
Assignment8 – Calculi for Propositional Logic

Problem 8.1 (FOL-Signatures)
1. Model the following situation as a FOL signature. (FOL and PLNQ signatures

are the same.)
• We have constants (= nullary functions) called 𝚣𝚎𝚛𝚘 and 𝚘𝚗𝚎.
• We have a binary function called 𝚙𝚕𝚞𝚜.
• We have a unary function called 𝚖𝚒𝚗𝚞𝚜.
• We have a binary predicate called 𝚕𝚎𝚜𝚜.

2. Now consider the signature given by

• Σ𝑓0 = {𝑎, 𝑏}

• Σ𝑓1 = {𝑓, 𝑔}

• Σ𝑓2 = {ℎ}
• Σ𝑝0 = {𝑝}
• Σ𝑝1 = {𝑞}
• Σ𝑝2 = {𝑟}
• all other sets empty

3. Give a term over this signature that uses all function symbols

Solution: Σ𝑓0 = {𝚣𝚎𝚛𝚘, 𝚘𝚗𝚎}, Σ𝑓1 = {𝚖𝚒𝚗𝚞𝚜}, Σ𝑓2 = {𝚙𝚕𝚞𝚜}, Σ𝑝2 = {𝚕𝚎𝚜𝚜}, and
all other sets are empty

4. Give a formula over this signature that uses all function and predicate sym-
bols

Solution: E.g., 𝑡 = ℎ(𝑓(𝑎), 𝑔(𝑏)) for the term 𝑟(𝑡∧ 𝑡)∧𝑞(𝑡)∧𝑝 for the formula

Problem 8.2 (Natural Deduction)
Prove the following formula using the propositional Natural Deduction calcu-

lus.
(𝐴 ∨ 𝐵) ∧ (𝐴⇒ 𝐶) ∧ (𝐵⇒ 𝐶)⇒ 𝐶
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Solution:

(1) 1 (𝐴 ∨ 𝐵) ∧ (𝐴⇒ 𝐶) ∧ (𝐵⇒ 𝐶) Assumption
(2) 1 𝐴 ∨ 𝐵 𝒩𝒟0∧𝐸𝑙 (on 1)
(3) 1 (𝐴⇒ 𝐶) ∧ (𝐵⇒ 𝐶) 𝒩𝒟0∧𝐸𝑟 (on 1)
(4) 1 𝐴⇒ 𝐶 𝒩𝒟0∧𝐸𝑙 (on 3)
(5) 1 𝐵⇒ 𝐶 𝒩𝒟0∧𝐸𝑟 (on 3)
(6) 1,6 𝐴 Assumption
(7) 1,6 𝐶 𝒩𝒟0 ⇒𝐸 (on 4 and 6)
(8) 1,8 𝐵 Assumption
(9) 1,8 𝐶 𝒩𝒟0 ⇒𝐸 (on 5 and 8)
(10) 1 𝐶 𝒩𝒟0∨𝐸 (on 2, 7 and 9)
(11) (𝐴 ∨ 𝐵) ∧ (𝐴⇒ 𝐶) ∧ (𝐵⇒ 𝐶)⇒ 𝐶 ⇒𝐼 (on 1 and 10)

Problem 8.3 (Proving in Tableau Calculus)
We use the propositional variables 𝑃, 𝑄, and 𝑅 and define formulae 𝐴, 𝐵, and 𝐶

by
𝐴 = 𝑄 ∧ (𝑄⇒ 𝑅)

𝐵 = 𝑃⇒ 𝐴
𝐶 = 𝑃⇒ 𝑅

Prove the formula 𝐵⇒ 𝐶 using the propositional tableau calculus 𝒯0.

Solution:

(𝐵⇒ 𝐶)𝖥
𝐵𝖳
𝐶𝖥
𝑃𝖳
𝑅𝖥

𝑃𝖥 𝐴𝖳

close on 𝑃 𝑄𝖳
(𝑄⇒ 𝑅)𝖳

𝑄𝖥 𝑅𝖳
close on 𝑄 close on 𝑅

⊥ for closing is acceptable.

Problem 8.4 (Logical Systems)
Fix a set𝑉 of propositional variables. We define a logical system ⟨𝐿, 𝐾, ⊧⟩. (Note:

This logical system is different from the ones in the lecture and only used here as
an exercise.)
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• 𝐿 is the powerset of 𝑉, i.e., a formula is a set of propositional variables.

• 𝐾 is the set of functions 𝑉 → {𝐹, 𝑇}.

• For 𝐴 ∈ 𝐿 and𝑀 ∈ 𝐾,𝑀 ⊧ 𝐴 holds if𝑀(𝑝) = 𝑇 for all 𝑝 ∈ 𝐴.

1. Give examples of formulas that are
1. satisfiable
2. falsifiable
3. unsatisfiable
4. valid

Give a sound and complete calculus for this logical system.

Solution: Assume some 𝑝 ∈ 𝑉.
1. {𝑝} (satisfied if 𝐾(𝑝) = 𝑇)
2. {𝑝} (falsified if 𝐾(𝑝) = 𝐹)
3. No such formula exists
4. ∅ is the only valid formula

2. Consider the relation 𝐻 ⊢ 𝐴 holding if 𝐴 = ⋃
ℎ∈𝐻 ℎ. Check if ⊢ is a deriva-

tion relation.

Solution: It is not (unless |𝑉| ≤ 1). For example, put 𝐻 = {{𝑝}, {𝑞}} and
𝐴 = {𝑝}. Then⋃ℎ∈𝐻 ℎ = {𝑝, 𝑞} and thus𝐻 ⊬ 𝐴 even though 𝐴 ∈ 𝐻.
It becomes a derivation relation if we use ⊆ instead of = in the definition.
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