
Assignment10 – Inference in First-Order Logic

Problem 10.1 (Unification)
Let 𝑆1 ∈ Σ𝑓2 , 𝑆2 ∈ Σ𝑓3 , 𝑓 ∈ Σ𝑓1 , 𝑔 ∈ Σ𝑓2 , 𝑐 ∈ Σ𝑓0
Decidewhether (and how orwhy not) the following pairs of terms are unifiable.
1. 𝑆1(𝑔(𝑓(𝑥), 𝑔(𝑥, 𝑦)), 𝑦) and 𝑆1(𝑔(𝑧, 𝑣), 𝑓(𝑤))

Solution: The term trees look like this:
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Obviously, we need to perform the following substitutions to make the two
trees equal:
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2. 𝑆2(𝑔(𝑓(𝑥), 𝑔(𝑥, 𝑢)), 𝑓(𝑦), 𝑧) and 𝑆2(𝑔(𝑔(𝑔(𝑢, 𝑣), 𝑓(𝑤)), 𝑓(𝑐)), 𝑓(𝑔(𝑢, 𝑣)), 𝑓(𝑐))

Solution: The term trees look like this:
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Obviously, the red subtrees can’t be unified.

Problem 10.2 (Natural Deduction)
Let 𝑅 ∈ Σ𝑝2 , 𝑃 ∈ Σ𝑝1 , 𝑐 ∈ Σ𝑓0 .
Prove the following formula in Natural Deduction:

(∀𝑋.∀𝑌.𝑅(𝑌,𝑋)⇒ 𝑃(𝑌)) ∧ (∃𝑌.𝑅(𝑐, 𝑌))⇒ 𝑃(𝑐)

Solution:

1(Assumption)1 (∀𝑋.∀𝑌.𝑅(𝑌,𝑋)⇒ 𝑃(𝑌),∃𝑌.𝑅(𝑐, 𝑌))
2𝒩𝒟0∧𝐸𝑙(1) ∀𝑋.∀𝑌.𝑅(𝑌,𝑋)⇒ 𝑃(𝑌)
3𝒩𝒟0∧𝐸𝑟(1) ∃𝑌.𝑅(𝑐, 𝑌)
4𝒩𝒟1∀𝐸(2) ∀𝑌.𝑅(𝑌,𝑋)⇒ 𝑃(𝑌)
5𝒩𝒟1∀𝐸(4) 𝑅(𝑐, 𝑋)⇒ 𝑃(𝑐)
6𝒩𝒟1∀𝐼(5) ∀𝑋.𝑅(𝑐, 𝑋)⇒ 𝑃(𝑐)

7(Assumption)2 𝑅(𝑐, 𝑑)
8𝒩𝒟1∀𝐸(6) 𝑅(𝑐, 𝑑)⇒ 𝑃(𝑐)
9𝒩𝒟0 ⇒𝐸(8, 7) 𝑃(𝑐)
10𝒩𝒟1∃𝐸2(3, 9) 𝑃(𝑐)
11𝒩𝒟0 ⇒𝐼1(10) ((∀𝑋.∀𝑌.𝑅(𝑌,𝑋))⇒ 𝑃(𝑌)) ∧ (∃𝑌.𝑅(𝑐, 𝑌))⇒ 𝑃(𝑐)

Problem 10.3 (First-Order Tableaux)
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Prove or refute the following formula using the first-order free variable tableaux
calculus. We have 𝑃,𝑄 ∈ Σ𝑝1 .

(∀𝑋.𝑃(𝑋)⇒ 𝑄(𝑋))⇒ (((∀𝑋.𝑃(𝑋))⇒ (∀.𝑄(𝑋))))

Solution:
((∀𝑋.𝑃(𝑋)⇒ 𝑄(𝑋))⇒ ((∀𝑋.𝑃(𝑋))⇒ (∀.𝑄(𝑋))))𝖥

(∀𝑋.𝑃(𝑋)⇒ 𝑄(𝑋))𝖳

((∀𝑋.𝑃(𝑋))⇒ (∀𝑋.𝑄(𝑋)))𝖥

(𝑃(𝑌)⇒ 𝑄(𝑌))𝖳

(∀𝑋.𝑃(𝑋))𝖳

(∀𝑋.𝑄(𝑋))𝖥

𝑃(𝑍)𝖳

𝑄(𝑐)𝖥

𝑃(𝑌)𝖥
⊥ ∶ [𝑌∕𝑍]

𝑄(𝑌)𝖳
⊥ ∶ [𝑐∕𝑌]
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