡∈{♣,♠}

So, I(R(a,b)∧P (c)) = F.
©: Michael Kohlhase
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PLNQ and PL0 are Isomorphic
 Observation: For every choice of Σ of signature, the set AΣ of atomic PLNQ
formulae is countable, so there is a V Σ ⊆V0 and a bijection θΣ : AΣ →V Σ .
θΣ can be extended to formulae as PLNQ and PL0 share connectives.

 Lemma 1.3.10. For every model M = ⟨Dι ,I⟩, there is a variable assignment φM ,
such that I φM (A) = I(A).
 Proof Sketch: We just define φM (X):=I(θ−1
Σ (X))

□

 Proof Sketch: see next slide

□

 Lemma 1.3.11. For every variable assignment ψ : V Σ →{T,F} there is a model
Mψ = ⟨Dψ ,I ψ ⟩, such that I ψ (A) = I ψ (A).
 Corollary 1.3.12. PLNQ is isomorphic to PL0 , i.e. the following diagram commutes:

16
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⟨Dψ ,I ψ ⟩

ψ 7→ Mψ

I ψ ()
PLNQ (Σ1 )

θΣ

V Σ →{T,F}
I φM ()
PL0 (AΣ )

 Note: This constellation with a language isomorphism and a corresponding model
isomorphism (in converse direction) is typical for a logic isomorphism.
©: Michael Kohlhase
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Valuation and Satisfiability
 Lemma 1.3.13. For every variable assignment ψ : V Σ →{T,F} there is a model
Mψ = ⟨Dψ ,I ψ ⟩, such that I ψ (A) = I ψ (A).
 Proof: We construct Mψ = ⟨Dψ ,I ψ ⟩ and show that it works as desired.
1. Let Dψ be the set of PLNQ terms over Σ, and
k

I ψ (f ) : (Dι k )→(Dψ );⟨A1 ,. . .,Ak ⟩7→f (A1 ,. . .,Ak ) for f ∈Σf k
−1
ψ
p
 I (p):={⟨A1 ,. . .,Ak ⟩|ψ(θ ψ p(A1 ,. . .,Ak )) = T} for p∈Σ .


2. We show I ψ (A) = A for terms A by induction on A: If A = f (A1 , . . . ,An )
then I ψ (A) = I ψ (f )(I(A1 ), . . . ,I(An )) = I ψ (f )(A1 ,. . .,Ak ) = A.
3. For a PLNQ formula A we show that I ψ (A) = I ψ (A) by induction on A.
3.1. If A = p(A1 ,. . .,Ak ), then I ψ (A) = I ψ (p)(I(A1 ), . . . ,I(An )) = T, iff
ψ
⟨A1 ,. . .,Ak ⟩∈I ψ (p), iff ψ(θ−1
ψ A) = T, so I (A) = I ψ (A) as desired.

3.2. If A = ¬B, then I ψ (A) = T, iff I ψ (B) = F, iff I ψ (B) = I ψ (B), iff
I ψ (A) = I ψ (A).
3.3. If A = B∧C then we argue similarly
4. Hence I ψ (A) = I ψ (A) for all PLNQ formulae and we have concluded the proof.
□

©: Michael Kohlhase
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Inference in Propositional Logics

We have now defined syntax (the language agents can use to represent knowledge) and its semantics (how expressions of this language relate to the world the agent’s environment). Theoretically, an agent could use the entailment relation to derive new knowledge percepts and the existing
state representation – in the MAKE−PERCEPT−SENTENCE and MAKE−ACTION−SENTENCE
subroutines below. But as we have seen in above, this is very tedious. A much better way would
be to have a set of rules that directly act on the state representations.

Agents that Think Rationally
 Think Before You Act!:
A model based agent can think about the world and his actions

1.4. INFERENCE
IN
LOGICS
Section 2.4.
The PROPOSITIONAL
Structure of Agents

17

51

Sensors
State
How the world evolves

What my actions do

Condition-action rules

Agent
Figure 2.11

Environment

What the world
is like now

What action I
should do now
Actuators

A model-based reflex agent.

function KB−AGENT (percept) returns an action
persistent:function
KB,MaODEL
knowledge
base
-BASED -R EFLEX
-AGENT( percept ) returns an action
state, theinitially
agent’s current
of the world
state
t,persistent:
a counter,
0,conception
indicating
time
model , a description of how the next state depends on current state and action
TELL(KB, MAKE−PERCEPT−SENTENCE(percept,t))
rules, a set of condition–action rules
action,
the most recent action, initially none
action := ASK(KB,
MAKE−ACTION−QUERY(t))
PDATE
-S
TATE
(state, action , percept , model )
state
←
U
TELL(KB, MAKE−ACTION−SENTENCE(action,t))
← RULE -M ATCH(state, rules)
t := t+1 rule
action ← rule.ACTION
return action
return action
Figure 2.12

A model-based reflex agent. It keeps track of the current state of the world,

using an internal model. It then chooses an action in the same way as the reflex agent.
 Idea: “Thinking”
= Reasoning about knowledge represented using logic.

is responsible for creating the new internal state description. The details of how models and
states are represented vary widely depending on the type of environment and the particular
technology used
in Michael
the agent design.
Detailed examples of models and
©:
Kohlhase
25 updating algorithms
appear in Chapters 4, 12, 11, 15, 17, and 25.
Regardless of the kind of representation used, it is seldom possible for the agent to
determine the current state of a partially observable environment exactly. Instead, the box
labeled “what the world is like now” (Figure 2.11) represents the agent’s “best guess” (or
sometimes best guesses). For example, an automated taxi may not be able to see around the
large truck that has stopped in front of it and can only guess about what may be causing the
hold-up. Thus, uncertainty about the current state may be unavoidable, but the agent still has
Formulae: built
propositional variables: P ,Q,R. . . and implication: ⇒
to make from
a decision.
A perhaps less obvious point about the internal “state” maintained by a model-based
agent is that it does not have to describe “what the world is like now” in a literal sense. For
Semantics: I φ (P ) = φ(P ) and I φ (A⇒B) = T, iff I φ (A) = F or I φ (B) =

A Simple Formal System: Prop. Logic with Hilbert-Calculus



T.

 Definition 1.4.1. The Hilbert calculus H0 consists of the inference rules:
P ⇒Q⇒P

K

(P ⇒Q⇒R)⇒(P ⇒Q)⇒P ⇒R

A⇒B A
MP
B

S

A
Subst
[B/X](A)

 Example 1.4.2. A H0 theorem C⇒C and its proof
Proof: We show that ∅⊢H0 C⇒C

1. (C⇒(C⇒C)⇒C)⇒(C⇒C⇒C)⇒C⇒C
2. C⇒(C⇒C)⇒C
3. (C⇒C⇒C)⇒C⇒C
4. C⇒C⇒C
5. C⇒C

(S with [C/P ],[C⇒C/Q],[C/R])
(K with [C/P ],[C⇒C/Q])
(MP on P.1 and P.2)
(K with [C/P ],[C/Q])
(MP on P.3 and P.4)
□

©: Michael Kohlhase
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This is indeed a very simple formal system, but it has all the required parts:

18
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• A formal language: expressions built up from variables and implications.
• A semantics: given by the obvious interpretation function
• A calculus: given by the two axioms and the two inference rules.
The calculus gives us a set of rules with which we can derive new formulae from old ones. The
axioms are very simple rules, they allow us to derive these two formulae in any situation. The
inference rules are slightly more complicated: we read the formulae above the horizontal line as
assumptions and the (single) formula below as the conclusion. An inference rule allows us to derive
the conclusion, if we have already derived the assumptions.
Now, we can use these inference rules to perform a proof. A proof is a sequence of formulae that
can be derived from each other. The representation of the proof in the slide is slightly compactified
to fit onto the slide: We will make it more explicit here. We first start out by deriving the formula
(P ⇒Q⇒R)⇒(P ⇒Q)⇒P ⇒R

(1.1)

which we can always do, since we have an axiom for this formula, then we apply the rule Subst,
where A is this result, B is C, and X is the variable P to obtain
(C⇒Q⇒R)⇒(C⇒Q)⇒C⇒R

(1.2)

Next we apply the rule Subst to this where B is C⇒C and X is the variable Q this time to obtain
(C⇒C⇒C⇒R)⇒(C⇒C⇒C)⇒C⇒R

(1.3)

And again, we apply the rule Subst this time, B is C and X is the variable R yielding the first
formula in our proof on the slide. To conserve space, we have combined these three steps into one
in the slide. The next steps are done in exactly the same way.
In general formulae can be used to represent facts about the world as propositions; they have a
semantics that is a mapping of formulae into the real world (propositions are mapped to truth
values.) We have seen two relations on formulae: the entailment-relation and the deduction
relation. The first one is defined purely in terms of the semantics, the second one is given by a
calculus, i.e. purely syntactically. Is there any relation between these relations?

Soundness and Completeness
 Definition 1.4.3. Let S:=⟨L,K,|=⟩ be a logical system, then we call a calculus C
for S




sound (or correct), iff H |= A, whenever H⊢C A, and

complete, iff H⊢C A, whenever H |= A.

 Goal: Find calculi C, such that ⊢C A iff |=A


To TRUTH through PROOF



(provability and validity coincide)
(CALCULEMUS [Leibniz ∼1680])
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Ideally, both relations would be the same, then the calculus would allow us to infer all facts that
can be represented in the given formal language and that are true in the real world, and only
those. In other words, our representation and inference is faithful to the world.
A consequence of this is that we can rely on purely syntactical means to make predictions
about the world. Computers rely on formal representations of the world; if we want to solve a
problem on our computer, we first represent it in the computer (as data structures, which can be
seen as a formal language) and do syntactic manipulations on these structures (a form of calculus).
Now, if the provability relation induced by the calculus and the validity relation coincide (this will
be quite difficult to establish in general), then the solutions of the program will be correct, and
we will find all possible ones.
Of course, the logics we have studied so far are very simple, and not able to express interesting
facts about the world, but we will study them as a simple example of the fundamental problem of
computer-science: How do the formal representations correlate with the real world.
Within the world of logics, one can derive new propositions (the conclusions, here: Socrates is
mortal) from given ones (the premises, here: Every human is mortal and Sokrates is human).
Such derivations are proofs.
In particular, logics can describe the internal structure of real-life facts; e.g. individual things,
actions, properties. A famous example, which is in fact as old as it appears, is illustrated in the
slide below.

The miracle of logics
 Purely formal derivations are true in the real world!

©: Michael Kohlhase
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If a logic is correct, the conclusions one can prove are true (= hold in the real world) whenever
the premises are true. This is a miraculous fact
(think about it!)
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Propositional Natural Deduction Calculus

Video Nuggets covering this Section can be found at https://fau.tv/clip/id/22520 and https:
//fau.tv/clip/id/22525.
We will now introduce the “natural deduction” calculus for propositional logic. The calculus was
created in order to model the natural mode of reasoning e.g. in everyday mathematical practice.
This calculus was intended as a counter-approach to the well-known Hilbert style calculi, which
were mainly used as theoretical devices for studying reasoning in principle, not for modeling
particular reasoning styles.
We will introduce natural deduction in two styles/notation, both were invented by Gerhard
Gentzen in the 1930’s and are very much related. The Natural Deduction style (ND) uses “local
hypotheses” in proofs for hypothetical reasoning, while the “sequent style” is a rationalized version
and extension of the ND calculus that makes certain meta-proofs simpler to push through by making the context of local hypotheses explicit in the notation. The sequent notation also constitutes
a more adequate data struture for implementations, and user interfaces.
Rather than using a minimal set of inference rules, the natural deduction calculus provides
two/three inference rules for every logical constant, one “introduction rule” (an inference rule
that derives a formula with that symbol at the head) and one “elimination rule” (an inference rule
that acts on a formula with this head and derives a set of subformulae).

Calculi: Natural Deduction (ND0 ; Gentzen [Gentzen:uudlsi35])
 Idea: ND0 tries to mimic human argumentation for theorem proving.
 Definition 1.5.1. The propositional natural deduction calculus ND0 has inference
rules for the introduction and elimination of connectives:
Introduction
A B
∧I
A∧B
[A]

Elimination
A∧B
A∧B
∧El
∧Er
A
B

Axiom

A∨¬A

1

B
⇒I 1
A⇒B

TND

A⇒B A
⇒E
B

⇒I proves A⇒B by exhibiting a ND0 derivation D of B from the local hypothesis
A; ⇒I then discharges (get rid of – A can only be used in D) the hypothesis and
concludes A⇒B. This mode of reasoning is called hypothetical reasoning.
 Definition 1.5.2. Given a set H⊆wff0 (V0 ) of assumptions and a conclusion C, we
write H⊢ND0 C, iff there is a ND0 derivation tree whose leaves are in H.
 Note: TND is used only in classical logic (otherwise constructive/intuitionistic)
©: Michael Kohlhase
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The most characteristic rule in the natural deduction calculus is the ⇒I rule and the hypothetical
reasoning it introduce. ⇒I corresponds to the mathematical way of proving an implication A⇒B:
We assume that A is true and show B from this local hypothesis. When we can do this we
discharge the assumption and conclude A⇒B.
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Note that the local hypothesis is discharged by the rule ⇒I, i.e. it cannot be used in any other
part of the proof. As the ⇒I rules may be nested, we decorate both the rule and the corresponding
assumption with a marker (here the number 1).
Let us now consider an example of hypothetical reasoning in action.

Natural Deduction: Examples
 Example 1.5.3 (Inference with Local Hypotheses).
[A∧B]1
B

∧Er

[A∧B]1
A

[A]
2
[B]

∧I

B∧A
A∧B⇒B∧A

1

∧El

⇒I

1

A
B⇒A

⇒I 2

A⇒B⇒A

©: Michael Kohlhase

⇒I 1
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Here we see hypothetical reasoning with local hypotheses at work. In the left example, we assume
the formula A∧B and can use it in the proof until it is discharged by the rule ∧El on the bottom
– therefore we decorate the hypothesis and the rule by corresponding numbers (here the label “1”).
Note the assumption A∧B is local to the proof fragment delineated by the corresponding local
hypothesishypothesis and the discharging rule, i.e. even if this proof is only a fragment of a larger
proof, then we cannot use its local hypothesishypothesis anywhere else.
Note also that we can use as many copies of the local hypothesis as we need; they are all
discharged at the same time.
In the right example we see that local hypotheses can be nested as long as they are kept local. In
particular, we may not use the hypothesis B after the ⇒I 2 , e.g. to continue with a ⇒E.
One of the nice things about the natural deduction calculus is that the deduction theorem is
almost trivial to prove. In a sense, the triviality of the deduction theorem is the central idea of
the calculus and the feature that makes it so natural.

A Deduction Theorem for ND0
 Theorem 1.5.4. H, A⊢ND0 B, iff H⊢ND0 A⇒B.
 Proof: We show the two directions separately

1. If H, A⊢ND0 B, then H⊢ND0 A⇒B by ⇒I , and
2. If H⊢ND0 A⇒B, then H, A⊢ND0 A⇒B by weakening and H, A⊢ND0 B by ⇒E.

□

©: Michael Kohlhase
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Another characteristic of the natural deduction calculus is that it has inference rules (introduction
and elimination rules) for all connectives. So we extend the set of rules from ?? for disjunction,
negation and falsity.
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More Rules for Natural Deduction
 Note: ND0 does not try to be minimal, but comfortable to work in!x
 Definition 1.5.5. ND0 has the following additional inference rules for the remaining
connectives.

A
∨Il
A∨B

[A]
..
A∨B
.
C
C

B
∨Ir
A∨B
1

[A]
..
.
C

1

1

[B]
..
.
C ∨E 1

1

[A]
..
.
¬C ¬I 1
¬A
¬A A
FI
F

¬¬A
¬E
A
F
FE
A

 Again: ¬E is used only in classical logic (otherwise constructive/intuitionistic)
©: Michael Kohlhase

32

Natural Deduction in Sequent Calculus Formulation
 Idea: Represent hypotheses explicitly.

(lift calculus to judgments)

 Definition 1.5.6. A judgment is a meta-statement about the provability of propositions.
 Definition 1.5.7. A sequent is a judgment of the form H⊢A about the provability
of the formula A from the set H of hypotheses. We write ⊢A for ∅⊢A.
 Idea: Reformulate ND0 inference rules so that they act on sequents.
 Example 1.5.8.We give the sequent-style version of ??:
A∧B⊢A∧B
A∧B⊢B

Ax
∧Er

A∧B⊢A∧B
A∧B⊢A

∧El

∧I

A∧B⊢B∧A
⊢A∧B⇒B∧A

Ax

⇒I

A,B⊢A

Ax

A⊢B⇒A

⇒I

⊢A⇒B⇒A

⇒I

23
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 Note: Even though the antecedent of a sequent is written like a sequence, it is
actually a set. In particular, we can permute and duplicate members at will.
©: Michael Kohlhase

33

Sequent-Style Rules for Natural Deduction
 Definition 1.5.9. The following inference rules make up the propositional sequentstyle natural deduction calculus ND⊢0 :

Γ,A⊢A

Γ⊢B
weaken
Γ,A⊢B

Ax

Γ⊢A Γ⊢B
∧I
Γ⊢A∧B
Γ⊢A
∨Il
Γ⊢A∨B

Γ⊢A∨¬A

Γ⊢A∧B
∧El
Γ⊢A

Γ⊢B
∨Ir
Γ⊢A∨B

Γ,A⊢B
⇒I
Γ⊢A⇒B
Γ,A⊢F
¬I
Γ⊢¬A

TND

Γ⊢A∧B
∧Er
Γ⊢B

Γ⊢A∨B Γ,A⊢C Γ,B⊢C
∨E
Γ⊢C
Γ⊢A⇒B Γ⊢A
⇒E
Γ⊢B
Γ⊢¬¬A
¬E
Γ⊢A

Γ⊢¬A Γ⊢A
FI
Γ⊢F

Γ⊢F
FE
Γ⊢A

©: Michael Kohlhase
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Linearized Notation for (Sequent-Style) ND Proofs
 Linearized notation for sequent-style ND proofs
1. H1 ⊢ A1 (J1 )
2. H2 ⊢ A2 (J2 )
corresponds to
3. H3 ⊢ A3 (R 1, 2)

H1 ⊢A1 H2 ⊢A2
R
H3 ⊢A3

 Example 1.5.10. We show a linearized version of the ND0 examples ??
#
1.
2.
3.
4.
5.

hyp
1
1
1
1

⊢
⊢
⊢
⊢
⊢
⊢

f ormula
A∧B
B
A
B∧A
A∧B⇒B∧A

N Djust
Ax
∧Er 1
∧El 1
∧I 2, 3
⇒I 4

©: Michael Kohlhase

#
1.
2.
3.
4.
5.

hyp
1
2
1, 2
1

⊢
⊢
⊢
⊢
⊢
⊢

f ormula
A
B
A
B⇒A
A⇒B⇒A

N Djust
Ax
Ax
weaken 1, 2
⇒I 3
⇒I 4

35

Each row in the table represents one inference step in the proof. It consists of line number (for
referencing), a formula for the asserted property, a justification via a ND rules (and the rows this
one is derived from), and finally a list of row numbers of proof steps that are local hypotheses in
effect for the current row.
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Machine-Oriented Calculi for Propositional Logic

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/22531.

Automated Deduction as an Agent Inference Procedure
 Recall: Our knowledge of the cave entails a definite Wumpus position! (slide ??)
 Problem: That was human reasoning, can we build an agent function that does
this?
 Answer: As for constraint networks, we use inference, here resolution/tableaux.
©: Michael Kohlhase
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The following theorem is simple, but will be crucial later on.

Unsatisfiability Theorem
 Theorem 1.6.1 (Unsatisfiability Theorem). H |= A iff H∪{¬A} is unsatisfiable.

 Proof: We prove both directions separately

1. “⇒”: Say H |= A
1.1. For any φ with φ|=H we have φ|=A and thus φ̸|=¬A.
2. “⇐”: Say H∪{¬A} is unsatisfiable.
2.1. For any φ with φ|=H we have φ̸|=¬A and thus φ|=A.

□

 Observation 1.6.2. Entailment can be tested via satisfiability.
©: Michael Kohlhase
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Test Calculi: A Paradigm for Automating Inference
 Definition 1.6.3. Given a formal system ⟨L,K,|=,⊢⟩, the task of theorem proving
consists in determining whether H⊢C for a conjecture C∈L and hypotheses H⊆L.
 Definition 1.6.4. Given a logical system S:=⟨L,K,|=⟩, the task of automated
theorem proving (ATP) consists of developing calculi for S and programs that given
a set H⊆L of hypotheses and a conjecture A∈L determine whether H |= A (usually
by searching for C-derivations H⊢C A in a calculus C).
 Idea: ATP induces a search problem P:=⟨S,A,T ,I,G⟩, where the states S are
sets of formulae in L, the actions A are the inference rules from C, the initial state
I = {H}, and the goal states are those with A∈S.
 Problem: ATP as a search problem does not admit good heuristics, since these
need to take the conjecture A into account.

1.6. MACHINE-ORIENTED CALCULI FOR PROPOSITIONAL LOGIC
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 Idea: Turn the search around – using the unsatisfiability theorem (??).
 Definition 1.6.5. For a given conjecture A and hypotheses H a test calculus T
tries to derive H, A⊢T ⊥ instead of H⊢A, where A is unsatisfiable iff A is valid and
⊥, an “obviously” unsatisfiable formula.
A derivation H, A⊢T ⊥ is called a refutation of A (from H, if H̸=∅).

 Observation: A test calculus C induces a search problem where the initial state is
H∪{¬A} and S∈S is a goal state iff ⊥∈S. (proximity of ⊥ easier for heuristics)
©: Michael Kohlhase
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Normal Forms

Before we can start, we will need to recap some nomenclature on formulae.

Recap: Atoms and Literals
 Definition 1.6.6. A formula is called atomic (or an atom) if it does not contain
logical constants, else it is called complex.
 Definition 1.6.7. If A be a formula, then we call a pair Aα a labeled formula, if
α∈{T,F}. For a set Φ of formulae we use Φα :={Aα |A∈Φ}.
 Definition 1.6.8. A labeled atom Aα is called a (positive if α=T, else negative)
literal.
 Intuition: To satisfy a formula, we make it “true”. To satisfy a labeled formula Aα ,
it must have the truth value α.
 Definition 1.6.9. For a literal Aα , we call the literal Aβ with α̸=β the opposite
literal (or partner literal).
©: Michael Kohlhase
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The idea about literals is that they are atoms (the simplest formulae) that carry around their
intended truth value.

Alternative Definition: Literals
 Note: Literals are often defined without recurring to labeled formulae:
 Definition 1.6.10. A literal is an atoms A (positive literal) or negated atoms ¬A
(negative literal). A and ¬A are opposite literals.
 Note: This notion of literal is equivalent to the labeled formulae-notion of literal,
but does not generalize as well to logics with more truth values.
©: Michael Kohlhase
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Normal Forms
 There are two quintessential normal forms for propositional formulae:
others as well)

(there are

 Definition 1.6.11. A formula is in conjunctive normal form
^ (CNF)
_ if it is a coni
junction of disjunctions of literals: i.e. if it is of the form ni=1 m
j=1 li,j
 Definition 1.6.12. A formula is in disjunctive normal form
_ (DNF)
^ if it is a disi
junction of conjunctions of literals: i.e. if it is of the form ni=1 m
j=1 li,j
 Observation 1.6.13. Every formula has equivalent formulae in CNF and DNF.
©: Michael Kohlhase
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Video Nuggets covering this Section can be found at https://fau.tv/clip/id/23705 and https:
//fau.tv/clip/id/23708.

1.6.2

Analytical Tableaux

Test Calculi: Tableaux and Model Generation
 Idea: A tableau calculus is a test calculus that



analyzes a labeled formulae in a tree to determine satisfiability,
its branches correspond to valuations (; models).

 Example 1.6.14.Tableau calculi try to construct models for labeled formulae:
Tableau refutation (Validity)
|=P ∧Q⇒Q∧P
(P ∧Q⇒Q∧P )F
(P ∧Q)T
(Q∧P )F
PT
QT
F
P QF
⊥ ⊥
No Model

Model generation (Satisfiability)
|=P ∧(Q∨¬R)∧¬Q
(P ∧Q∨¬R∧¬Q)T
(P ∧Q∨¬R)T
¬QT
QF
PT
(Q∨¬R)T
QT ¬RT
⊥
RF
Herbrand Model {P T ,QF ,RF }
φ:={P 7→ T,Q 7→ F,R 7→ F}

 Idea: Open branches in saturated tableaux yield models.
 Algorithm: Fully expand all possible tableaux,


(no rule can be applied)

Satisfiable, iff there are open branches

©: Michael Kohlhase

(correspond to models)
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Tableau calculi develop a formula in a tree-shaped arrangement that represents a case analysis on

27

1.6. MACHINE-ORIENTED CALCULI FOR PROPOSITIONAL LOGIC

when a formula can be made true (or false). Therefore the formulae are decorated with exponents
that hold the intended truth value.
On the left we have a refutation tableau that analyzes a negated formula (it is decorated with the
intended truth value F). Both branches contain an elementary contradiction ⊥.
On the right we have a model generation tableau, which analyzes a positive formula (it is
decorated with the intended truth value T. This tableau uses the same rules as the refutation
tableau, but makes a case analysis of when this formula can be satisfied. In this case we have a
closed branch and an open one, which corresponds a model).
Now that we have seen the examples, we can write down the tableau rules formally.

Analytical Tableaux (Formal Treatment of T0 )
 Idea: A test calculus where



A labeled formula is analyzed in a tree to determine satisfiability,
branches correspond to valuations (models)

 Definition 1.6.15. The propositional tableau calculus T0 has two inference rules
per connective
(one for each possible label)
T

(A∧B)
T0 ∧
AT
BT

F

(A∧B)

AF BF

T

T0 ∨

¬A
T0 ¬T
AF

F

¬A
T0 ¬F
AT

Use rules exhaustively as long as they contribute new material

Aα
Aβ

α ̸= β
⊥

T0 ⊥

(; termination)

 Definition 1.6.16. We call any tree ( introduces branches) produced by the T0
inference rules from a set Φ of labeled formulae a tableau for Φ.
 Definition 1.6.17. Call a tableau saturated, iff no rule adds new material and a
branch closed, iff it ends in ⊥, else open. A tableau is closed, iff all of its branches
are.
©: Michael Kohlhase
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These inference rules act on tableaux have to be read as follows: if the formulae over the line
appear in a tableau branch, then the branch can be extended by the formulae or branches below
the line. There are two rules for each primary connective, and a branch closing rule that adds the
special symbol ⊥ (for unsatisfiability) to a branch.

We use the tableau rules with the convention that they are only applied, if they contribute new
material to the branch. This ensures termination of the tableau procedure for propositional logic
(every rule eliminates one primary connective).
Definition 1.6.18. We will call a closed tableau with the labeled formula Aα at the root a
tableau refutation for Aα .
The saturated tableau represents a full case analysis of what is necessary to give A the truth value
α; since all branches are closed (contain contradictions) this is impossible.

Analytical Tableaux (T0 continued)
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 Definition 1.6.19 (T0 -Theorem/Derivability).
A is a T0 -theorem (⊢T0 A), iff there is a closed tableau with AF at the root.

Φ⊆wff0 (V0 ) root A in T0 (Φ⊢T0 A), iff there is a closed tableau starting with AF
and ΦT . The tableau with only a branch of AF and ΦT is called initial for Φ⊢T0 A.
©: Michael Kohlhase
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Definition 1.6.20. We will call a tableau refutation for AF a tableau proof for A, since it refutes
the possibility of finding a model where A evaluates to F. Thus A must evaluate to T in all
models, which is just our definition of validity.
Thus the tableau procedure can be used as a calculus for propositional logic. In contrast to the
propositional Hilbert calculus it does not prove a theorem A by deriving it from a set of axioms,
but it proves it by refuting its negation. Such calculi are called negative or test calculi. Generally
negative calculi have computational advantages over positive ones, since they have a built-in sense
of direction.
We have rules for all the necessary connectives (we restrict ourselves to ∧ and ¬, since the others
can be expressed in terms of these two via the propositional identities above. For instance, we can
write A∨B as ¬(¬A∧¬B), and A⇒B as ¬A∨B,. . . .)

We now look at a formulation of propositional logic with fancy variable names.
loves(mary, bill) is just a variable name like P or X, which we have used earlier.

Note that

A Valid Real-World Example
 Example 1.6.21. If Mary loves Bill and John loves Mary, then John loves Mary
F

(loves(mary, bill)∧loves(john, mary)⇒loves(john, mary))
F
¬(¬¬(loves(mary, bill)∧loves(john, mary))∧¬loves(john, mary))
T
(¬¬(loves(mary, bill)∧loves(john, mary))∧¬loves(john, mary))
T
¬¬(loves(mary, bill)∧loves(john, mary))
F
¬(loves(mary, bill)∧loves(john, mary))
T
(loves(mary, bill)∧loves(john, mary))
T
¬loves(john, mary)
T
loves(mary, bill)
T
loves(john, mary)
F
loves(john, mary)
⊥

This is a closed tableau, so the loves(mary, bill)∧loves(john, mary)⇒loves(john, mary)
is a T0 -theorem.

As we will see, T0 is sound and complete, so

loves(mary, bill)∧loves(john, mary)⇒loves(john, mary)
is valid.
©: Michael Kohlhase
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We could have used the unsatisfiability theorem (??) here to show that If Mary loves Bill and John
loves Mary entails John loves Mary. But there is a better way to show entailment: we directly
use derivability in T0 .

1.6. MACHINE-ORIENTED CALCULI FOR PROPOSITIONAL LOGIC
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Deriving Entailment in T0
 Example 1.6.22. Mary loves Bill and John loves Mary together entail that John
loves Mary
T
loves(mary, bill)
T
loves(john, mary)
F
loves(john, mary)
⊥

This is a closed tableau, so {loves(mary, bill),loves(john, mary)}⊢T0 loves(john, mary).
Again, as T0 is sound and complete we have

{loves(mary, bill),loves(john, mary)} |= loves(john, mary)
©: Michael Kohlhase
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Note: We can also use the tableau calculus to try and show entailment (and fail). The nice thing
is that the failed proof, we can see what went wrong.

A Falsifiable Real-World Example
 Example 1.6.23. * If Mary loves Bill or John loves Mary, then John loves Mary
Try proving the implication
(this fails)
F

(loves(mary, bill)∨loves(john, mary)⇒loves(john, mary))
F
¬(¬¬(loves(mary, bill)∨loves(john, mary))∧¬loves(john, mary))
T
(¬¬(loves(mary, bill)∨loves(john, mary))∧¬loves(john, mary))
T
¬loves(john, mary)
F
loves(john, mary)
T
¬¬(loves(mary, bill)∨loves(john, mary))
F
¬(loves(mary, bill)∨loves(john, mary))
T
(loves(mary, bill)∨loves(john, mary))
T
T
loves(mary, bill) loves(john, mary)
⊥
Indeed we can make I φ (loves(mary, bill)) = T but I φ (loves(john, mary)) = F.
©: Michael Kohlhase
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Obviously, the tableau above is saturated, but not closed, so it is not a tableau proof for our initial
entailment conjecture. We have marked the literal on the open branch green, since they allow us
to read of the conditions of the situation, in which the entailment fails to hold. As we intuitively
argued above, this is the situation, where Mary loves Bill. In particular, the open branch gives us
a variable assignment (marked in green) that satisfies the initial formula. In this case, Mary loves
Bill, which is a situation, where the entailment fails.
Again, the derivability version is much simpler:

Testing for Entailment in T0
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 Example 1.6.24.

Does Mary loves Bill or John loves Mary entail that John loves Mary?
T

(loves(mary, bill)∨loves(john, mary))
F
loves(john, mary)
T
T
loves(mary, bill) loves(john, mary)
⊥

This saturated tableau has an open branch that shows that the interpretation with
I φ (loves(mary, bill)) = T but I φ (loves(john, mary)) = F falsifies the derivability/entailment conjecture.
©: Michael Kohlhase
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We have seen in the examples above that while it is possible to get by with only the connectives
∨ and ¬, it is a bit unnatural and tedious, since we need to eliminate the other connectives first.
In this Section, we will make the calculus less frugal by adding rules for the other connectives,
without losing the advantage of dealing with a small calculus, which is good making statements
about the calculus itself.

1.6.3

Practical Enhancements for Tableaux

The main idea here is to add the new rules as derivable inference rules, i.e. rules that only
abbreviate derivations in the original calculus. Generally, adding derivable inference rules does
not change the derivation relation of the calculus, and is therefore a safe thing to do. In particular,
we will add the following rules to our tableau calculus.
We will convince ourselves that the first rule is derivable, and leave the other ones as an exercise.

Derived Rules of Inference
A1 . . . An
is called derivable (or a derived
C
rule) in a calculus C, if there is a C-derivation A1 , . . . , An ⊢C C.

 Definition 1.6.25. An inference rule

 Definition 1.6.26. We have the following derivable inference rules in T0 :
T

(A⇒B)
AF
T

(A∨B)

AT BT

(A⇒B)
AT
BF

BT
F

(A∨B)
AF
BF

F

AT
T
(A⇒B)
BT

A⇔BT
AT
AF
T
B
BF

©: Michael Kohlhase

A⇔BF
AT
AF
F
B
BT

AT
T
(A⇒B)
T
(¬A∨B)
T
¬(¬¬A∧¬B)
F
(¬¬A∧¬B)
F
F
¬¬A ¬B
¬AT BT
AF
⊥
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With these derived rules, theorem proving becomes quite efficient. With these rules, the tableau
(??) would have the following simpler form:
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Tableaux with derived Rules (example)
Example 1.6.27.
F

(loves(mary, bill)∧loves(john, mary)⇒loves(john, mary))
T
(loves(mary, bill)∧loves(john, mary))
F
loves(john, mary)
T
loves(mary, bill)
T
loves(john, mary)
⊥
©: Michael Kohlhase
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Soundness and Termination of Tableaux

As always we need to convince ourselves that the calculus is sound, otherwise, tableau proofs do
not guarantee validity, which we are after. Since we are now in a refutation setting we cannot just
show that the inference rules preserve validity: we care about unsatisfiability (which is the dual
notion to validity), as we want to show the initial labeled formula to be unsatisfiable. Before we
can do this, we have to ask ourselves, what it means to be (un)-satisfiable for a labeled formula
or a tableau.

Soundness (Tableau)
 Idea: A test calculus is refutation-sound, iff its inference rules preserve satisfiability
and the goal formulae are unsatisfiable.
 Definition 1.6.28. A labeled formula Aα is valid under φ, iff I φ (A) = α.

 Definition 1.6.29. A tableau T is satisfiable, iff there is a satisfiable branch P in
T , i.e. if the set of formulae on P is satisfiable.
 Lemma 1.6.30. T0 rules transform satisfiable tableaux into satisfiable ones.

 Theorem 1.6.31 (Soundness). T0 is sound, i.e. Φ⊆wff0 (V0 ) valid, if there is a
closed tableau T for ΦF .
 Proof: by contradiction

1. Suppose Φ isfalsifiable =
b not valid.
2. Then the initial tableau is satisfiable,
3. so T is satisfiable, by ??.
4. Thus there is a satisfiable branch
5. but all branches are closed

(ΦF satisfiable)
(by definition)
(T closed)
□

 Theorem 1.6.32 (Completeness). T0 is complete, i.e. if Φ⊆wff0 (V0 ) is valid,
then there is a closed tableau T for ΦF .
□

 Proof Sketch: Proof difficult/interesting; see ??
©: Michael Kohlhase
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Thus we only have to prove ??, this is relatively easy to do. For instance for the first rule: if we
T
have a tableau that contains (A∧B) and is satisfiable, then it must have a satisfiable branch.
T
If (A∧B) is not on this branch, the tableau extension will not change satisfiability, so we can
assume that it is on the satisfiable branch and thus I φ (A∧B) = T for some variable assignment
φ. Thus I φ (A) = T and I φ (B) = T, so after the extension (which adds the formulae AT and BT
to the branch), the branch is still satisfiable. The cases for the other rules are similar.
The next result is a very important one, it shows that there is a procedure (the tableau procedure)
that will always terminate and answer the question whether a given propositional formula is valid
or not. This is very important, since other logics (like the often-studied first order logic) does not
enjoy this property.

Termination for Tableaux
 Lemma 1.6.33. T0 terminates, i.e. every T0 tableau becomes saturated after
finitely many rule applications.
 Proof: By examining the rules wrt. a measure µ

1. Let us call a labeled formulae Aα worked off in a tableau T , if a T0 rule has already
been applied to it.
2. It is easy to see that applying rules to worked off formulae will only add formulae that
are already present in its branch.
3. Let µ(T ) be the number of connectives in labeled formulae in T that are not worked
off.
4. Then each rule application to a labeled formula in T that is not worked off reduces µ(T )
by at least one.
(inspect the rules)
5. At some point the tableau only contains worked off formulae and literals.
6. Since there are only finitely many literals in T , so we can only apply T0 ⊥ a finite number
of times.
□

 Corollary 1.6.34. T0 induces a decision procedure for validity in PL0 .
 Proof: We combine the results so far

1. By ?? it is decidable whether ⊢T0 A
2. By soundness (??) and completeness (??), ⊢T0 A iff A is valid
□
©: Michael Kohlhase
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Note: The proof above only works for the “base T0 ” because (only) there the rules do not “copy”.
A rule like
A⇔BT
AT
AF
T
B
BF
does, and in particular the number of non-worked-off variables below the line is larger than above
the line. For such rules, we would have a more intricate version of µ which – instead of returning
a natural number – returns a more complex object; a multiset of numbers. would work here. In
our proof we are just assuming that the defined connectives have already eliminated.
The tableau calculus basically computes the disjunctive normal form: every branch is a disjunct
that is a conjunction of literals. The method relies on the fact that a DNF is unsatisfiable, iff each
literal is, i.e. iff each branch contains a contradiction in form of a pair of branchs.

1.6. MACHINE-ORIENTED CALCULI FOR PROPOSITIONAL LOGIC

1.6.5
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Resolution for Propositional Logic

A Video Nugget covering this Subsection can be found at https://fau.tv/clip/id/23712.
The next calculus is a test calculus based on the conjunctive-normal-form: the resolution-calculus.
In contrast to the tableau method, it does not compute the normal form as it goes along, but has
a pre-processing step that does this and a single inference rule that maintains the normal form.
The goal of this calculus is to derive the empty clause, which is unsatisfiable.

Another Test Calculus: Resolution
αn
1
 Definition 1.6.35. A clause is a disjunction lα
1 ∨. . .∨ln of literals. We will use
2 for the “empty” disjunction (no disjuncts) and call it the empty clause. A clause
with exactly one literal is called a unit clause.

 Definition 1.6.36 (Resolution Calculus). The resolution calculus R0 operates a
clause sets via a single inference rule:
P T ∨A P F ∨B
R
A∨B
This rule allows to add the resolvent (the clause below the line) to a clause set which
contains the two clauses above. The literals P T and P F are called cut literals.
 Definition 1.6.37 (Resolution Refutation). Let S be a clause set, then we call
an R0 -derivation of 2 from S R0 -refutation and write D : S⊢R0 2.
©: Michael Kohlhase
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Clause Normal Form Transformation (A calculus)
 Definition 1.6.38. We will often write a clause set {C 1 ,. . .,C n } as C 1 ;. . .;C n ,
use S;T for the union of the clause sets S and T , and S;C for the extension by a
clause C.
 Definition 1.6.39 (Transformation into Clause Normal Form). The CNF transformation calculus CNF0 consists of the following four inference rules on sets of
labeled formulae.
T

C∨(A∨B)
C∨AT ∨BT

F

C∨(A∨B)
C∨AF ;C∨BF

C∨¬AT
C∨AF

C∨¬AF
C∨AT

 Definition 1.6.40. We write CNF0 (Aα ) for the set of all clauses derivable from
Aα via the rules above.
©: Michael Kohlhase
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Note that the C-terms in the definition of the inference rules are necessary, since we assumed that
the assumptions of the inference rule must match full formulae. The C-terms are used with the
T
convention that they are optional. So that we can also simplify (A∨B) to AT ∨BT .
Background: The background behind this notation is that A and T ∨A are equivalent for any A.
That allows us to interpret the C-terms in the assumptions as T and thus leave them out.

The clause normal form translation as we have formulated it here is quite frugal; we have left
out rules for the connectives ∨, ⇒, and ⇔, relying on the fact that formulae containing these
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connectives can be translated into ones without before CNF transformation. The advantage of
having a calculus with few inference rules is that we can prove meta-properties like soundness and
completeness with less effort (these proofs usually require one case per inference rule). On the
other hand, adding specialized inference rules makes proofs shorter and more readable.
Fortunately, there is a way to have your cake and eat it. Derivable inference rules have the property
that they are formally redundant, since they do not change the expressive power of the calculus.
Therefore we can leave them out when proving meta-properties, but include them when actually
using the calculus.

Derived Rules of Inference
A1 . . . An
is called derivable (or a derived
C
rule) in a calculus C, if there is a C-derivation A1 , . . . , An ⊢C C.

 Definition 1.6.41. An inference rule
T

C∨(A⇒B)

T

C∨(¬AB)
 Example 1.6.42.

T

C∨¬AT ∨BT

;

C∨(A⇒B)
C∨AF ∨BT

C∨AF ∨BT
 Others:

T

C∨(A⇒B)
C∨AF ∨BT

F

C∨(A⇒B)
C∨AT ;C∨BF

T

C∨(A∧B)
C∨AT ;C∨BT

©: Michael Kohlhase

F

C∨(A∧B)
C∨AF ∨BF
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With these derivable rules, theorem proving becomes quite efficient. To get a better understanding
of the calculus, we look at an example: we prove an axiom of the Hilbert Calculus we have studied
above.

Example: Proving Axiom S
 Example 1.6.43. Clause Normal Form transformation

F

(P ⇒Q⇒R⇒(P ⇒Q)⇒P ⇒R)
T
F
(P ⇒Q⇒R) ;(P ⇒Q⇒P ⇒R)
T
T
F
P F ∨(Q⇒R) ;(P ⇒Q) ;(P ⇒R)
P F ∨QF ∨RT ;P F ∨QT ;P T ;RF
Result {P F ∨QF ∨RT , P F ∨QT , P T , RF }
 Example 1.6.44. Resolution Proof

1.7. KILLING A WUMPUS WITH PROPOSITIONAL INFERENCE
1
2
3
4
5
6
7
8

P F ∨QF ∨RT
P F ∨QT
PT
RF
P F ∨QF
QF
PF
2

initial
initial
initial
initial
resolve
resolve
resolve
resolve

1.3
5.1
2.2
7.1

©: Michael Kohlhase
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with
with

35

4.1
3.1
6.1
3.1
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Clause Set Simplification
 Observation: Let ∆ be a clause set, l a literal, and ∆′ be ∆ where



all clauses l∨C have been removed and

and all clauses l∨C have been shortened to C.

Then ∆ is satisfiable, iff ∆′ is. We call ∆′ the clause set simplification of ∆ wrt. l.
 Corollary 1.6.45. Adding clause set simplification wrt. unit clauses to R0 does
not affect soundness and completeness.
 This is almost always a good idea!
©: Michael Kohlhase

(clause set simplification is cheap)
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Excursion: A full analysis of any calculus needs a completeness proof. We will not cover this in
AI-1, but provide one for the calculi introduced so far in??.

1.7

Killing a Wumpus with Propositional Inference

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/23713.
Let us now consider an extended example, where we also address the question how inference in
PL0 – here resolution – is embedded into the rational agent metaphor we use in AI-1: we come
back to the Wumpus world.

Applying Propositional Inference: Where is the Wumpus?
 Example 1.7.1 (Finding the Wumpus). The situation and what the agent knows
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What should the agent do next and why?
One possibility: Convince yourself that the Wumpus is in [1, 3] and shoot it.
What is the general mechanism here?
©: Michael Kohlhase

(for the agent function)
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Before we come to the general mechanism, we will go into how we would “convince ourselves that
the Wumpus is in [1, 3].

Where is the Wumpus? Our Knowledge
 Idea: We formalize the knowledge about the Wumpus world in PL0 and use a test
calculus to check for entailment.
 Simplification: We worry only about the Wumpus and stench:
S i,j =
b stench in [i, j], W i,j =
b Wumpus in [i, j].
 Propositions whose value we know: ¬S 1,1 , ¬W 1,1 , ¬S 2,1 , ¬W 2,1 , S 1,2 , ¬W 1,2 .
 Knowledge about the Wumpus and smell:
From Cell adjacent to Wumpus: Stench (else: None), we get
R1 :=¬S 1,1 ⇒¬W 1,1 ∧¬W 1,2 ∧¬W 2,1
R2 :=¬S 2,1 ⇒¬W 1,1 ∧¬W 2,1 ∧¬W 2,2 ∧¬W 3,1
R3 :=¬S 1,2 ⇒¬W 1,1 ∧¬W 1,2 ∧¬W 2,2 ∧¬W 1,3

1.7. KILLING A WUMPUS WITH PROPOSITIONAL INFERENCE
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R4 :=S 1,2 ⇒(W 1,3 ∨W 2,2 ∨W 1,1 )
..
.
 To show: R1 ,R2 ,R3 ,R4 |= W 1,3
©: Michael Kohlhase

(we will use resolution)
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The first in is to compute the clause normal form of the relevant knowledge.

And Now Using Resolution Conventions
 We obtain the clause set ∆ composed of the following clauses:






Propositions whose value we know: S 1,1 F , W 1,1 F , S 2,1 F , W 2,1 F , S 1,2 T , W 1,2 F

Knowledge about the Wumpus and smell:
from
R1
R2
R3
R4

clauses
S 1,1 T ∨W 1,1 F , S 1,1 T ∨W 1,2 F , S 1,1 T ∨W 2,1 F
S 2,1 T ∨W 1,1 F , S 2,1 T ∨W 2,1 F , S 2,1 T ∨W 2,2 F , S 2,1 T ∨W 3,1 F
S 1,2 T ∨W 1,1 F , S 1,2 T ∨W 1,2 F , S 1,2 T ∨W 2,2 F , S 1,2 T ∨W 1,3 F
S 1,2 F ∨W 1,3 T ∨W 2,2 T ∨W 1,1 T

Negated goal formula: W 1,3 F
©: Michael Kohlhase
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Given this clause normal form, we only need to find generate empty clause via repeated applications
of the resolution rule.

Resolution Proof Killing the Wumpus!
 Example 1.7.2 (Where is the Wumpus). We show a derivation that proves that
he is in (1, 3).


Assume the Wumpus is not in (1, 3). Then either there’s no stench in (1, 2),
or the Wumpus is in some other neigbor cell of (1, 2).








Parents: W 1,3 F and S 1,2 F ∨W 1,3 T ∨W 2,2 T ∨W 1,1 T .



Resolvent: S 1,2 F ∨W 2,2 T ∨W 1,1 T .



Parents: S 1,2 T and S 1,2 F ∨W 2,2 T ∨W 1,1 T .

There’s a stench in (1, 2), so it must be another neighbor.


Resolvent: W 2,2 T ∨W 1,1 T .



Parents: W 1,1 F and W 2,2 T ∨W 1,1 T .

We’ve been to (1, 1), and there’s no Wumpus there, so it can’t be (1, 1).


Resolvent: W 2,2 T .

There is no stench in (2, 1) so it can’t be (2, 2) either, in contradiction.



Parents: S 2,1 F and S 2,1 T ∨W 2,2 F .
Resolvent: W 2,2 F .
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Parents: W 2,2 F and W 2,2 T .
 Resolvent: 2.



As resolution is sound, we have shown that indeed R1 ,R2 ,R3 ,R4 |= W 1,3 .
©: Michael Kohlhase
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Now that we have seen how we can use propositional inference to derive consequences of the
percepts and world knowledge, let us come back to the question of a general mechanism for agent
functions with propositional inference.

Where does the Conjecture W 1,3 F come from?
 Question: Where did the W 1,3 F come from?
 Observation 1.7.3. We need a general mechanism for making conjectures.

 Idea: Interpret the Wumpus world as a search problem P:=⟨S,A,T ,I,G⟩ where



the states S are given by the cells (and agent orientation) and
the actions A by the possible actions of the agent.

Use tree search as the main agent function and a test calculus for testing all dangers
(pits), opportunities (gold) and the Wumpus.
 Example 1.7.4 (Back to the Wumpus). In ??, the agent is in [1, 2], it has
perceived stench, and the possible actions include shoot, and goForward. Evaluating
either of these leads to the conjecture W 1,3 . And since W 1,3 is entailed, the action
shoot probably comes out best, heuristically.
 Remark: Analogous to the backtracking with inference algorithm from CSP.
©: Michael Kohlhase
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Admittedly, the search framework from ?? does not quite cover the agent function we have here,
since that assumes that the world is fully observable, which the Wumpus world is emphatically not.
But it already gives us a good impression of what would be needed for the “general mechanism”.

1.8

Conclusion

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25027.

Summary
 Sometimes, it pays off to think before acting.

 In AI, “thinking” is implemented in terms of reasoning in order to deduce new
knowledge from a knowledge base represented in a suitable logic.
 Logic prescribes a syntax for formulas, as well as a semantics prescribing which
interpretations satisfy them. A entails B if all interpretations that satisfy A also
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satisfy B. Deduction is the process of deriving new entailed formulas.
 Propositional logic formulas are built from atomic propositions, with the connectives
and, or, not.
 Every propositional formula can be brought into conjunctive normal form (CNF),
which can be identified with a set of clauses.
 The tableau and resolution calculi are deduction procedures based on trying to
derive a contradiction from the negated theorem (a closed tableau or the empty
clause). They are completerefutation-complete, and can be used to prove KB |= A
by showing that KB∪{¬A} is unsatisfiable.
©: Michael Kohlhase
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Issues with Propositional Logic
 Awkward to write for humans: E.g., to model the Wumpus world we had to make
a copy of the rules for every cell . . .
R1 :=¬S 1,1 ⇒¬W 1,1 ∧¬W 1,2 ∧¬W 2,1
R2 :=¬S 2,1 ⇒¬W 1,1 ∧¬W 2,1 ∧¬W 2,2 ∧¬W 3,1
R3 :=¬S 1,2 ⇒¬W 1,1 ∧¬W 1,2 ∧¬W 2,2 ∧¬W 1,3
Compared to

Cell adjacent to Wumpus: Stench (else: None)
that is not a very nice description language . . .
 Time: For things that change (e.g., Wumpus moving according to certain rules),
t=7
we need time-indexed propositions (like, S2,1
) to represent validity over time ;
further expansion of the rules.
 Can we design a more human-like logic?: Yep






Predicate logic: quantification of variables ranging over individuals.
and ??)

(cf. ??

. . . and a whole zoo of logics much more powerful still.
Note: In applications, propositional CNF encodings are generated by computer
programs. This mitigates (but does not remove!) the inconveniences of propositional modeling.

©: Michael Kohlhase
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Suggested Reading:
• Chapter 7: Logical Agents, Sections 7.1 – 7.5 [RusNor:AIMA09].
– Sections 7.1 and 7.2 roughly correspond to my “Introduction”, Section 7.3 roughly corresponds
to my “Logic (in AI)”, Section 7.4 roughly corresponds to my “Propositional Logic”, Section
7.5 roughly corresponds to my “Resolution” and “Killing a Wumpus”.
– Overall, the content is quite similar. I have tried to add some additional clarifying illustrations.
RN gives many complementary explanations, nice as additional background reading.
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– I would note that RN’s presentation of resolution seems a bit awkward, and Section 7.5 contains some additional material that is imho not interesting (alternate inference rules, forward
and backward chaining). Horn clauses and unit resolution (also in Section 7.5), on the other
hand, are quite relevant.

Chapter 2

Formal Systems: Syntax, Semantics,
Entailment, and Derivation in
General
We will now take a more abstract view and introduce the necessary prerequisites of abstract rule
systems. We will also take the opportunity to discuss the quality criteria for calculi.

Recap: General Aspects of Propositional Logic
 There are many ways to define Propositional Logic:






We chose ∧ and ¬ as primitive, and many others as defined.

We could have used ∨ and ¬ just as well.

We could even have used only one connective – e.g. negated conjunction ↑ or
disjunction NOR and defined ∧, ∨, and ¬ via ↑ and NOR respectively.
↑
T
F
¬a
ab
ab

NOR
T
F

T F
F T
T T

a↑a
a↑b↑a↑b
a↑a↑b↑b

T F
F F
F T

a N OR a
a N OR ab N OR b
a N OR b N OR a N OR b

 Observation: The set wff0 (V0 ) of well-formed propositional formulae is a formal
language over the alphabet given by V0 , the connectives, and brackets.
 Recall: We are mostly interested in




satisfiability – i.e. whether M|=φ A, and
entailment – i.e whether A |= B.

 Observation: In particular, the inductive/compositional nature of wff0 (V0 ) and
I φ : wff0 (V0 )→D0 are secondary.
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 Idea: Concentrate on language, models (M, φ), and satisfiability.
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The notion of a logical system is at the basis of the field of logic. In its most abstract form, a logical
system consists of a formal language, a class of models, and a satisfaction relation between models
and expressions of the formal language. The satisfaction relation tells us when an expression is
deemed true in this model.

Logical Systems
 Definition 2.0.1. A logical system (or simply a logic) is a triple S:=⟨L,K,|=⟩,
where L is a formal language, K is a set and |=⊆K×L. Members of L are called
formulae of S, members of K models for S, and |= the satisfaction relation.
 Example 2.0.2 (Propositional Logic).

⟨wff(Σ0 , V0 ),K, |=⟩ is a logical system, if we define K:=V0 ⇀D0 (the set of variable
assignments) and φ |= A iff I φ (A) = T.

 Definition 2.0.3. Let ⟨L,K,|=⟩ be a logical system, M∈K be a model and A∈L
a formula, then we say that A is


satisfied by M, iff M|=A.



satisfiable in K, iff M|=A for some M∈K.



falsifiable in K, iff M̸|=A for some M∈K.



falsified by M, iff M̸|=A.



valid in K (write |=M), iff M|=A for all M∈K.



unsatisfiable in K, iff M̸|=A for all M∈K.
©: Michael Kohlhase
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Let us now turn to the syntactical counterpart of the entailment relation: derivability in a
calculus. Again, we take care to define the concepts at the general level of logical systems.
The intuition of a calculus is that it provides a set of syntactic rules that allow to reason by
considering the form of propositions alone. Such rules are called inference rules, and they can be
strung together to derivations — which can alternatively be viewed either as sequences of formulae
where all formulae are justified by prior formulae or as trees of inference rule applications. But we
can also define a calculus in the more general setting of logical systems as an arbitrary relation on
formulae with some general properties. That allows us to abstract away from the homomorphic
setup of logics and calculi and concentrate on the basics.

Derivation Relations and Inference Rules
 Definition 2.0.4. Let S:=⟨L,K,|=⟩ be a logical system, then we call a relation
⊢⊆P(L)×L a derivation relation for S, if


H⊢A, if A∈H (⊢ is proof reflexive),



H⊢A and H⊆H′ imply H′ ⊢A (⊢ is monotonic or admits weakening).



H⊢A and H′ ∪{A}⊢B imply H∪H′ ⊢B (⊢ is proof transitive),

43
 Definition 2.0.5. We call ⟨L,K,|=,⊢⟩ a formal system, iff S:=⟨L,K,|=⟩ is a logical
system, and ⊢ a derivation relation for S.
 Definition 2.0.6. Let L be the formal language of a logical system, then an
inference rule over L is a decidable n + 1-ary relation on L. Inference rules as
traditionally written as
A1 . . . An
N
C
where A1 , . . . , An and C are formula schemata for L and N is a name.
The Ai are called assumptions of N , and C is called its conclusion.

 Definition 2.0.7. An inference rule without assumptions is called an axiom.

 Definition 2.0.8. Let S:=⟨L,K,|=⟩ be a logical system, then we call a set C of
inference rules over L a calculus (or inference-system) for S.
©: Michael Kohlhase
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With formula schemata we mean representations of sets of formulae, we use boldface uppercase
letters as (meta)-variables for formulae, for instance the formula schema A⇒B represents the set
of formulae whose head is ⇒.

Derivations
 Definition 2.0.9.Let S:=⟨L,K, |=⟩ be a logical system and C a calculus for S, then
a C-derivation of a formula C∈L from a set H⊆L of hypotheses (write H⊢C C) is
a sequence A1 , . . . , Am of L-formulae, such that






(derivation culminates in C)

Am = C,
for all 1≤i≤m, either Ai ∈H, or
there is an inference rule
application)

(hypothesis)

Al 1 . . . Al k
in C with lj <i for all j≤k.
Ai

(rule

We can also see a derivation as a derivation tree, where the Alj are the children of
the node Ak .
 Example 2.0.10.

In the propositional Hilbert calculus H0 we have
the derivation P ⊢H0 Q⇒P : the sequence is
P ⇒Q⇒P ,P ,Q⇒P and the corresponding tree
on the right.
©: Michael Kohlhase

P ⇒Q⇒P

K

Q⇒P

P
MP
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Inference rules are relations on formulae represented by formula schemata (where boldface, uppercase letters are used as meta-variables for formulae). For instance, in ?? the inference rule
A⇒B A
was applied in a situation, where the meta-variables A and B were instantiated by the
B
formulae P and Q⇒P .
As axioms do not have assumptions, they can be added to a derivation at any time. This is just
what we did with the axioms in ??.
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Formal Systems
 Assertion Let ⟨L,K,|=⟩ be a logical system and C a calculus, then the relation ⊢C
is a derivation relation and thus ⟨L,K,|=,⊢C ⟩ a formal system.
 Therefore we will sometimes also call ⟨L,K,|=,C⟩ a formal system, iff S:=⟨L,K,|=⟩
is a logical system, and C a calculus for S.
 Definition 2.0.11. Let C be a calculus, then a C-derivation ∅⊢C A is called a proof
of A and if one exists (write ⊢C A) then A is called a C-theorem.
 Definition 2.0.12. An inference rule I is called admissible in a calculus C, if the
extension of C by I does not yield new theorems.
A1 . . . An
is called derivable (or a derived
C
rule) in a calculus C, if there is a C-derivation A1 , . . . , An ⊢C C.

 Definition 2.0.13. An inference rule

 Observation 2.0.14. Derivable inference rules are admissible, but not the other
way around.
©: Michael Kohlhase
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The notion of a formal system encapsulates the most general way we can conceptualize a system
with a calculus, i.e. a system in which we can do “formal reasoning”.

Chapter 3

Propositional Reasoning: SAT
Solvers
3.1

Introduction

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25019.

Reminder: Our Agenda for Propositional Logic
 ??: Basic definitions and concepts; machine-oriented calculi


Sets up the framework. Tableaux and resolution are the quintessential reasoning
procedure underlying most successful SAT solvers.

 This chapter: The Davis Putnam procedure and clause learning.


State-of-the-art algorithms for reasoning about propositional logic, and an important observation about how they behave.
©: Michael Kohlhase
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SAT: The Propositional Satisfiability Problem
 Definition 3.1.1. The SAT problem (SAT): Given a propositional formula A,
decide whether or not A is satisfiable. We denote the class of all SAT problems
with SAT
 The SAT problem was the first problem proved to be NP-complete!

 A is commonly assumed to be in CNF. This is without loss of generality, because
any A can be transformed into a satisfiability-equivalent CNF formula (cf. ??) in
polynomial time.
 Active research area, annual SAT conference, lots of tools etc. available: http:
//www.satlive.org/
 Definition 3.1.2. Tools addressing SAT are commonly referred to as SAT solvers.
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 Recall: To decide whether KB |= A, decide satisfiability of θ:=KB∪{¬A}: θ is
unsatisfiable iff KB |= A.
 Consequence: Deduction can be performed using SAT solvers.
©: Michael Kohlhase
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SAT vs. CSP
 Recall: Constraint network γ = ⟨V ,D,C⟩ has variables v∈V with finite domains
Dv ∈D, and binary constraints C uv ∈C which are relations over u, v specifying the
permissible combined assignments to u and v. One extension is to allow constraints
of higher arity.
 Observation 3.1.3 (SAT: A kind of CSP). SAT can be viewed as a CSP problem
in which all variable domains are Boolean, and the constraints have unbounded arity.
 Theorem 3.1.4 (Encoding CSP as SAT). Given any constraint network γ, we
can in low-order polynomial time construct a CNF formula A(γ) that is satisfiable
iff γ is solvable.
 Proof: We design a formula, relying on known transformation to CNF

1. encode multi-XOR for each variable
2. encode each constraint by DNF over relation
3. Running time: O(nd2 +md2 ) where n is the number of variables, d the domain
size, and m the number of constraints.
□

 Upshot: Anything we can do with CSP, we can (in principle) do with SAT.
©: Michael Kohlhase
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Example Application: Hardware Verification
 Example 3.1.5 (Hardware Verification).





Counter, repeatedly from c = 0 to c = 2.
2 bits x1 and x0 ; c = 2 ∗ x1 + x0 .
(FF=
b Flip-Flop, D =
b Data IN, CLK =
b Clock)
To Verify: If c < 3 in current clock cycle,
then c < 3 in next clock cycle.

 Step 1: Encode into propositional logic.




Propositions: x1 , x0 ; and y 1 , y 0 (value in next cycle).
Transition relation: y 1 ⇔y 0 ; y 0 ⇔(¬x1 ∨x0 ).
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Initial state: ¬(x1 ∧x0 ).
Error property: x1 ∧y 0 .

 Step 2: Transform to CNF, encode as a clause set ∆.


Clauses: y 1 F ∨x0 T , y 1 T ∨x0 F , y 0 T ∨x1 T ∨x0 T , y 0 F ∨x1 F , y 0 F ∨x0 F , x1 F ∨x0 F , y 1 T ,
y0 T .

 Step 3: Call a SAT solver (up next).
©: Michael Kohlhase
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Our Agenda for This Chapter
 The Davis-Putnam (Logemann-Loveland) Procedure: How to systematically test
satisfiability?


The quintessential SAT solving procedure, DPLL.

 DPLL is (A Restricted Form of) Resolution: How does this relate to what we did
in the last chapter?


Mathematical understanding of DPLL.

 Why Did Unit Propagation Yield a Conflict?: How can we analyze which mistakes
were made in “dead” search branches?


Knowledge is power, see next.

 Clause Learning: How can we learn from our mistakes?


One of the key concepts, perhaps the key concept, underlying the success of
SAT.

 Phase Transitions – Where the Really Hard Problems Are: Are all formulas “hard”
to solve?


The answer is “no”. And in some cases we can figure out exactly when they
are/aren’t hard to solve.

©: Michael Kohlhase
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The Davis-Putnam (Logemann-Loveland) Procedure

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25026.
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The DPLL Procedure
 Definition 3.2.1. The Davis Putnam procedure (DPLL) is a SAT solver called on
a clause set ∆ and the empty assignment ϵ. It interleaves unit propagation (UP)
and splitting:
function DPLL(∆,I) returns a partial assignment I, or ‘‘unsatisfiable’’
/∗ Unit Propagation (UP) Rule: ∗/
∆′ := a copy of ∆; I ′ := I
while ∆′ contains a unit clause C = P α do
extend I ′ with [α/P ], clause−set simplify ∆′
/∗ Termination Test: ∗/
if 2∈∆′ then return ‘‘unsatisfiable’’
if ∆′ = {} then return I ′
/∗ Splitting Rule: ∗/
select some proposition P for which I ′ is not defined
I ′′ := I ′ extended with one truth value for P ; ∆′′ := a copy of ∆′ ; simplify ∆′′
if I ′′′ := DPLL(∆′′ ,I ′′ ) ̸= ‘‘unsatisfiable’’ then return I ′′′
I ′′ := I ′ extended with the other truth value for P ; ∆′′ := ∆′ ; simplify ∆′′
return DPLL(∆′′ ,I ′′ )
 In practice, of course one uses flags etc. instead of “copy”.
©: Michael Kohlhase

75

DPLL: Example (Vanilla1)
 Example 3.2.2 (UP and Splitting). Let ∆:=P T ∨QT ∨RF ;P F ∨QF ;RT ;P T ∨QF
1. UP Rule: R7→T
P T ∨QT ;P F ∨QF ;P T ∨QF

2. Splitting Rule:
2a. P 7→F
QT ;QF

3a. UP Rule: Q7→T
2
returning “unsatisfiable”
©: Michael Kohlhase

2b. P 7→T
QF
3b. UP Rule: Q7→F
clause set empty
returning “R7→T, P 7→T, Q7→F
76

DPLL: Example (Vanilla2)
 Observation: Sometimes UP is all we need.
 Example 3.2.3. Let ∆:=QF ∨P F ;P T ∨QF ∨RF ∨S F ;QT ∨S F ;RT ∨S F ;S T
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1. UP Rule: S7→T
QF ∨P F ;P T ∨QF ∨RF ;QT ;RT
2. UP Rule: Q7→T
P F ;P T ∨RF ;RT
3. UP Rule: R7→T
P F ;P T
4. UP Rule: P 7→T
2
©: Michael Kohlhase
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DPLL: Example (Redundance1)
 Example 3.2.4. We introduce some nasty redundance to make DPLL slow.
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100
P

F

T

X1
T

F

Xn

Xn

T

F

Q
T
T

T

Q
F
T

T
T

F

Q
F
T

T
T

Q
F
T

T
T

F
T

R ;2 R ;2 R ;2 R ;2 R ;2 R ;2 R ;2 R ;2
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Properties of DPLL
 Unsatisfiable case: What can we say if “unsatisfiable” is returned?


In this case, we know that ∆ is unsatisfiable: Unit propagation is sound, in the
sense that it does not reduce the set of solutions.

 Satisfiable case: What can we say when a partial interpretation I is returned?


Any extension of I to a complete interpretation satisfies ∆. (By construction,
I suffices to satisfy all clauses.)

 Déjà Vu, Anybody?

 DPLL =
b backtracking with inference, where inference =
b unit propagation.


Unit propagation is sound: It does not reduce the set of solutions.
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Running time is exponential in worst-case, good variable/value selection strategies required.

©: Michael Kohlhase
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DPLL =
b (A Restricted Form of) Resolution

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/27022.

UP =
b Unit Resolution
 Observation: The unit propagation (UP) rule corresponds to a calculus:

while ∆′ contains a unit clause {l} do
extend I ′ with the respective truth value for the proposition underlying l
simplify ∆′ /∗ remove false literals ∗/

 Definition 3.3.1 (Unit Resolution). Unit resolution (UR) is the test calculus
consisting of the following inference rule:
C∨P α P β α ̸= β
UR
C
 Unit propagation =
b resolution restricted to cases where one parent is unit clause.

 Observation 3.3.2 (Soundness). UR is refutation-sound.

(since resolution is)

 Observation 3.3.3 (Completeness). UR is not refutation-complete (alone).

 Example 3.3.4. P T ∨QT ;P T ∨QF ;P F ∨QT ;P F ∨QF is satisfiable but UR cannot
derive the empty clause 2.

 UR makes only limited inferences, as long as there are unit clauses. It does not
guarantee to infer everything that can be inferred.
©: Michael Kohlhase
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DPLL vs. Resolution
 Definition 3.3.5. We define the number of decisions of a DPLL run as the total
number of times a truth value was set by either unit propagation or splitting.
 Theorem 3.3.6. If DPLL returns “unsatisfiable” on ∆, then ∆⊢R0 2 with a resolution proof whose length is at most the number of decisions.
 Proof: Consider first DPLL without UP

1. Consider any leaf node N , for proposition X, both of whose truth values directly
result in a clause C that has become empty.
2. Then for X = F the respective clause C must contain X T ; and for X = T the
respective clause C must contain X F . Thus we can resolve these two clauses to
a clause C(N ) that does not contain X.
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3.3. DPLL =
b (A RESTRICTED FORM OF) RESOLUTION
3. C(N ) can contain only the negations of the decision literals l1 , . . . , lk above N .
Remove N from the tree, then iterate the argument. Once the tree is empty, we
have derived the empty clause.
4. Unit propagation can be simulated via applications of the splitting rule, choosing
a proposition that is constrained by a unit clause: One of the two truth values
then immediately yields an empty clause.
□
©: Michael Kohlhase
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DPLL vs. Resolution: Example (Vanilla2)
 Example 3.3.7. ∆:=QF ∨P F ;P T ∨QF ∨RF ∨S F ;QT ∨S F ;RT ∨S F ;S T
DPLL: (Without UP; leaves annotated with clauses that became
empty)
S
F

T

Q

Resolution proof from that DPLL tree:

2

F

ST

SF

ST

F

QT ∨S F

QF ∨S F

QT ∨S F

F

RT ∨S F

QF ∨RF ∨S F

RT ∨S F

P T ∨QF ∨RF ∨S F

QF ∨P F

P T ∨QF ∨RF ∨S F

T

R
T

P
T

QF ∨P F

 Intuition: From a (top-down) DPLL tree, we generate a (bottom-up) resolution
proof.
©: Michael Kohlhase
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For reference, we give the full proof here.
Theorem 3.3.8. If DPLL returns “unsatisfiable” on ∆, then S : 2⊢R0 2 with a R0 -derivation
whose length is at most the number of decisions.
Proof: Consider first DPLL with no unit propagation.
1. If the search tree is not empty, then there exists a leaf node N , i.e., a node associated to
proposition X so that, for each value of X, the partial assignment directly results in an empty
clause.
2. Denote the parent decisions of N by L1 , . . . , Lk , where Li is a literal for proposition X i and the
search node containing X i is N i .
3. Denote the empty clause for X by C(N, X), and denote the empty clause for X F by C(N, X F ).
4. For each x∈{X T ,X F } we have the following properties:
1. xF ∈C(N, x); and

2. C(N, x)⊆{xF ,L1 , . . . ,Lk }.

Due to , we can resolve C(N, X) with C(N, X F ); denote the outcome clause by C(N ).
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5. We obviously have that (1) C(N )⊆{L1 , . . . ,Lk }.

6. The proof now proceeds by removing N from the search tree and attaching C(N ) at the Lk
branch of N k , in the role of C(N k , Lk ) as above. Then we select the next leaf node N ′ and
iterate the argument; once the tree is empty, by (1) we have derived the empty clause. What
we need to show is that, in each step of this iteration, we preserve the properties (a) and (b)
for all leaf nodes. Since we did not change anything in other parts of the tree, the only node we
need to show this for is N ′ :=N k .
7. Due to (1), we have (b) for N k . But we do not necessarily have (a): C(N )⊆{L1 , . . . ,Lk }, but
there are cases where Lk ̸∈C(N ) (e.g., if X k is not contained in any clause and thus branching over it was completely unnecessary). If so, however, we can simply remove N k and all
its descendants from the tree as well. We attach C(N ) at the L(k−1) branch of N (k−1) |,
in the role of C(N (k−1) , L(k−1) ). If L(k−1) ∈C(N ) then we have (a) for N ′ := N (k−1) and
can stop. If L(k−1) F ̸∈C(N ), then we remove N (k−1) and so forth, until either we stop with
(a), or have removed N 1 and thus must already have derived the empty clause (because
C(N )⊆{L1 , . . . ,Lk }\{L1 , . . . ,Lk }).

8. Unit propagation can be simulated via applications of the splitting rule, choosing a proposition
that is constrained by a unit clause: One of the two truth values then immediately yields an
empty clause.
□

DPLL vs. Resolution: Discussion
 So What?: The theorem we just proved helps to understand DPLL:
DPLL is an effective practical method for conducting resolution proofs.
 In fact: DPLL =
b tree resolution.
 Definition 3.3.9. In a tree resolution, each derived clause C is used only once (at
its parent).
 Problem: The same C must be derived anew every time it is used!
 This is a fundamental weakness: There are inputs ∆ whose shortest tree resolution
proof is exponentially longer than their shortest (general) resolution proof.
 Intuitively: DPLL makes the same mistakes over and over again.
 Idea: DPLL should learn from its mistakes on one search branch, and apply the
learned knowledge to other branches.
 To the rescue: clause learning
©: Michael Kohlhase
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(up next)
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Why Did Unit Propagation Yield a Conflict?

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/27026.
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DPLL: Example (Redundance1)
 Example 3.4.1. We introduce some nasty redundance to make DPLL slow.
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100
P

F

T

X1
T

F

Xn
T

Xn
F

Q
T

T

Q
F

T

F

Q
F

T

Q
F

T

F

RT ;2 RT ;2 RT ;2 RT ;2 RT ;2 RT ;2 RT ;2 RT ;2
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How To Not Make the Same Mistakes Over Again?
 It’s not that difficult, really:

(A) Figure out what went wrong.
(B) Learn to not do that again in the future.

 And now for DPLL:

(A) Why did unit propagation yield a Conflict?


This Section. We will capture the “what went wrong” in terms of graphs over
literals set during the search, and their dependencies.

 What can we learn from that information?:


A new clause! Next section.

©: Michael Kohlhase

85

Implication Graphs for DPLL
 Definition 3.4.2. Let β be a branch in a DPLL derivation and P a variable on β
then we call





P α a choice literal if its value is set to α by the splitting rule.
P α an implied literal, if the value of P is set to α by the UP rule.
P α a conflict literal, if it contributes to a derivation of the empty clause.
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 Definition 3.4.3 (Implication Graph). Let ∆ be a clause set, β a DPLL search
branch on ∆. The implication graph Gimpl
is the directed graph whose vertices are
β
labeled with the choice and implied literals along β, as well as a separate conflict
vertex 2C for every clause C that became empty on β.
Whereever a clause l1 , . . . , lk ∨l′ ∈∆ became unit with implied literal l′ , Gimpl
inβ
cludes the edges (li ,l′ ).
Where C = l1 ∨ . . . ∨lk ∈ ∆ became empty, Gimpl
includes the edges (li ,2C ).
β
 Question: How do we know that li are vertices in Gimpl
β ?
 Answer: Because l1 ∨ . . . ∨lk ∨l′ became unit/empty.
 Observation 3.4.4. Gimpl
is acyclic.
β

 Proof Sketch: UP can’t derive l′ whose value was already set beforehand.

□

 Intuition: The initial vertices are the choice literals and unit clauses of ∆.
©: Michael Kohlhase
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Implication Graphs: Example (Vanilla1) in Detail
 Example 3.4.5. Let ∆:=P T ∨QT ∨RF ;P F ∨QF ;RT ;P T ∨QF .
We look at the left branch of the derivation from ??:
1. UP Rule: R7→T
Implied literal RT .
P T ∨QT ;P F ∨QF ;P T ∨QF

Implication graph:
PF

2. Splitting Rule:
2a. P 7→F
Choice literal P F .
QT ;QF

QT

3a. UP Rule: Q7→T
Implied literal QT
edges (RT ,QT ) and (P F ,QT ).
2
Conflict vertex 2P T ∨QF
edges (P F ,2P T ∨QF ) and (QT ,2P T ∨QF ).
©: Michael Kohlhase
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Implication Graphs: Example (Redundance1)
 Example 3.4.6. Continuing from ??:
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100

2P T ∨QF
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Choice literals: P T , X1 T , . . . , X100 T , QT . Implied literal: RT .
P

F

T

X1
T

F

Xn

Xn

T

F

T

Q

Q

T

F

T

T

T

Q
F

T

F

T

T

Q
F

T

T

T

F

T

T

R ;2 R ;2 R ;2 R ;2 R ;2 R ;2 R ;2 R ;2
PT

X1 T

QT

...

Xn T

2P T ∨QF ∨RT

RT

©: Michael Kohlhase
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Implication Graphs: Example (Redundance2)
 Example 3.4.7. Continuing from ??:
∆

:=

Θ

:=

P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF

T
F
X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100

DPLL on ∆;Θ;Φ with Φ:=QF ∨S T ;QF ∨S F
Choice literals: P T , X1 T , . . . , X100 T , QT . Implied literals:
PT

X1 T

QT

RT

2P T ∨QF ∨RT

...

ST

Xn T

2
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Implication Graphs: A Remark
 The implication graph is not uniquely determined by the Choice literals.

 It depends on “ordering decisions” during UP: Which unit clause is picked first.
 Example 3.4.8. ∆ = P F ∨QF ;QT ;P T
Option 1

Option 2

T

PT

Q
2P F ∨QF

PF

2P F ∨QF

©: Michael Kohlhase
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Conflict Graphs
 A conflict graph captures “what went wrong” in a failed node.

 Definition 3.4.9 (Conflict Graph). Let ∆ be a clause set, and let Gimpl
be the
β
implication graph for some search branch β of DPLL on ∆. A sub-graph C of Gimpl
β
is a conflict graph if:

(i) C contains exactly one conflict vertex 2C .

(ii) If l′ is a vertex in C, then all parents of l′ , i.e. vertices li with a I edge (li ,l′ ),
are vertices in C as well.
(iii) All vertices in C have a path to 2C .

 Conflict graph =
b Starting at a conflict vertex, backchain through the implication
graph until reaching choice literals.
©: Michael Kohlhase

91

Conflict-Graphs: Example (Redundance1)
 Example 3.4.10. Continuing from ??:
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
;X1F ∨ . . . ∨X100
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
T
T
T
T
Choice literals: P , X1 , . . . , X100 , Q . Implied literals: RT .
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PT

...

X1 T

QT

Xn T

2P T ∨QF ∨RT

RT

©: Michael Kohlhase
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Conflict Graphs: Example (Redundance2)
 Example 3.4.11. Continuing from ?? and ??:
∆

:=

Θ

:=

P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF

T
F
X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100

DPLL on ∆;Θ;Φ with Φ:=QF ∨S T ;QF ∨S F
Choice literals: P T , X1 T , . . . , X100 T , QT . Implied literals: RT .
PT

2P T ∨QF ∨RT

RT

...

X1 T

QT

ST

Xn T

2

PT

X1 T

QT

RT

2P T ∨QF ∨RT
©: Michael Kohlhase
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Clause Learning
Clause Learning
 Observation: Conflict graphs encode entailment relation.
 Definition 3.5.1. Let ∆ be a clause set, C be a conflict graph at some timeWpoint
during a run of DPLL on ∆, and L be the choice literals in C, then we call c:= l∈L l
the learned clause for C.
 Assertion

Let ∆, C, and c as in ??, then ∆ |= c.

 Idea: We can add learned clauses to DPLL derivations at any time without losing
soundness.
(maybe this helps, if we have a good notion of learned clauses)
 Definition 3.5.2. Clause learning is the process of adding learned clauses to DPLL
clause sets at specific points.
(details coming up)
©: Michael Kohlhase
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Clause Learning: Example (Redundance1)
 Example 3.5.3. Continuing from ??:
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100
T
T
T
T
Choice literals: P , X1 , . . . , X100 , Q . Implied literals: RT .
PT

X1 T

QT

...

Xn T

2P T ∨QF ∨RT

RT
Learned clause: P F ∨QF

©: Michael Kohlhase

The Effect of Learned Clauses
 What happens after we learned a new clause C?
1. We add C into ∆. e.g. C = P F ∨QF .

95

(in Redundance1)
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2. We retract the last choice l′ . e.g. the choice l′ = Q.
W
 Observation: Let C be a learned clause, i.e. C = l∈L l, where L is the set of
conflict literals in a conflict graph G.
Before we learn C, G must contain the most recent choice l′ : otherwise, the conflict
would have occured earlier on.
So C = l1 ∨ . . . ∨lk ∨l′ where l1 , . . . , lk are earlier choices.
 Example 3.5.4. l1 = P , C = P F ∨QF , l′ = Q.

 Observation: Given the earlier choices l1 , . . . , lk , after we learned the new clause
C = l1 ∨ . . . ∨lk ∨l′ , the value of l′ is now set by UP!
 So we can continue:

3. We set the opposite choice l′ as an implied literal.
e.g. QF as an implied literal.
4. We run UP and analyze conflicts.
Learned clause: earlier choices only! e.g. C = P F , see next slide.
©: Michael Kohlhase
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The Effect of Learned Clauses: Example (Redundance1)
 Example 3.5.5. Continuing from ??:
∆

:=

Θ

:=

P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF

T
F
X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100

DPLL on ∆;Θ;Φ with Φ:=P F ∨QF
Choice literals: P T , X1 T , . . . , X100 T , QT . Implied literals: QF , RT .
PT

X1 T

QF

RT

...

2

Learned clause: P F
©: Michael Kohlhase
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NOT the same Mistakes over Again: (Redundance1)
 Example 3.5.6. Continuing from ??:
∆:=P F ∨QF ∨RT ;P F ∨QF ∨RF ;P F ∨QT ∨RT ;P F ∨QT ∨RF
T
F
DPLL on ∆;Θ with Θ:=X1T ∨ . . . ∨X100
;X1F ∨ . . . ∨X100
P

F

T

X1
T

Xn
T

Q
T
T

F

R ;2
learn P F ∨QF

set by UP
T

R ;2
learn P F

 Note: Here, the problem could be avoided by splitting over different variables.
 Problem: This is not so in general!
©: Michael Kohlhase
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Clause Learning vs. Resolution
 Recall: DPLL =
b tree resolution

(from slide ??)

1. in particular: each derived clause C (not in ∆) is derived anew every time it is
used.
2. Problem: there are ∆ whose shortest tree resolution proof is exponentially longer
than their shortest (general) resolution proof.

 Good News: This is no longer the case with clause learning!

1. We add each learned clause C to ∆, can use it as often as we like.

2. Clause learning renders DPLL equivalent to resolution calculusfull resolution [beame:etal:jair-04;
pipatsrisawat:darwiche:cp-09]. (Inhowfar exactly this is the case was an
open question for ca. 10 years, so it’s not as easy as I made it look here . . . )
 In particular: Selecting different variables/values to split on can provably not bring
DPLL up to the power of DPLL+Clause Learning. (cf. slide ??, and previous slide)
©: Michael Kohlhase
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3.5. CLAUSE LEARNING

“DPLL + Clause Learning”?
 Disclaimer: We have only seen how to learn a clause from a conflict.
 We will not cover how the overall DPLL algorithm changes, given this learning.
Slides ?? – ?? are merely meant to give a rough intuition on “backjumping”.
 Definition 3.5.7 (Just for the record).

(not exam or exercises relevant)



One could run “DPLL + Clause Learning” by always backtracking to the maximallevel choice variable contained in the learned clause.



The actual algorithm is called Conflict-Directed Clause Learning (CDCL), and
differs from DPLL more radically:
let L := 0; I := ∅
repeat
execute UP
if a conflict was reached then /∗ learned clause C = l1 ∨ . . . ∨lk ∨l′ ∗/
if L = 0 then return UNSAT
L := maxki=1 level(li ); erase I below L
add C into ∆; add l′ to I at level L
else
if I is a total interpretation then return I
choose a new decision literal l; add l to I at level L
L := L + 1

©: Michael Kohlhase

100

Remarks
 Which clause(s) to learn?:





While we only select choice literals, much more can be done.

For any cut through the conflict graph, with Choice literals on the “left-hand”
side of the cut and the conflict literals on the right-hand side, the literals on the
left border of the cut yield a learnable clause.
Must take care to not learn too many clauses . . .

 Origins of clause learning:




Clause learning originates from “explanation-based (no-good) learning” developed in the CSP community.
The distinguishing feature here is that the “no-good” is a clause:


The exact same type of constraint as the rest of ∆.

©: Michael Kohlhase
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Phase Transitions: Where the Really Hard Problems Are

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25088.

Where Are the Hard Problems?
 SAT is NP-hard. Worst case for DPLL is O(2n ), with n propositions.

 Imagine I gave you as homework to make a formula family {φ} where DPLL running
time necessarily is in the order of O(2n ).


I promise you’re not gonna find this easy . . . (although it is of course possible:
e.g., the “Pigeon Hole Problem”).

 People noticed by the early 90s that, in practice, the DPLL worst case does not
tend to happen.
 Modern SAT solvers successfully tackle practical instances where n > 1.000.000.
©: Michael Kohlhase
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Where Are the Hard Problems?
 So, what’s the problem: Science is about understanding the world.



Are “hard cases” just pathological outliers?

Can we say something about the typical case?

 Difficulty 1: What is the “typical case” in applications? E.g., what is the “average”
Hardware Verification instance?


Consider precisely defined random distributions instead.

 Difficulty 2: Search trees get very complex, and are difficult to analyze mathematically, even in trivial examples. Never mind examples of practical relevance . . .


The most successful works are empirical. (Interesting theory is mainly concerned
with hand-crafted formulas, like the Pigeon Hole Problem.)

©: Michael Kohlhase
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Phase Transitions in SAT [mitchell:etal:aaai-92]
 Fixed clause length model: Fix clause length k; n variables.
Generate m clauses, by uniformly choosing k variables P for each clause C, and for
each variable P deciding uniformly whether to add P or P F into C.
 Order parameter: Clause/variable ratio

m
n.
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3.6. PHASE TRANSITIONS
 Phase transition: (Fixing k = 3, n = 50)

©: Michael Kohlhase
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Does DPLL Care?
 Oh yes, it does: Extreme running time peak at the phase transition!

©: Michael Kohlhase
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Why Does DPLL Care?
 Intuition:

Under-Constrained: Satisfiability likelihood close to 1. Many solutions, first
DPLL search path usually successful. (“Deep but narrow”)

Over-Constrained: Satisfiability likelihood close to 0. Most DPLL search paths
short, conflict reached after few applications of splitting rule. (“Broad but shallow”)
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Critically Constrained: At the phase transition, many almost-successful DPLL
search paths. (“Close, but no cigar”)

©: Michael Kohlhase
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The Phase Transition Conjecture
 Definition 3.6.1. We say that a class P of problems exhibits a phase transition, if
there is an order parameter o, i.e. a structural parameter of P , so that almost all the
hard problems of P cluster around a critical value c of o and c separates one region
of the problem space from another, e.g. over-constrained and under-constrained
regions.
 Assertion (Phase Transition Conjecture) All NP-complete problems exhibit at least
one phase transition.
 [cheeseman:etal:ijcai-91] confirmed this for Graph Coloring and Hamiltonian
Circuits. Later work confirmed it for SAT (see previous slides), and for numerous
other NP-complete problems.
©: Michael Kohlhase
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Why Should We Care?
 Enlightenment:


Phase transitions contribute to the fundamental understanding of the behavior
of search, even if it’s only in random distributions.



There are interesting theoretical connections to phase transition phenomena in
physics. (See [gomes:selman:nature-05] for a short summary.)

 Ok, but what can we use these results for?:




Benchmark design: Choose instances from phase transition region.


Commonly used in competitions etc. (In SAT, random phase transition
formulas are the most difficult for DPLL-style searches.)

Predicting solver performance: Yes, but very limited because:

 All this works only for the particular considered distributions of instances! Not
meaningful for any other instances.
©: Michael Kohlhase
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Conclusion

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25090.
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3.7. CONCLUSION

Summary
 SAT solvers decide satisfiability of CNF formulas. This can be used for deduction,
and is highly successful as a general problem solving technique (e.g., in Verification).
 DPLL =
b backtracking with inference performed by unit propagation (UP), which
iteratively instantiates unit clauses and simplifies the formula.
 DPLL proofs of unsatisfiability correspond to a restricted form of resolution. The
restriction forces DPLL to “makes the same mistakes over again”.
 Implication graphs capture how UP derives conflicts. Their analysis enables us to
do clause learning. DPLL with clause learning is called CDCL. It corresponds to full
resolution, not “making the same mistakes over again”.
 CDCL is state of the art in applications, routinely solving formulas with millions of
propositions.
 In particular random formula distributions, typical problem hardness is characterized
by phase transitions.
©: Michael Kohlhase
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State of the Art in SAT
 SAT competitions:





Since beginning of the 90s http://www.satcompetition.org/
random vs. industrial vs. handcrafted benchmarks.
Largest industrial instances: > 1.000.000 propositions.

 State of the art is CDCL:




Vastly superior on handcrafted and industrial benchmarks.

Key techniques: clause learning! Also: Efficient implementation (UP!), good
branching heuristics, random restarts, portfolios.

 What about local search?:




Better on random instances.
No “dramatic” progress in last decade.
Parameters are difficult to adjust.

©: Michael Kohlhase
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But – What About Local Search for SAT?
 There’s a wealth of research on local search for SAT, e.g.:
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 Definition 3.7.1. The GSAT algorithm OUTPUT: a satisfying truth assignment
of ∆, if found
function GSAT (∆, M axF lips M axT ries
for i :=1 to M axT ries
I := a randomly−generated truth assignment
for j :=1 to M axF lips
if I satisfies ∆ then return I
X:= a proposition reversing whose truth assignment gives
the largest increase in the number of satisfied clauses
I := I with the truth assignment of X reversed
end for
end for
return ‘‘no satisfying assignment found’’
 Local search is not as successful in SAT applications, and the underlying ideas are
very similar to those presented in ??
(Not covered here)
©: Michael Kohlhase
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Topics We Didn’t Cover Here
 Variable/value selection heuristics: A whole zoo is out there.

 Implementation techniques: One of the most intensely researched subjects. Famous
“watched literals” technique for UP had huge practical impact.
 Local search: In space of all truth value assignments. GSAT (slide ??) had huge
impact at the time (1992), caused huge amount of follow-up work. Less intensely
researched since clause learning hit the scene in the late 90s.
 Portfolios: How to combine several SAT solvers effectively?

 Random restarts: Tackling heavy-tailed runtime distributions.

 Tractable SAT: Polynomial-time sub-classes (most prominent: 2-SAT, Horn formulas).
 MaxSAT: Assign weight to each clause, maximize weight of satisfied clauses (=
optimization version of SAT).
 Resolution special cases: There’s a universe in between unit resolution and full
resolution: trade-off inference vs. search.
 Proof complexity: Can one resolution special case X simulate another one Y polynomially? Or is there an exponential separation (example families where X is exponentially less effective than Y )?
©: Michael Kohlhase
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Suggested Reading:
• Chapter 7: Logical Agents, Section 7.6.1 [RusNor:AIMA09].
– Here, RN describe DPLL, i.e., basically what I cover under “The Davis-Putnam (LogemannLoveland) Procedure”.

3.7. CONCLUSION
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– That’s the only thing they cover of this Chapter’s material. (And they even mark it as “can
be skimmed on first reading”.)
– This does not do the state of the art in SAT any justice.
• Chapter 7: Logical Agents, Sections 7.6.2, 7.6.3, and 7.7 [RusNor:AIMA09].
– Sections 7.6.2 and 7.6.3 say a few words on local search for SAT, which I recommend as
additional background reading. Section 7.7 describes in quite some detail how to build an
agent using propositional logic to take decisions; nice background reading as well.
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Chapter 4

First Order Predicate Logic
4.1

Motivation: A more Expressive Language

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25091.

Let’s
Let’s Talk
Talk About
AboutBlocks,
Blocks,Baby
Baby. .... .
 Question: What do you see here?
I Question: What do you see here?

A

D

B

E

C

I You say: “All blocks are red”; “All blocks are on the table”; “A is a block”.
Younow:
say: “All
are red”; “Alllogic!
blocks are on the table”; “A is a block”.
I And
Say blocks
it in propositional
 And now: Say it in propositional logic!
 Answer: “isRedA”,“isRedB”, . . . , “onTableA”, “onTableB”, . . . , “isBlockA”, . . .
 Wait a sec!: Why don’t we just say, e.g., “AllBlocksAreRed” and “isBlockA”?
 Problem: Could we conclude that A is red?

(No)

These statements are atomic (just strings); their inner structure (“all blocks”, “is a
block”) is not captured.

 Idea: Predicate Logic (PL1) extends propositional logic with the ability to explicitly
Kohlhase: Künstliche Intelligenz 1
416
July 5, 2018
speak about objects and their properties.
 How?: Variables ranging over objects, predicates describing object properties, . . .
 Example 4.1.1. “∀x block(x)⇒red(x)”; “block(A)”
©: Michael Kohlhase
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Let’s Talk About the Wumpus Instead?
69
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Percepts: [Stench, Breeze, Glitter , Bump, Scream]









Cell adjacent to Wumpus: Stench (else: None).
Cell adjacent to Pit: Breeze (else: None).
Cell that contains gold: Glitter (else: None).
You walk into a wall: Bump (else: None).
Wumpus shot by arrow: Scream (else: None).

 Say, in propositional logic: “Cell adjacent to Wumpus: Stench.”








W 1,1 ⇒S 1,2 ∧S 2,1

W 1,2 ⇒S 2,2 ∧S 1,1 ∧S 1,3

W 1,3 ⇒S 2,3 ∧S 1,2 ∧S 1,4

...

 Note: Even when we can describe the problem suitably, for the desired reasoning,
the propositional formulation typically is way too large to write (by hand).
 PL1 solution: “∀x Wumpus(x)⇒(∀y adj(x, y)⇒stench(y))”
©: Michael Kohlhase
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Blocks/Wumpus, Who Cares? Let’s Talk About Numbers!
 Even worse!

 Example 4.1.2 (Integers). A limited vocabulary to talk about these








The objects: {1,2,3, . . . }.

Predicate 1: “even(x)” should be true iff x is even.
Predicate 2: “eq(x, y)” should be true iff x = y.
Function: succ(x) maps x to x + 1.

 Old problem: Say, in propositional logic, that “1 + 1 = 2”.



Inner structure of vocabulary is ignored (cf. “AllBlocksAreRed”).
PL1 solution: “eq(succ(1), 2)”.

 New Problem: Say, in propositional logic, “if x is even, so is x + 2”.



It is impossible to speak about infinite sets of objects!
PL1 solution: “∀x even(x)⇒even(succ(succ(x)))”.

©: Michael Kohlhase
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4.1. MOTIVATION: A MORE EXPRESSIVE LANGUAGE

Now We’re Talking
 Example 4.1.3.

∀n gt(n, 2)⇒¬(∃a,b,c eq(plus(pow(a, n), pow(b, n)), pow(c, n)))

 Theorem proving in PL1: Arbitrary theorems, in principle.




Fermat’s last theorem is of course infeasible, but interesting theorems can and
have been proved automatically.
See http://en.wikipedia.org/wiki/Automated_theorem_proving.
Note: Need to axiomatize “Plus”, “PowerOf”, “Equals”. See http://en.wikipedia.
org/wiki/Peano_axioms

©: Michael Kohlhase
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What Are the Practical Relevance/Applications?
 . . . even asking this question is a sacrilege:
 (Quotes from Wikipedia)


“In Europe, logic was first developed by Aristotle. Aristotelian logic became
widely accepted in science and mathematics.”



“The development of logic since Frege, Russell, and Wittgenstein had a profound
influence on the practice of philosophy and the perceived nature of philosophical
problems, and Philosophy of mathematics.”



“During the later medieval period, major efforts were made to show that Aristotle’s ideas were compatible with Christian faith.”



(In other words: the church issued for a long time that Aristotle’s ideas were
incompatible with Christian faith.)
©: Michael Kohlhase
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What Are the Practical Relevance/Applications?
 You’re asking it anyhow:


Logic programming. Prolog et al.



Databases. Deductive databases where elements of logic allow to conclude
additional facts. Logic is tied deeply with database theory.



Semantic technology. Mega-trend since > a decade. Use PL1 fragments to
annotate data sets, facilitating their use and analysis.

 Prominent PL1 fragment: Web Ontology Language OWL.
 Prominent data set: The WWW.

(semantic web)
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 Assorted quotes on Semantic Web and OWL:


The brain of humanity.



A TRULY meaningful way of interacting with the Web may finally be here:
the Semantic Web. The idea was proposed 10 years ago. A triumvirate of
internet heavyweights – Google, Twitter, and Facebook – are making it real.



The Semantic Web will never work.

©: Michael Kohlhase
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(A Few) Semantic Technology Applications
Web Queries

Jeopardy (IBM Watson)

Context-Aware Apps

Healthcare

©: Michael Kohlhase
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Our Agenda for This Topic
 This Chapter: Basic definitions and concepts; normal forms.





Sets up the framework and basic operations.
Syntax: How to write PL1 formulas?

(Obviously required)

Semantics: What is the meaning of PL1 formulas?

(Obviously required.)

Normal Forms: What are the basic normal forms, and how to obtain them?
(Needed for algorithms, which are defined on these normal forms.)

 Next Chapter: Compilation to propositional reasoning; unification; lifted resolution/tableau.


Algorithmic principles for reasoning about predicate logic.
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First-Order Logic

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25093.
First-order logic is the most widely used formal system for modelling knowledge and inference
processes. It strikes a very good bargain in the trade-off between expressivity and conceptual
and computational complexity. To many people first-order logic is “the logic”, i.e. the only logic
worth considering, its applications range from the foundations of mathematics to natural language
semantics.

First-Order Predicate Logic (PL1 )
 Coverage: We can talk about






(All humans are mortal)

individual things and denote them by variables or constants
properties of individuals,

(e.g. being human or mortal)

relations of individuals,

(e.g. sibling_of relationship)

functions on individuals,

(e.g. the f ather_of function)

We can also state the existence of an individual with a certain property, or the
universality of a property.
 But we cannot state assertions like


There is a surjective function from the natural numbers into the reals.

 First-Order Predicate Logic has many good properties
compactness, unitary, linear unification,. . . )

(complete calculi,

 But too weak for formalizing:

(at least directly)





natural numbers, torsion groups, calculus, . . .
generalized quantifiers (most, few,. . . )
©: Michael Kohlhase
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First-Order Logic: Syntax and Semantics

A Video Nugget covering this Subsection can be found at https://fau.tv/clip/id/25094.
The syntax and semantics of first-order logic is systematically organized in two distinct layers: one
for truth values (like in propositional logic) and one for individuals (the new, distinctive feature
of first-order logic).
The first step of defining a formal language is to specify the alphabet, here the first-order signatures
and their components.

PL1 Syntax (Signature and Variables)
 Definition 4.2.1. First order logic (PL1 ), is a formal logical system extensively
used in mathematics, philosophy, linguistics, and computer-science. It combines
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propositional logic with the ability to quantify over individuals.
 PL1 talks about two kinds of objects:




(so we have two kinds of symbols)

truth values by reusing PL0

individuals, e.g. numbers, foxes, Pokémon,. . .

 Definition 4.2.2. A first order signature consists of




connectives: Σo = {T ,F ,¬,∨,∧,⇒,⇔, . . .}

function constants: Σfk = {f ,g,h, . . .}

p
 predicate constants: Σk
sk
 (Skolem constants: Σk

= {p,q,r, . . .}

(all disjoint; k∈N)
(functions on truth values)
(functions on individuals)

(relationships among individuals.)

(witness constructors; countably ∞)
S
∗
f
p
sk
∗
 We take Σι to be all of these together: Σι :=Σ ∪Σ ∪Σ , where Σ := k∈N Σk
o
and define Σ:=Σι ∪Σ .
=

{fk1 ,fk2 , . . .})

 Definition 4.2.3. We assume a set of individual variables: Vι :={X,Y ,Z, . . .}.
(countably ∞)
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We make the deliberate, but non-standard design choice here to include Skolem constants into
the signature from the start. These are used in inference systems to give names to objects and
construct witnesses. Other than the fact that they are usually introduced by need, they work
exactly like regular constants, which makes the inclusion rather painless. As we can never predict
how many Skolem constants we are going to need, we give ourselves countably infinitely many for
every arity. Our supply of individual variables is countably infinite for the same reason.
The formulae of first-order logic is built up from the signature and variables as terms (to represent
individuals) and propositions (to represent propositions). The latter include the propositional
connectives, but also quantifiers.

PL1 Syntax (Formulae)
 Definition 4.2.4. Terms: A∈wff ι (Σι , Vι )


(denote individuals)

Vι ⊆wff ι (Σι , Vι ),



if f ∈Σfk and Ai ∈wff ι (Σι , Vι ) for i≤k, then f (A1 , . . . , Ak )∈wff ι (Σι , Vι ).



if p∈Σpk and Ai ∈wff ι (Σι , Vι ) for i≤k, then p(A1 , . . . , Ak )∈wff o (Σι , Vι ),

 Definition 4.2.5. if Propositions: A∈wff o (Σι , Vι ):


(denote truth values)

if A,B∈wff o (Σι , Vι ) and X∈Vι , then T ,A∧B,¬A,∀X A∈wff o (Σι , Vι ). ∀ is a
binding operator called the universal quantifier.

 Definition 4.2.6. We define the connectives F , ∨, ⇒, ⇔ via the abbreviations
A∨B:=¬(¬A∧¬B), A⇒B:=¬A∨B, A⇔B:=(A⇒B)∧(B⇒A), and F :=¬T .
We will use them like the primary connectives ∧ and ¬
 Definition 4.2.7. We use ∃X A as an abbreviation for ¬(∀X ¬A). ∃ is a binding
operator called the existential quantifier.
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 Definition 4.2.8. Call formulae without connectives or quantifiers atomic else
complex.
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Note: that we only need e.g. conjunction, negation, and universal quantification, all other logical
constants can be defined from them (as we will see when we have fixed their interpretations).

Alternative Notations for Quantifiers
Here
∀x A
∃x A

Elsewhere
V
x A (x)A
W
xA
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The introduction of quantifiers to first-order logic brings a new phenomenon: variables that are
under the scope of a quantifiers will behave very differently from the ones that are not. Therefore
we build up a vocabulary that distinguishes the two.

Free and Bound Variables
 Definition 4.2.9. We call an occurrence of a variable X bound in a formula A, iff
it occurs in a sub-formula ∀X B of A. We call a variable occurrence free otherwise.
For a formula A, we will use BVar(A) (and free(A)) for the set of bound (free)
variables of A, i.e. variables that have a free/bound occurrence in A.

 Definition 4.2.10. We define the set free(A) of frees variable of a formula A:
free(X):={X}
S
free(f (A1 , . . . ,An )):=S 1≤i≤n free(Ai )
free(p(A1 , . . . ,An )):= 1≤i≤n free(Ai )
free(¬A):=free(A)
free(A∧B):=free(A)∪free(B)
free(∀X A):=free(A)\{X}

 Definition 4.2.11. We call a formula A closed or ground, iff free(A) = ∅. We
call a closed proposition a sentence, and denote the set of all ground terms with
cwff ι (Σι ) and the set of sentences with cwff o (Σι ).
 Axiom 4.2.12. Bound variables can be renamed, i.e. any subterm ∀X B of a
formula A can be replaced by A′ :=(∀Y B′ ), where B′ arises from B by replacing
all X∈free(B) with a new variable Y that does not occur in A. We call A an
alphabetical variant of A.
©: Michael Kohlhase

125

We will be mainly interested in (sets of) sentences – i.e. closed propositions – as the representations
of meaningful statements about individuals. Indeed, we will see below that free variables do
not gives us expressivity, since they behave like constants and could be replaced by them in all
situations, except the recursive definition of quantified formulae. Indeed in all situations where
variables occur freely, they have the character of meta-variables, i.e. syntactic placeholders that
can be instantiated with terms when needed in an inference calculus.
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The semantics of first-order logic is a Tarski-style set-theoretic semantics where the atomic syntactic entities are interpreted by mapping them into a well-understood structure, a first-order
universe that is just an arbitrary set.

Semantics of PL1 (Models)
 Definition 4.2.13. We inherit the universe Do = {T,F} of truth values from PL0
and assume an arbitrary universe Dι ̸=∅ of individuals(this choice is a parameter to
the semantics)
 Definition 4.2.14. An interpretation I assigns values to constants, e.g.





(as in PL0 )

I(¬) : Do →Do with T7→F, F7→T, and I(∧) = . . .
I : Σfk →Dι k →Dι

(interpret function symbols as arbitrary functions)

I : Σpk →P(Dι k )

(interpret predicates as arbitrary relations)

 Definition 4.2.15. A variable assignment φ : Vι →Dι maps variables into the universe.
 Definition 4.2.16. A model M = ⟨Dι ,I⟩ of PL1 consists of a universe Dι and an
interpretation I.
©: Michael Kohlhase

126

We do not have to make the universe of truth values part of the model, since it is always the same;
we determine the model by choosing a universe and an interpretation function.
Given a first-order model, we can define the evaluation function as a homomorphism over the
construction of formulae.

Semantics of PL1 (Evaluation)
 Definition 4.2.17. Given a model ⟨D,I⟩, the value function I φ is recursively
defined:
(two parts: terms & propositions)




I φ : wff ι (Σι , Vι )→Dι assigns values to terms.



I φ (X):=φ(X) and
I φ (f (A1 , . . . ,Ak )):=I(f )(I φ (A1 ), . . . ,I φ (Ak ))

I φ : wff o (Σι , Vι )→Do assigns values to formulae:
I φ (T ) = I(T ) = T,
 I φ (¬A) = I(¬)(I φ (A))
 I φ (A∧B) = I(∧)(I φ (A),I φ (B))


I φ (p(A1 , . . . ,Ak )):=T, iff ⟨I φ (A1 ), . . . ,I φ (Ak )⟩∈I(p)
 I φ (∀X A):=T, iff I (φ,[a/X]) (A) = T for all a∈Dι .

(just as in PL0 )



 Definition 4.2.18 (Assignment Extension). Let φ be a variable assignment into
D and a∈D, then φ,[a/X] is called the extension of φ with [a/X] and is defined as
{(Y ,a)∈φ|Y ̸=X}∪{(X,a)}: φ,[a/X] coincides with φ off X, and gives the result
a there.
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The only new (and interesting) case in this definition is the quantifier case, there we define the
value of a quantified formula by the value of its scope – but with an extension of the incoming
variable assignment. Note that by passing to the scope A of ∀x A, the occurrences of the variable
x in A that were bound in ∀x A become free and are amenable to evaluation by the variable
assignment ψ:=φ,[a/X]. Note that as an extension of φ, the assignment ψ supplies exactly the
right value for x in A. This variability of the variable assignment in the definition value function
justifies the somewhat complex setup of first-order evaluation, where we have the (static) interpretation function for the symbols from the signature and the (dynamic) variable assignment for
the variables.
Note furthermore, that the value I φ (∃x A) of ∃x A, which we have defined to be ¬(∀x ¬A) is
true, iff it is not the case that I φ (∀x ¬A) = I ψ (¬A) = F for all a∈Dι and ψ:=φ,[a/X]. This is
the case, iff I ψ (A) = T for some a∈Dι . So our definition of the existential quantifier yields the
appropriate semantics.

Semantics Computation: Example
 Example 4.2.19. We define an instance of first-order logic:


Signature: Let Σf0 :={j,m}, Σf1 :={f }, and Σp2 :={o}



Interpretation: I(j):=J, I(m):=M , I(f )(J):=M , I(f )(M ):=M , and I(o):={(M ,J)}.



Universe: Dι :={J,M }

Then ∀X o(f (X),X) is a sentence and with ψ:=φ,[a/X] for a∈Dι we have
I φ (∀X o(f (X),X)) = T iff

iff
iff
iff
iff

I ψ (o(f (X),X)) = T for all a∈Dι

(I ψ (f (X)),I ψ (X))∈I(o) for all a∈{J,M }

(I(f )(I ψ (X)),ψ(X))∈{(M ,J)} for all a∈{J,M }
(I(f )(ψ(X)),a)=(M ,J) for all a∈{J,M }
I(f )(a)=M and a=J for all a∈{J,M }

But a̸=J for a=M , so I φ (∀X o(f (X),X)) = F in the model ⟨Dι ,I⟩.
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First-Order Substitutions

A Video Nugget covering this Subsection can be found at https://fau.tv/clip/id/25156.
We will now turn our attention to substitutions, special formula-to-formula mappings that operationalize the intuition that (individual) variables stand for arbitrary terms.

Substitutions on Terms
 Intuition: If B is a term and X is a variable, then we denote the result of systematically replacing all occurrences of X in a term A by B with [B/X](A).
 Problem: What about [Z/Y ],[Y /X](X), is that Y or Z?
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 Folklore: [Z/Y ],[Y /X](X) = Y , but [Z/Y ]([Y /X](X)) = Z of course. (Parallel
application)
 Definition 4.2.20.[for=sbstListfromto,sbstListdots,sbst] Let wfe(Σ, V) be an expression language, then we call σ : V→wfe(Σ, V) a substitution, iff the support
supp(σ):={X|(X,A)∈σ, X̸=A} of σ is finite. We denote the empty substitution
with ϵ.
 Definition 4.2.21 (Substitution Application). We define substitution application
by








σ(c) = c for c∈Σ
σ(X) = A, iff A∈V and (X,A)∈σ.
σ(f (A1 ,. . .,An )) = f (σ(A1 ), . . . ,σ(An )),
σ(β X A) = β X σ−X (A).

 Example 4.2.22. [a/x],[f (b)/y],[a/z] instantiates g(x, y, h(z)) to g(a, f (b), h(a)).
S
 Definition 4.2.23. Let σ be a substitution then we call intro(σ):= X∈supp(σ) free(σ(X))
the set of variables introduced by σ.
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The extension of a substitution is an important operation, which you will run into from time
to time. Given a substitution σ, a variable x, and an expression A, σ,[A/x] extends σ with a
new value for x. The intuition is that the values right of the comma overwrite the pairs in the
substitution on the left, which already has a value for x, even though the representation of σ may
not show it.

Substitution Extension
 Definition 4.2.24 (Substitution Extension). Let σ be a substitution, then we
denote the extension of σ with [A/X] by σ,[A/X] and define it as {(Y ,B)∈σ|Y ̸=
X}∪{(X,A)}: σ,[A/X] coincides with σ off X, and gives the result A there.
 Note: If σ is a substitution, then σ,[A/X] is also a substitution.
 We also need the dual operation: removing a variable from the support:

 Definition 4.2.25. We can discharge a variable X from a substitution σ by setting
σ−X :=σ,[X/X].
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Note that the use of the comma notation for substitutions defined in ?? is consistent with substitution extension. We can view a substitution [a/x],[f (b)/y] as the extension of the empty
substitution (the identity function on variables) by [f (b)/y] and then by [a/x]. Note furthermore,
that substitution extension is not commutative in general.
For first-order substitutions we need to extend the substitutions defined on terms to act on propositions. This is technically more involved, since we have to take care of bound variables.
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Substitutions on Propositions
 Problem: We want to extend substitutions to propositions, in particular to quantified formulae: What is σ(∀X A)?
 Idea: σ should not instantiate bound variables.
ill-formed)

([A/X](∀X B) = ∀A B′

 Definition 4.2.26. σ(∀X A):=(∀X σ−X (A)).

 Problem: This can lead to variable capture: [f (X)/Y ](∀X p(X, Y )) would evaluate to ∀X p(X, f (X)), where the second occurrence of X is bound after instantiation, whereas it was free before.
Solution: Rename away the bound variable X in ∀X p(X, Y ) before applying the
substitution.
 Definition 4.2.27 (Capture-Avoiding Substitution Application). Let σ be
a substitution, A a formula, and A′ an alphabetical variant of A, such that
intro(σ)∩BVar(A) = ∅. Then we define σ(A):=σ(A′ ).
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We now introduce a central tool for reasoning about the semantics of substitutions: the “substitutionvalue Lemma”, which relates the process of instantiation to (semantic) evaluation. This result will
be the motor of all soundness proofs on axioms and inference rules acting on variables via substitutions. In fact, any logic with variables and substitutions will have (to have) some form of
a substitution-value Lemma to get the meta-theory going, so it is usually the first target in any
development of such a logic.
We establish the substitution-value Lemma for first-order logic in two steps, first on terms, where
it is very simple, and then on propositions.

Substitution Value Lemma for Terms
 Lemma 4.2.28. Let A and B be terms, then I φ ([B/X]A) = I ψ (A), where
ψ = φ, [I φ (B)/X].
 Proof: by induction on the depth of A:
1. depth=0

Then A is a variable (say Y ), or constant, so we have three cases

1.1. A = Y = X
1.1.1. then I φ ([B/X](A)) = I φ ([B/X](X)) = I φ (B) = ψ(X) = I ψ (X) =
I ψ (A).
1.2. A = Y ̸= X
1.2.1. then I φ ([B/X](A)) = I φ ([B/X](Y )) = I φ (Y ) = φ(Y ) = ψ(Y ) =
I ψ (Y ) = I ψ (A).
1.3. A is a constant
1.3.1. Analogous to the preceding case (Y ̸=X).
1.4. This completes the base case (depth = 0).
2. depth> 0

80

CHAPTER 4. FIRST ORDER PREDICATE LOGIC
2.1. then A = f (A1 , . . . ,An ) and we have
I φ ([B/X](A))

= I(f )(I φ ([B/X](A1 )), . . . ,I φ ([B/X](An )))

= I(f )(I ψ (A1 ), . . . ,I ψ (An ))
= I ψ (A).

by inductive hypothesis
2.2. This completes the inductive case, and we have proven the assertion
□
©: Michael Kohlhase
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Substitution Value Lemma for Propositions
 Lemma 4.2.29. I φ ([B/X](A)) = I ψ (A), where ψ = φ,[I φ (B)/X].

 Proof: by induction on the number n of connectives and quantifiers in A

1. n = 0
1.1. then A is an atomic proposition, and we can argue like in the inductive case
of the substitution value lemma for terms.
2. n>0 and A = ¬B or A = C ◦ D
2.1. Here we argue like in the inductive case of the term lemma as well.
3. n>0 and A = ∀Y C where (WLOG) X ̸= Y
3.1. then I ψ (A) = I ψ (∀Y C) = T, iff I (ψ,[a/Y ]) (C) = T for all a∈Dι .
3.2. But I (ψ,[a/Y ]) (C) = I (φ,[a/Y ]) ([B/X](C)) = T, by inductive hypothesis.
3.3. So I ψ (A) = I φ (∀Y [B/X](C)) = I φ ([B/X](∀Y C)) = I φ ([B/X](A))
□
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To understand the proof fully, you should think about where the WLOG – it stands for without
loss of generality – comes from.

4.3

First-Order Natural Deduction

A Video Nugget covering this Section can be found at https://fau.tv/clip/id/25157.
In this Section, we will introduce the first-order natural deduction calculus. Recall from ??
that natural deduction calculus have introduction and elimination for every logical constant (the
connectives in PL0 ). Recall furthermore that we had two styles/notations for the calculus, the
classical ND calculus and the Sequent-style notation. These principles will be carried over to
natural deduction in PL1 .
This allows us to introduce the calculi in two stages, first for the (propositional) connectives and
then extend this to a calculus for first-order logic by adding rules for the quantifiers. In particular,
we can define the first-order calculi simply by adding (introduction and elimination) rules for the
(universal and existential) quantifiers to the calculus ND0 defined in ??.

To obtain a first-order calculus, we have to extend ND0 with (introduction and elimination) rules
for the quantifiers.
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First-Order Natural Deduction (ND1 ; Gentzen [Gentzen:uudlsi35])
 Rules for connectives just as always

 Definition 4.3.1 (New Quantifier Rules). The first-order natural deduction calculus ND1 extends ND0 by the following four rules:
∀X A
∀E
[B/X](A)

A
∀I ∗
∀X A

1

[[c/X](A)]
..
∃X A
.
C
C

[B/X](A)
∃I
∃X A
∗

c∈Σsk
0 new
∃E 1

means that A does not depend on any hypothesis in which X is free.
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The intuition behind the rule ∀I is that a formula A with a (free) variable X can be generalized
to ∀X A, if X stands for an arbitrary object, i.e. there are no restricting assumptions about X.
The ∀E rule is just a substitution rule that allows to instantiate arbitrary terms B for X in A.
The ∃I rule says if we have a witness B for X in A (i.e. a concrete term B that makes A true),
then we can existentially close A. The ∃E rule corresponds to the common mathematical practice,
where we give objects we know exist a new name c and continue the proof by reasoning about this
concrete object c. Anything we can prove from the assumption [c/X](A) we can prove outright if
∃X A is known.

A Complex ND1 Example
 Example 4.3.2. We prove ¬(∀X P (X))⊢ND1 ∃X ¬P (X).
[¬P (X)]2
[¬(∃X ¬P (X))]1

∃X ¬P (X)

F
¬¬P (X)
P (X)
¬(∀X P (X)) ∀X P (X)
F
¬¬(∃X ¬P (X))
∃X ¬P (X)
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∃I
FI

¬I 2
¬E
∀I
FI

¬I 1
¬E
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This is the classical formulation of the calculus of natural deduction. To prepare the things we
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want to do later (and to get around the somewhat un-licensed extension by hypothetical reasoning
in the calculus), we will reformulate the calculus by lifting it to the “judgements level”. Instead
of postulating rules that make statements about the validity of propositions, we postulate rules
that make state about derivability. This move allows us to make the respective local hypotheses
in ND derivations into syntactic parts of the objects (we call them “sequents”) manipulated by the
inference rules.

First-Order Natural Deduction in Sequent Formulation
 Rules for connectives just as always

 Definition 4.3.3 (New Quantifier Rules).
Γ⊢A X̸∈free(Γ)
∀I
Γ⊢∀X A

Γ⊢∀X A
∀E
Γ⊢[B/X](A)

Γ⊢∃X A Γ,[c/X](A)⊢C c∈Σsk
0 new
∃E
Γ⊢C

Γ⊢[B/X](A)
∃I
Γ⊢∃X A

©: Michael Kohlhase

136

Natural Deduction with Equality
 Definition 4.3.4 (First-Order Logic with Equality). We extend PL1 with a new
logical symbol for equality = ∈Σp2 and fix its semantics to I(=):={(x,x)|x∈Dι }.
We call the extended logic first-order logic with equality (PL1= )
 We now extend natural deduction as well.

1
we add
 Definition 4.3.5. For the calculus of natural deduction with equality ND=
1
the following two equality rules to ND to deal with equality:

A=A

=I

A = B C [A]p
[B/p]C

=E

where C [A]p if the formula C has a subterm A at position p and [B/p]C is the
result of replacing that subterm with B.
 In many ways equivalence behaves like equality, we will use the following rules in
ND1
 Definition 4.3.6. ⇔I is derivable and ⇔E is admissible in ND1 :
A⇔A

⇔I
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A⇔B C [A]p
[B/p]C

⇔E
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Again, we have two rules that follow the introduction/elimination pattern of natural deduction
calculi.
To make sure that we understand the constructions here, let us get back to the “replacement at
position” operation used in the equality rules.
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Positions in Formulae
 Idea: Formulae are (naturally) trees, so we can use tree positions to talk about
subformulae
 Definition 4.3.7. A position p is a tuple of natural numbers that in each node of
a formula (tree) specifies into which child to descend. For a formula A we denote
the subformula at p with A|p .
We will sometimes write a formula C as C [A]p to indicate that C the subformula
A at position p.
 Definition 4.3.8. Let p be a position, then [A/p]C is the formula obtained from
C by replacing the subformula at p by A.
 Example 4.3.9 (Schematically).
[B/p]C

C
p

A = C|p

©: Michael Kohlhase
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The operation of replacing a subformula at position p is quite different from e.g. (first-order)
substitutions:
• We are replacing subformulae with subformulae instead of instantiating variables with terms.
• substitutions replace all occurrences of a variable in a formula, whereas formula replacement
only affects the (one) subformula at position p.
We conclude this Section with an extended example: the proof of a classical mathematical result
in the natural deduction calculus with equality. This shows us that we can derive strong properties
about complex situations (here the real numbers; an uncountably infinite set of numbers).
1
ND=
Example:

√

2 is Irrational

1
 We can do real Maths with ND=
:
√
 Theorem 4.3.10. 2 is irrational

Proof: We prove the assertion by contradiction
√
1. Assume that 2 is rational.
√
2. Then there are numbers p and q such that 2 = p/q.
3. So we know 2q 2 = p2 .
4. But 2q 2 has an odd number of prime factors while p2 an even number.
5. This is a contradiction (since they are equal), so we have proven the assertion
□
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If we want to formalize this into ND1 , we have to write down all the assertions in the proof steps
in PL1 syntax and come up with justifications for them in terms of ND1 inference rules. The next
two slides show such a proof, where we write ′n to denote that n is prime, use #(n) for the number
of prime factors of a number n, and write irr(r) if r is irrational.
1
ND=
Example:
#
1
2
3
4
5
6
7
8
9
10
11
12

hyp

6
6
6
6,9
6,9
6,9
6,9

√

2 is Irrational (the Proof)

formula
∀n,m ¬(2n+1) = (2m)
∀n,m #(nm ) = m#(n)
∀n,p prime(p)⇒#(pn) = (#(n)+1)
∀x √
irr(x)⇔(¬∃p,q√x = p/q)
irr( √
2)⇔(¬∃p,q 2 = p/q)
¬irr( 2) √
2 = p/q)
¬¬(∃p,q
√
∃p,q
2
=
p/q
√
2 = p/q
2q 2 = p2
#(p2 ) = 2#(p)
prime(2)⇒#(2q 2 ) = (#(q 2 )+1)
©: Michael Kohlhase

NDjust
lemma
lemma
lemma
definition
∀E(4)
Ax
⇔E(6, 5)
¬E(7)
Ax
arith(9)
∀E 2 (2)
∀E 2 (1)
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Lines 6 and 9 are local hypotheses for the proof (they only have an implicit counterpart in the
inference rules as defined above). Finally we have abbreviated the arithmetic simplification of line
9 with the justification “arith” to avoid having to formalize elementary arithmetic.
1
Example:
ND=
13
14
15
16
17
18
19
20
21
22
23
24
25

√

2 is Irrational (the Proof continued)

6,9
6,9
6,9
6,9
6.9
6.9
6.9
6,9
6

prime(2)
#(2q 2 ) = #(q 2 )+1
#(q 2 ) = 2#(q)
#(2q 2 ) = 2#(q)+1
#(p2 ) = #(p2 )
#(2q 2 ) = #(q 2 )
2#(q)+1 = #(p2 )
2#(q)+1 = 2#(p)
¬(2#(q)+1) = (2#(p))
F
F
√
¬¬irr(
√ 2)
irr( 2)
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lemma
⇒E(13, 12)
∀E 2 (2)
=E(14, 15)
=I
=E(17, 10)
=E(18, 16)
=E(19, 11)
∀E 2 (1)
F I(20, 21)
∃E 6 (22)
¬I 6 (23)
¬E 2 (23)
141

We observe that the ND1 proof is much more detailed, and needs quite a few Lemmata about
# to go through. Furthermore, we have added a definition of irrationality (and treat definitional
equality via the equality rules). Apart from these artefacts of formalization, the two representations
of proofs correspond to each other very directly.
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4.4

Conclusion
Summary (Predicate Logic)
 Predicate logic allows to explicitly speak about objects and their properties. It is
thus a more natural and compact representation language than propositional logic;
it also enables us to speak about infinite sets of objects.
 Logic has thousands of years of history. A major current application in AI is Semantic Technology.
 First-order predicate logic (PL1) allows universal and existential quantification over
objects.
 A PL1 interpretation consists of a universe U and a function I mapping constant
symbols/predicate symbols/function symbols to elements/relations/functions on U .
©: Michael Kohlhase
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Suggested Reading:
• Chapter 8: First-Order Logic, Sections 8.1 and 8.2 in [RusNor:AIMA09]
– A less formal account of what I cover in “Syntax” and “Semantics”. Contains different examples, and complementary explanations. Nice as additional background reading.
• Sections 8.3 and 8.4 provide additional material on using PL1, and on modeling in PL1, that I
don’t cover in this lecture. Nice reading, not required for exam.
• Chapter 9: Inference in First-Order Logic, Section 9.5.1 in [RusNor:AIMA09]
– A very brief (2 pages) description of what I cover in “Normal Forms”. Much less formal; I
couldn’t find where (if at all) RN cover transformation into prenex normal form. Can serve
as additional reading, can’t replace the lecture.
• Excursion: A full analysis of any calculus needs a completeness proof. We will not cover this in
AI-1, but provide one for the calculi introduced so far in??.
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Appendix A

Excursions
As this course is predominantly an overview over the topics of Artificial Intelligence, and not
about the theoretical underpinnings, we give the discussion about these as a “suggested readings”
Chapter here.

A.1

Completeness of Calculi for Propositional Logic

The next step is to analyze the two calculi for completeness. For that we will first give ourselves
a very powerful tool: the model “existence theorem”, which encapsulates the model-theoretic part
of completeness theorems. With that, completeness proofs – which are quite tedious otherwise –
become a breeze.1
EdN:1

A.1.1

Abstract Consistency and Model Existence

We will now come to an important tool in the theoretical study of reasoning calculi: the “abstract
consistency”/“model existence” method. This method for analyzing calculi was developed by Jaako
Hintikka, Raymond Smullyan, and Peter Andrews in 1950-1970 as an encapsulation of similar
constructions that were used in completeness arguments in the decades before. The basis for this
method is Smullyan’s Observation [Smullyan63] that completeness proofs based on Hintikka sets
only certain properties of consistency and that with little effort one can obtain a generalization
“Smullyan’s Unifying Principle”.
The basic intuition for this method is the following: typically, a logical system S = ⟨L,K,|=⟩ has
multiple calculi, human-oriented ones like the natural deduction calculi and machine-oriented ones
like the automated theorem proving calculi. All of these need to be analyzed for completeness (as
a basic quality assurance measure).
A completeness proof for a calculus C for S typically comes in two parts: one analyzes Cconsistency (sets that cannot be refuted in C), and the other construct K-models for C-consistent
sets.
In this situtation the “abstract consistency”/“model existence” method encapsulates the model
construction process into a meta-theorem: the “model existence” theorem. This provides a set of
syntactic (“abstract consistency”) conditions for calculi that are sufficient to construct models.
With the model existence theorem it suffices to show that C-consistency is an abstract consistency property (a purely syntactic task that can be done by a C-proof transformation argument)
to obtain a completeness result for C.

1 EdNote:

reference the theorems.
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Model Existence (Overview)
 Definition: Abstract consistency
 Definition: Hintikka set (maximally abstract consistent)
 Theorem: Hintikka sets are satisfiable
 Theorem: If Φ is abstract consistent, then Φ can be extended to a Hintikka set.
 Corollary: If Φ is abstract consistent, then Φ is satisfiable
 Application: Let C be a calculus, if Φ is C-consistent, then Φ is abstract consistent.
 Corollary: C is complete.
©: Michael Kohlhase
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The proof of the model existence theorem goes via the notion of a Hintikka set, a set of formulae
with very strong syntactic closure properties, which allow to read off models. Jaako Hintikka’s
original idea for completeness proofs was that for every complete calculus C and every C-consistent
set one can induce a Hintikka set, from which a model can be constructed. This can be considered
as a first model existence theorem. However, the process of obtaining a Hintikka set for a set
C-consistent set Φ of sentences usually involves complicated calculus-dependent constructions.
In this situation, Raymond Smullyan was able to formulate the sufficient conditions for the
existence of Hintikka sets in the form of “abstract consistency properties” by isolating the calculusindependent parts of the Hintikka set construction. His technique allows to reformulate Hintikka
sets as maximal elements of abstract consistency classes and interpret the Hintikka set construction
as a maximizing limit process.
To carry out the “model-existence”/“abstract consistency” method, we will first have to look at the
notion of consistency.
Consistency and refutability are very important notions when studying the completeness for calculi;
they form syntactic counterparts of satisfiability.

Consistency
 Let C be a calculus

 Definition A.1.1. Φ is called C-refutable, if there is a formula B, such that Φ⊢C B
and Φ⊢C ¬B.
 Definition A.1.2. We call a pair of formulae A and ¬A a contradiction.
 So a set Φ is C-refutable, if C can derive a contradiction from it.

 Definition A.1.3. Φ is called C-consistent, iff there is a formula B, that is not
derivable from Φ in C.
 Definition A.1.4. We call a calculus C reasonable, iff implication elimination and
conjunction introduction are admissible in C and A∧¬A⇒B is a C-theorem.
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 Theorem A.1.5. C-inconsistency and C-refutability coincide for reasonable calculi.
©: Michael Kohlhase
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It is very important to distinguish the syntactic C-refutability and C-consistency from satisfiability,
which is a property of formulae that is at the heart of semantics. Note that the former specify
the calculus (a syntactic device) while the latter does not. In fact we should actually say Ssatisfiability, where S = ⟨L,K,|=⟩ is the current logical system.
Even the word “contradiction” has a syntactical flavor to it, it translates to “saying against
each other” from its latin root.

Abstract Consistency
 Definition A.1.6. Let ∇ be a family of sets. We call ∇ closed under subsets, iff
for each Φ∈∇, all subsets Ψ⊆Φ are elements of ∇.
 Notation: We will use Φ∗A for Φ∪{A}.
 Definition A.1.7. A family ∇ of sets of propositional formulae is called an abstract
consistency class, iff it is closed under subsets, and for each Φ∈∇
∇c ) P ̸∈Φ or ¬P ̸∈Φ for P ∈V0

∇¬ ) ¬¬A∈Φ implies Φ∗A∈∇

∇∨ ) A∨B∈Φ implies Φ∗A∈∇ or Φ∗B∈∇

∇∧ ) ¬(A∨B)∈Φ implies Φ∪{¬A,¬B}∈∇
 Example A.1.8. The empty set is an abstract consistency class

 Example A.1.9. The set {∅,{Q},{P ∨Q},{P ∨Q,Q}} is an abstract consistency
class

 Example A.1.10. The family of satisfiable sets is an abstract consistency class.
©: Michael Kohlhase
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So a family of sets (we call it a family, so that we do not have to say “set of sets” and we can
distinguish the levels) is an abstract consistency class, iff it fulfills five simple conditions, of which
the last three are closure conditions.
Think of an abstract consistency class as a family of “consistent” sets (e.g. C-consistent for some
calculus C), then the properties make perfect sense: They are naturally closed under subsets — if
we cannot derive a contradiction from a large set, we certainly cannot from a subset, furthermore,
∇c ) If both P ∈Φ and ¬P ∈Φ, then Φ cannot be “consistent”.
∇¬ ) If we cannot derive a contradiction from Φ with ¬¬A∈Φ then we cannot from Φ∗A, since they
are logically equivalent.
The other two conditions are motivated similarly.
We will carry out the proof here, since it gives us practice in dealing with the abstract consistency
properties.
The main result here is that abstract consistency classes can be extended to compact ones. The
proof is quite tedious, but relatively straightforward. It allows us to assume that all abstract
consistency classes are compact in the first place (otherwise we pass to the compact extension).
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Actually we are after abstract consistency classes that have an even stronger property than just
being closed under subsets. This will allow us to carry out a limit construction in the Hintikka
set extension argument later.

Compact Collections
 Definition A.1.11. We call a collection ∇ of sets compact, iff for any set Φ we
have
Φ∈∇, iff Ψ∈∇ for every finite subset Ψ of Φ.
 Lemma A.1.12. If ∇ is compact, then ∇ is closed under subsets.
 Proof:

1. Suppose S⊆T and T ∈∇.
2. Every finite subset A of S is a finite subset of T .
3. As ∇ is compact, we know that A∈∇.
4. Thus S∈∇.
□
©: Michael Kohlhase
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The property of being closed under subsets is a “downwards-oriented” property: We go from large
sets to small sets, compactness (the interesting direction anyways) is also an “upwards-oriented”
property. We can go from small (finite) sets to large (infinite) sets. The main application for the
compactness condition will be to show that infinite sets of formulae are in a family ∇ by testing
all their finite subsets (which is much simpler).

Compact Abstract Consistency Classes
 Lemma A.1.13. Any abstract consistency class can be extended to a compact
one.
 Proof:

1. We choose ∇′ :={Φ⊆wff0 (V0 )|every finite subset of Φ is in ∇}.
2. Now suppose that Φ∈∇. ∇ is closed under subsets, so every finite subset of Φ
is in ∇ and thus Φ∈∇′ . Hence ∇⊆∇′ .
3. Next let us show that each ∇ is compact.’
3.1. Suppose Φ∈∇′ and Ψ is an arbitrary finite subset of Φ.
3.2. By definition of ∇′ all finite subsets of Φ are in ∇ and therefore Ψ∈∇′ .
3.3. Thus all finite subsets of Φ are in ∇′ whenever Φ is in ∇′ .
3.4. On the other hand, suppose all finite subsets of Φ are in ∇′ .
3.5. Then by the definition of ∇′ the finite subsets of Φ are also in ∇, so Φ∈∇′ .
Thus ∇′ is compact.
4. Note that ∇′ is closed under subsets by the Lemma above.
5. Now we show that if ∇ satisfies ∇∗ , then ∇ satisfies ∇∗ .’
5.1. To show ∇c , let Φ∈∇′ and suppose there is an atom A, such that {A,¬A}⊆Φ.
Then {A,¬A}∈∇ contradicting ∇c .
5.2. To show ∇¬ , let Φ∈∇′ and ¬¬A∈Φ, then Φ∗A∈∇′ .
5.2.1. Let Ψ be any finite subset of Φ∗A, and Θ:=(Ψ\{A})∗¬¬A.
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5.2.2. Θ is a finite subset of Φ, so Θ∈∇.
5.2.3. Since ∇ is an abstract consistency class and ¬¬A∈Θ, we get Θ∗A∈∇
by ∇¬ .
5.2.4. We know that Ψ⊆Θ∗A and ∇ is closed under subsets, so Ψ∈∇.
5.2.5. Thus every finite subset Ψ of Φ∗A is in ∇ and therefore by definition
Φ∗A∈∇′ .
5.3. the other cases are analogous to ∇¬ .

□

©: Michael Kohlhase
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Hintikka sets are sets of sentences with very strong analytic closure conditions. These are motivated
as maximally consistent sets i.e. sets that already contain everything that can be consistently
added to them.

∇-Hintikka Set
 Definition A.1.14. Let ∇ be an abstract consistency class, then we call a set
H∈∇ a ∇-Hintikka Set, iff H is maximal in ∇, i.e. for all A with H∗A∈∇ we
already have A∈H.
 Theorem A.1.15 (Hintikka Properties). Let ∇ be an abstract consistency class
and H be a ∇-Hintikka set, then
Hc ) For all A∈wff0 (V0 ) we have A̸∈H or ¬A̸∈H

H¬ ) If ¬¬A∈H then A∈H

H∨ ) If A∨B∈H then A∈H or B∈H

H∧ ) If ¬(A∨B)∈H then ¬A,¬B∈H
©: Michael Kohlhase

148

∇-Hintikka Set
 Proof:

We prove the properties in turn

1. Hc

by induction on the structure of A

1.1. A∈V0

Then A̸∈H or ¬A̸∈H by ∇c .

1.2. A = ¬B
1.2.1. Let us assume that ¬B∈H and ¬¬B∈H,
1.2.2. then H∗B∈∇ by ∇¬ , and therefore B∈H by maximality.
1.2.3. So both B and ¬B are in H, which contradicts the inductive hypothesis.
1.3. A = B∨C
similar to the previous case

2. We prove H¬ by maximality of H in ∇.
2.1. If ¬¬A∈H, then H∗A∈∇ by ∇¬ .
2.2. The maximality of H now gives us that A∈H.
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□
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The following theorem is one of the main results in the “abstract consistency”/”model existence”
method. For any abstract consistent set Φ it allows us to construct a Hintikka set H with Φ∈H.

Extension Theorem
 Theorem A.1.16. If ∇ is an abstract consistency class and Φ∈∇, then there is a
∇-Hintikka set H with Φ⊆H.
 Proof:

1. Wlog. we assume that ∇ is compact
(otherwise pass to compact extension)
1
2
2. We choose an enumeration A , A , . . . of the set wff0 (V0 )
3. and construct a sequence of sets H i with H 0 :=Φ and

H n if H n ∗An ̸∈∇

H n ∗An if H n ∗An ∈∇
H n+1 :=


S
4. Note that all H i ∈∇, choose H:= i∈N H i
5. Ψ⊆H finite implies there is a j∈N such that Ψ⊆H j ,
6. so Ψ∈∇ as ∇ closed under subsets and H∈∇ as ∇ is compact.
7. Let H∗B∈∇, then there is a j∈N with B = Aj , so that B∈H j+1 and H j+1 ⊆H
8. Thus H is ∇-maximal

□

©: Michael Kohlhase
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Note that the construction in the proof above is non-trivial in two respects. First, the limit
construction for H is not executed in our original abstract consistency class ∇, but in a suitably
extended one to make it compact — the original would not have contained H in general. Second,
the set H is not unique for Φ, but depends on the choice of the enumeration of wff0 (V0 ). If we pick a
different enumeration, we will end up with a different H. Say if A and ¬A are both ∇-consistent2
with Φ, then depending on which one is first in the enumeration H, will contain that one; with all
the consequences for subsequent choices in the construction process.

Valuation
 Definition A.1.17. A function ν : wff0 (V0 )→Do is called a valuation, iff




ν(¬A) = T, iff ν(A) = F

ν(A∧B) = T, iff ν(A) = T and ν(B) = T

 Lemma A.1.18. If ν : wff0 (V0 )→Do is a valuation and Φ⊆wff0 (V0 ) with ν(Φ) =
{T}, then Φ is satisfiable.
 Proof Sketch: ν|V0 : V0 →Do is a satisfying variable assignment.
2 EdNote:

introduce this above

□
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 Lemma A.1.19. If φ : V0 →Do is a variable assignment, then I φ : wff0 (V0 )→Do is
a valuation.
©: Michael Kohlhase
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Now, we only have to put the pieces together to obtain the model existence theorem we are after.

Model Existence
 Lemma A.1.20 (Hintikka-Lemma). If ∇ is an abstract consistency class and H
a ∇-Hintikka set, then H is satisfiable.
 Proof:

1. We define ν(A):=T, iff A∈H
2. then ν is a valuation by the Hintikka properties
3. and thus ν|V0 is a satisfying assignment.
□

 Theorem A.1.21 (Model Existence). If ∇ is an abstract consistency class and
Φ∈∇, then Φ is satisfiable.
 Proof:

1. There is a ∇-Hintikka set H with Φ⊆H
2. We know that H is satisfiable.
3. In particular, Φ⊆H is satisfiable.

(Extension Theorem)
(Hintikka-Lemma)
□

©: Michael Kohlhase
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A Completeness Proof for Propositional Tableaux

With the model existence proof we have introduced in the last section, the completeness proof for
first-order natural deduction is rather simple, we only have to check that Tableaux-consistency is
an abstract consistency property.
We encapsulate all of the technical difficulties of the problem in a technical Lemma. From that,
the completeness proof is just an application of the high-level theorems we have just proven.

Abstract Completeness for T0
 Lemma A.1.22. {Φ|ΦT has no closed tableau} is an abstract consistency class.

 Proof: Let’s call the set above ∇

We have to convince ourselves of the abstract consistency properties

1. ∇c
2. ∇¬

2.1. For the proof of the contrapositive we assume that Φ∗A has a closed tableau
T and show that already Φ has one:
2.2. applying each of T0 ¬T and T0 ¬F once allows to extend any tableau with
¬¬Bα by Bα .
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3. ∇∨

2.3. any path in T that is closed with ¬¬Aα , can be closed by Aα .
3.1. consider the tableaux:
ΦT
AT
Rest1

4. ∇∧

ΦT
BT
Rest2

4.1. We consider
ΦT
AF
BF
Rest

ΨT
T
(A∨B)
AT
BT
1
Rest Rest2

ΨT
F
(A∨B)
F
A
BF
Rest

where Φ = Ψ∗¬(A∨B).
□
©: Michael Kohlhase
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Observation: If we look at the completeness proof below, we see that the Lemma above is the only
place where we had to deal with specific properties of the T0 .
So if we want to prove completeness of any other calculus with respect to propositional logic,
then we only need to prove an analogon to this lemma and can use the rest of the machinery we
have already established “off the shelf”.
This is one great advantage of the “abstract consistency method”; the other is that the method
can be extended transparently to other logics.

Completeness of T0
 Corollary A.1.23. T0 is complete.

 Proof: by contradiction

1. We assume that A∈wff0 (V0 ) is valid, but there is no closed tableau for AF .
2. We have {¬A}∈∇ as ¬AT = AF .
3. so ¬A is satisfiable by the model existence theorem (which is applicable as ∇ is
an abstract consistency class by our Lemma above)
4. this contradicts our assumption that A is valid.
□
©: Michael Kohlhase
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