
Assignment12 – ALC

Problem 12.1 (ALC)
Consider the following description logic signature
• concept symbols: 𝑖 (for instructor), 𝑠 (for student), 𝑐 (for course), 𝑝 (for pro-
gram)

• role symbol𝑚 (for is-member-of) used for
– instructors giving a course
– students taking a course
– students being enrolled in a degree program
– courses being part of a degree program

We use an extension of 𝒜ℒ𝒞, in which there are dual roles: there is a role 𝑚−1

that captures the relation has-as-member, e.g.,𝑀𝐾𝑚𝐴𝐼 iff 𝐴𝐼 𝑚−1𝑀𝐾.
1. For the signature above, give a concept axiom that captures that instructors

can only be members of courses.

Solution: 𝑖 ⊑ ∀𝑚.𝑐

2. Give a concept axiom for the above signature that captures: courses that are
taken by a student, must be given by an instructor.

Solution: 𝑐 ⊓ ∃𝑚−1.𝑠 ⊑ ∃𝑚−1.𝑖

3. Calculate the translation to first-order logic of 𝑠 ⊑ ∀𝑚.∃𝑚.𝑝.

Solution: ∀𝑥.𝑠(𝑥)⇒ (∀𝑦.𝑚(𝑥, 𝑦)⇒ (∃𝑧.𝑚(𝑦, 𝑧) ∧ 𝑝(𝑧)))

4. Given a first-order model ⟨𝒟, ℐ⟩, define an appropriate case of the interpreta-
tionmapping for the formula ∀𝑟−1.𝐶.

Solution:
[[
∀𝑟−1.𝐶

]]
= {𝑢 ∈ 𝐷| for 𝑣 ∈ 𝒟, if (𝑣, 𝑢) ∈ [[𝑟]] , then 𝑣 ∈ [[𝐶]]}

Problem 12.2 (ALC Semantics)
Consider the 𝒜ℒ𝒞 concepts ∀𝑅.(𝐶 ⊓ 𝐷) and ∀𝑅.𝐶 ⊓ ∀𝑅.𝐷.
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1. By applying the semantics of 𝒜ℒ𝒞, show that the two are equivalent.

Solution: We have:
[[∀𝑅.(𝐶 ⊓ 𝐷)]]

= {𝑥 ∈ 𝒟| for all 𝑦 ∈ 𝒟, if (𝑥, 𝑦) ∈ [[𝑅]], then 𝑦 ∈ [[𝐶 ⊓ 𝐷]]}
= {𝑥 ∈ 𝒟| for all 𝑦 ∈ 𝒟, if (𝑥, 𝑦) ∈ [[𝑅]], then 𝑦 ∈ ([[𝐶]] ∩ [[𝐷]])}

[[∀𝑅.𝐶 ⊓ ∀𝑅.𝐷]]
= [[∀𝑅.𝐶]] ∩ [[∀𝑅.𝐷]]

= {𝑥 ∈ 𝒟| for all 𝑦 ∈ 𝒟, if (𝑥, 𝑦) ∈ [[𝑅]], then 𝑦 ∈ ([[𝐶]] ∩ 𝑄)}
where

𝑄 = {𝑥 ∈ 𝒟| for all 𝑦 ∈ 𝒟, if (𝑥, 𝑦) ∈ [[𝑅]], then 𝑦 ∈ [[𝐷]]}

Now to prove that sets are equal, consider an 𝑥 ∈ 𝒟 and see that both condi-
tions are equivalent to

for all 𝑦 ∈ 𝒟, if (𝑥, 𝑦) ∈ [[𝑅]], then 𝑦 ∈ [[𝐶]] and 𝑦 ∈ [[𝐷]]

2. Translate both formulas to first-order logic and state which FOL formula we
would need to prove (e.g., with the ND calculus) to show that the two are
equivalent.

Solution: The translation yields

𝐶1(𝑥) = ∀𝑦.𝑅(𝑥, 𝑦)⇒ 𝐶(𝑦) ∧ 𝐷(𝑦)

𝐶2(𝑥) = (∀𝑦.𝑅(𝑥, 𝑦)⇒ 𝐶(𝑦)) ∧ (∀𝑦.𝑅(𝑥, 𝑦)⇒ 𝐷(𝑦))
We need to show

∀𝑥.𝐶1(𝑥)⇔ 𝐶2(𝑥)

Problem 12.3 (ALC TBox)
Consider 𝒜ℒ𝒞 with the following

• primitive concepts: 𝗐𝗈𝗆𝖺𝗇, 𝗆𝖺𝗇

• roles: has_child, has_parent, has_sibling, has_spouse
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Give an𝒜ℒ𝒞TBox that defines the concepts 𝗉𝖾𝗋𝗌𝗈𝗇, 𝗉𝖺𝗋𝖾𝗇𝗍,𝗆𝗈𝗍𝗁𝖾𝗋, 𝖿𝖺𝗍𝗁𝖾𝗋, 𝗀𝗋𝖺𝗇𝖽𝗆𝗈𝗍𝗁𝖾𝗋,
𝖺𝗎𝗇𝗍, 𝗎𝗇𝖼𝗅𝖾, 𝗌𝗂𝗌𝗍𝖾𝗋, 𝖻𝗋𝗈𝗍𝗁𝖾𝗋, 𝗈𝗇𝗅𝗒𝖼𝗁𝗂𝗅𝖽, 𝖼𝗈𝗎𝗌𝗂𝗇, 𝗇𝖾𝗉𝗁𝖾𝗐, 𝗇𝗂𝖾𝖼𝖾, 𝖿𝖺𝗍𝗁𝖾𝗋𝗂𝗇𝗅𝖺𝗐,𝗆𝗈𝗍𝗁𝖾𝗋𝗂𝗇𝗅𝖺𝗐.

Solution: 𝗉𝖾𝗋𝗌𝗈𝗇 = 𝗆𝖺𝗇 ⊔ 𝗐𝗈𝗆𝖺𝗇
𝗉𝖺𝗋𝖾𝗇𝗍 = 𝗉𝖾𝗋𝗌𝗈𝗇∃has_child.𝗉𝖾𝗋𝗌𝗈𝗇
𝗆𝗈𝗍𝗁𝖾𝗋 = 𝗐𝗈𝗆𝖺𝗇𝗉𝖺𝗋𝖾𝗇𝗍
𝖿𝖺𝗍𝗁𝖾𝗋 = 𝗆𝖺𝗇𝗉𝖺𝗋𝖾𝗇𝗍
𝗀𝗋𝖺𝗇𝖽𝗆𝗈𝗍𝗁𝖾𝗋 = 𝗐𝗈𝗆𝖺𝗇∃has_child.𝗉𝖺𝗋𝖾𝗇𝗍
𝖺𝗎𝗇𝗍 = 𝗐𝗈𝗆𝖺𝗇∃has_sibling.𝗉𝖺𝗋𝖾𝗇𝗍
𝗎𝗇𝖼𝗅𝖾 = 𝗆𝖺𝗇∃has_sibling.𝗉𝖺𝗋𝖾𝗇𝗍
𝗌𝗂𝗌𝗍𝖾𝗋 = 𝗐𝗈𝗆𝖺𝗇∃has_sibling.𝗉𝖾𝗋𝗌𝗈𝗇
𝖻𝗋𝗈𝗍𝗁𝖾𝗋 = 𝗆𝖺𝗇∃has_sibling.𝗉𝖾𝗋𝗌𝗈𝗇
𝗈𝗇𝗅𝗒𝖼𝗁𝗂𝗅𝖽 = 𝗉𝖾𝗋𝗌𝗈𝗇𝖻𝗋𝗈𝗍𝗁𝖾𝗋 ⊔ 𝗌𝗂𝗌𝗍𝖾𝗋
𝖼𝗈𝗎𝗌𝗂𝗇 = 𝗉𝖾𝗋𝗌𝗈𝗇∃has_parent.∃has_sibling.𝗉𝖺𝗋𝖾𝗇𝗍
𝗇𝖾𝗉𝗁𝖾𝗐 = 𝗆𝖺𝗇∃has_parent.∃has_sibling.𝗉𝖾𝗋𝗌𝗈𝗇
𝗇𝗂𝖾𝖼𝖾 = 𝗐𝗈𝗆𝖺𝗇∃has_parent.∃has_sibling.𝗉𝖾𝗋𝗌𝗈𝗇
𝖿𝖺𝗍𝗁𝖾𝗋𝗂𝗇𝗅𝖺𝗐 = 𝗆𝖺𝗇∃has_child.∃has_spouse.𝗉𝖾𝗋𝗌𝗈𝗇
𝗆𝗈𝗍𝗁𝖾𝗋𝗂𝗇𝗅𝖺𝗐 = 𝗐𝗈𝗆𝖺𝗇∃has_child.∃has_spouse.𝗉𝖾𝗋𝗌𝗈𝗇
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