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Abstract

During my PhD, I want to contribute towards more natural reasoning in formal systems for
mathematics (i.e. closer resembling that of actual mathematicians), with special focus on two
topics on the precipice between type systems and logics in formal systems: undefinedness and
soft types.

Undefined terms are common in mathematics as practised on paper or blackboard by math-
ematicians, yet few of the many systems for formalising mathematics that exist today deal with
it in a principled way or allow explicit reasoning with undefined terms because allowing for this
often results in undecidability.

Soft types are a way of allowing the user of a formal system to also incorporate information
about mathematical objects into the type system that had to be proven or computed after
their creation. This approach is equally a closer match for mathematics as performed by
mathematicians and has had promising results in the past.

The MMT system constitutes a natural fit for this endeavour due to its rapid prototyping ca-
pabilities and existing infrastructure. However, both of the aspects above necessitate a stronger
support for automated reasoning than currently available. Hence, a further goal of mine is to
extend the MMT framework with additional capabilities for automated and interactive theorem
proving, both for reasoning in and outside the domains of undefinedness and soft types.
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1 Introduction & Motivation

Formal systems are on the rise! From the design of safety-critical hardware chips [FLH18] to
operating system kernels [Kle4+09] to musical improvisation [Don+14], more and more disci-
plines and researchers in industry and academia are relying on formal methods to detect errors
and verify results.

This trend is also present in mathematics, including both the development of software
systems to formalise mathematics in (such as Coq, Isabelle/HOL and numerous others), and
the construction and verification of proofs. Notable successful ventures in the latter category
include the proof of the Kepler conjecture [Hal+17] and the classification theorem of finite
groups of odd order [Gon+13].

One aspect of mathematics that has so far not been widely incorporated into formal systems
is undefinedness, the notion of terms or expressions that are syntactically well-formed but
cannot be assigned a value. This typically arises when applying a partial function (or predicate,
or operator, ...) to a value that lies outside of its domain.

There are many reasons to take undefinedness seriously, however. The problem has been
discussed academically for more than a century (see, for example, [Rus05]) and it is clear that
the assumption that all expressions can be treated as defined (even though it would be terribly
convenient) is ultimately indefensible both for mathematical terms (consider expressions like
/(1 +x2) — 5 or In —23) and natural language (consider expressions like “The present king of
France is bald.” while France is still a republic or “Zimbabwe lies to the east of the equator.”).

Indeed, mathematicians routinely manipulate and reason about expressions like the follow-
ing, long before finding out (if they find out at all) whether or not they are, in fact, defined.

T—00

b o0
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This is less problematic in mathematics as practised with chalk on a blackboard, since the
question can usually be postponed and if the expression actually does turn out to be undefined,
one can address the fact in prose or find a different way around it. In formal systems however,
assumptions about definedness and violations of these assumptions hit harder and are not as
forgiving. In the worst case, they could lead to the system becoming inconsistent due to exploits
using undefined terms.

Given all of the above, it becomes clear that undefinedness is mathematically interesting
and modern formalisation efforts should include it as a concern and allow the user to reason
about it, yet only very few systems actually do.

Type systems have long been and remain a popular choice for mathematical formalisms.
We know that, via the Curry-Howard-Isomorphism [CHI; SU9S8|, types correspond directly
to mathematical propositions (with values inhabiting a type corresponding to proofs of the
proposition). Having a sound type system for your formalisation effort then opens the door
to various desirable properties, such as mechanised checking of correctness and many other
properties of the mathematical objects in question as well as helpful documentation for the
human users and designers.

When studying different formal systems for mathematics, one notices that almost all of
them opt for a decidable type system. This is not a surprising choice, since it comes with
additional beneficial guarantees. However, this means that many desirable features (e.g. be-
havioural subtyping, see [LW94]) can either not be implemented at all in these type systems or
require awkward type-level encoding which takes the formalisation away from the source being
formalised.



Another trend in type systems for mathematical formalisms is that many of them make use
of hard types, as opposed to soft' ones. We will discuss the precise definition in Section 2.2;
suffice it to say at this point that while hard types perhaps come more naturally to many, and
with certain benefits, soft ones are also desirable especially when formalising mathematics. In
particular, any system that wants to offer great flexibility with for designing formalisms should
offer a choice of either, or even the ability to mix and match as the situation requires.

2 State of the Art

2.1 Undefinedness in Mathematics

When discussing undefinedness?, especially not just in chalk-and-blackboard mathematics but
also in formal, computerised systems, it is helpful to have a clear distinctions between terms
and their denotation. In essence, a term is an expression in some language and its denotation
is the meaning of the expression, i.e. the object it refers to.

Informally, a term is undefined, if it cannot be assigned a “natural” meaning. However,
formally, it of course still can be assigned a value. For example, some formal systems give an
arbitrary value (e.g. 0) to divisions by zero (see below). If the term is not assigned any value
at all, however, it is called non-denoting.

The precise definition of these notions has been debated by many and for well over a century.
Gottlob Frege, in [Fre92|, distinguishes between the sense and the denotation of a phrase. The
sense here being a way of conceiving the denotation, a mental map. Even if two expressions
have the same denotation (i.e. refer to the same thing in the world), their senses might be
different. For example, the names ‘Samuel Clemens’ and ‘Mark Twain‘ have different senses,
but the same denotation. The names ‘Bruce Wayne‘ and ‘Batman‘ have different senses, but
no denotation.

Bertrand Russel gives a different theory of denotation in [Rus05] which (among other ideas
and criticisms of Frege) puts forth the notion that expressions that contain denoting phrases
without a denotation (e.g. “the greatest prime number” or “the present King of France”) are
not nonsensical, but indeed false, a perspective that we will encounter again later. This also
avoids the problem of “truth-value gaps”, allowing to stay true to a traditional two-valued logic.

Russel’s theory has been criticised in it’s own right (see, for example, [Str73]), and the
criticism has in turn be criticised, a debate that continues even to this day. The interested
reader is referred to contributions such as those by Marco Ruffino [Ruf17] or Francis Pelletier and
Bernard Linsky [PLO0S8|. It is not a goal of this proposal to judge which of these interpretations
is the most correct or the most useful. However, the abundance of different perspectives on the
subject does support the point that a given formal system should be flexible enough to adapt
to the situation at hand and not just pick a favourite and commit solely to that.

There are different approaches to dealing with undefinedness that have been studied in phi-
losophy, mathematics, logic (often under the name of “free logics”, i.e. logics free from existence
assumptions) and formal systems. According to Solomon Fefermann [Fef95], in philosophical
logic, there are two distinct, yet similar perspectives on the precise “phrasing” of undefined

1Tt bears mentioning that the terminology of soft types is overloaded, which can lead to confusion. In this
proposal, we will stick to the mathematical perspective of types for mathematical objects a la Mizar, and not to
the programming perspective, where soft typing is sometimes used synonymously with weak typing, i.e. making
little or no use of typing rules at compile time.

2What does or does not count as an “undefined” expression in mathematics is sometimes a matter of consensus
and can shift over time. For example, in European mathematics, negative numbers were still considered absurd
or nonsensical even until the 18th century [Mar06].



terms. Assuming a free variable x ranges over the domain of discourse D, then the first per-
spective understands asserts that not all elements of D can be expected to exist. A separate
definedness predicate, called E(x), is introduced that holds for x only if = actually exists (some-
times, the notation x] is used instead, which also allows for the symmetric notation of 71 for
“z is undefined”). The other perspective posits that all elements of D are assumed to exist by
virtue of being in D alone. As a consequence E(x) always holds. For any term or description
t, however, E(t) only holds if and only if ¢ has a referent in D.

With both of these perspectives, it becomes necessary to introduce some changes to axiom
systems. For example, the axiom of universal instantiation is adapted to the following by
introducing an existence restriction:

Ve A(z) A E(t) — A(t)

These changes in the axiom systems can lead to problems further down the line in the use
of the system that makes the choice, as we will see when we will return to this discussion later.

Given the plethora of different approaches and opinions on undefinedness, it is no surprise
that systems for doing mathematics reflect a similar diversity of thought. There have been
multiple efforts, both in theory and in implementation, to come up with reasoning systems
that support some sense of mathematical undefinedness or another. Bill Farmer also gives an
overview of several potential approaches in [Far90]. We will also discuss existing systems and
their way of dealing (or their way of avoiding to deal) with undefinedness in Section 2.1.3.

2.1.1 Common Sources of Undefinedness

“Partial functions arise naturally”

— CASL User Manual [BM04]

Partial Functions When we talk about partial functions (as opposed to total functions), we
mean functions that are not defined on all values inside their domain. If they are applied to
such a value, the resulting term is undefined. Ultimately, all undefinedness in mathematical
practice arises because a partial function (or a partial predicate, or a partial operator, ...) is
being applied to a value outside of its domain. Hence, the sections following this one can be
understood as special cases of partial function applications that are prominent enough to be
considered separately.

The formalisation of partial functions can take multiple shapes. The straightforward way
would be to make the total functions a proper subtype of partial functions. However, partial
functions can also be recovered from total functions via the use of option types (a partial
function A — B is a total function A — Option[B]). There is also the possibility to have to
disjoint function type constructors (say, — for total and — or —7? for partial functions). This
is indeed something that many actual mathematicians also do in their work as well, but would
introduce the need for a lot of extra bookkeeping and also requires the user to know upfront
whether the function they are defining is partial or total, a requirement that runs contrary to
soft types, which we will talk about later.

Another possibility would be a system-wide automatic and invisible wrapping and unwrap-
ping of option types. It would be possible for a formal system to represent all functions
f:A— B as functions f’: Option[A] — Option[B] internally (both domain and co-domain
need to be option types so that the functions remain composable) and automatically translate
between the two representations. However, this is not only a departure from mathematical prac-
tice, the implicit conversions between types can also introduce problems with the formalisation
itself and make it impossible to talk about this undefinedness from within the system.



Arithmetic Operations Maybe the most common and most intuitive source of undefined-
ness in mathematics are undefined arithmetic operations such as division by zero.

In Mathematica, the result of % is ComplexInfinity (denoted &0), which is a special value
added to the complex plane C to yield the extended complex plane C* = C U {0}. This ap-
proach, while completely mathematically sound, seems rather ad-hoc for this particular prob-
lem. Many users might also not expect to find themselves working in the extended complex
plane without having specified it.

Some theorem proving systems such as Coq and LEAN opt to define division by zero as an
“arbitrary” number, which in turn can be either known (a common choice in this case is 0)
or unknown. This does not introduce inconsistencies into the logic, since it does not give the
number a multiplicative inverse, it just touches the definition of division at that one point.
The field axioms are not being violated [Way18]. However, while not introducing outright
inconsistencies, it remains possible to introduce surprises® in certain systems that take this
approach, as Cliff B. Jones warns in [Jon95].

Non-existent Limits Another important source of undefinedness in mathematics and there-
fore in formal systems for mathematics are limits that are not actually defined. Consider the
following functions, that do not have limits for x = 0 and anywhere, respectively:

sin % forz <1 _
1 for x rational
flz) =10 for z =1 g(r) = .
01 0 for z irrational
g for x > 1

This source of undefinedness is so prominent, that both Bill Farmer with [Far04] as well as
Sacerdoti Coen with [SCZ07] have published case studies on formalising undefinedness with spe-
cial focus on calculus, where limits appear very frequently and their existence or non-existence
is often a topic of mathematical discussion, more so than in other areas.

Non-Terminating Computation A term that describes a diverging computation (i.e. one
that does not produce a result in finite time, e.g. a recursive search on an infinite list) is also
often considered to be undefined.

This source of undefinedness introduces some unique challenges. Since the halting-problem
in its general form is undecidable, it is not possible to make a clear-cut decision on whether any
given computation will ever finish. Systems may use a “time-out” mechanism for convenience,
which however might introduce unwelcome side-effects. A computation that times out on one
computer might not on a more powerful system. Such inconsistencies might be rare, but could
present significant challenges to a given formalisation effort.

Other Sources of Undefinedness There are, of course, many more potential sources of
undefined expressions (such as definite description operators called with a predicate that does
not name a unique member of the domain (e.g. ¢t n : N . n < 0)). We will not venture to
give an exhaustive list of all mathematical contexts in which undefinedness can arise in this
proposal, especially in light of the fact that ultimately, all undefinedness comes from some sort
of language construct (be it a partial function, a predicate, ...) applied outside of its actual
domain.

3If partial functions give an indeterminate element of their range if applied outside their domain and the
system also allows to limit the range of a function to a range with only one unique element, the application can
become determinate, even if the function is applied outside its domain.



2.1.2 Non-consensus by Example

We will now take a closer look at a few specific instances of potentially undefined expressions
that will reappear throughout the rest of the proposal to illustrate certain points.

Equation (1) is especially interesting because it clearly demonstrates the split opinions about
how to deal with undefinedness.

Vm,y,z:R.x:E:xy:z (1)
Y

For example, [Far90] and [KK94] both reference this example, but with contradictory conno-
tations. The former paper posits that (1) should be considered true, even without the restriction
that y # 0, the latter emphasises that such a restriction must be present. Both pieces refer
to mathematical consensus in one fashion or another to justify their respective approach. This
demonstrates not only that there is no mathematical consensus about when exactly equations
like the one above should be treated as defined, or that such a consensus is not as obvious
as previously thought, but that the situation is actually even worse than that. There is no
consensus, yet people believe there is. This is another reason in favour of a flexible system that
allows for different approaches instead of one unified one that captures whatever “apparent
consensus”.

A similar lesson can be learned from the following equation, introduced by Darvas, Metha
and Rudich in their paper [DMROS]:

- c1 N factorial(y) =cy N y>5 (2)
Y

where x and y are variables and ¢; and ¢, are constants. The authors introduce this formula
as “well-defined” and state that it “always evaluates to either true or false”. They justify this
by case analysis of the last conjunct of the formula, arguing that if y is 0 or negative?, the
formula is already known to evaluate to false by the condition y > 5.

This may come as a surprise, since many definitions of definedness (such as that used
in [Far90]) conclude a compound expression to be undefined if any of its subexpressions are
undefined and do not consider the “short-circuiting” of logical connectives. Andrzej Blikle
also calls attention to this in [Bli88] (in the context of software verification) as “strict” and
“lazy” treatment of undefinedness respectively and argues that lazy undefinedness is often
more convenient.

2.1.3 Existing Approaches to Undefinedness in Formal Systems

We will now discuss how currently existing, popular formal systems (logical frameworks, com-
putational systems and theorem provers) deal with undefinedness, if at all.

Explicit Reasoning with Undefinedness IMPS is not the only formal system that allows
for reasoning with undefinedness, but it certainly is one of the most prominent and most
advanced ones. Other notable systems are Robin Millner et al’s LCF (Logic for Computable
Functions [GMWT9], based on Dana Scott’s Logic of Computable functions [Sco93]) and the
mural System by Jones et al. [Jon+91] which is based on the three-valued LPF [BCJ84].
This latter system takes the approach of a logic with more than just two truth values, which
we also will discuss in a bit more detail further below. Dana Scott also published an article
together with Christoph Benzmiiller on integrating free logic with the Isabelle/HOL system
and applications in category theory [BS16].

4Tn this example, the factorial function is only defined on non-negative integers.



The specification language CASL [Cas] also allows explicit reasoning about partial functions.
As an interesting similarity to IMPS, CASL is based on a two-valued logic with predicates on
undefined terms defaulting to false.

Ad-hoc Approaches and Circumnavigations One way of avoiding having to deal with
undefinedness altogether is crashing with errors as soon as an undefined value is encountered.
This is simple to implement, yet does not allow reasoning close to real-life mathematics.

A slightly more elegant path is forbidding the definition of functions without also supplying
a proof of their totality. This often means that common partial functions have to be wrapped
in option types so they can return a Nothing-value when applied to values outside of their
domain.

Many systems take the approach to introduce definedness conditions, additional obligations
that need to be proved to ensure that no potential sources of undefinedness actually produce
undefined expressions in the concrete cases in the library. The complexity of these conditions
can grow quickly with the size of the input formula in naive implementations but this growth
can be kept linear when done correctly (see [DMROS]).

John Harrison proposes an especially simple approach in his recent defence of set theory
(rather than type theory) as a framework for formalising mathematics [Har18]. Any (potentially
partial) function f : A — B comes with explicit domain A and co-domain B. Harrison proposes
that whenever f is applied to anything outside of A, it should simply return B, the entire co-
domain. This has the nice property of v € A <= f(x) € B (since, for set theories like ZF
B¢ B)S

As answer to Harrison’s “call to arms”, Steffen Frerix and Peter Koepke introduced the
Naproche-SAD system in [FK19], which is based on first-order logic and set theory. It is inter-
esting to us both for its treatment of undefinedness and its approach to notions which basically
establishes a soft type system. More on the soft typing aspects in section 2.2. Naproche-SAD
builds on both the Naproche system [Cra+10] and SAD (System for Automated Deduction,
see [LVP]). Naproche-SAD performs an ontological check at “runtime” (which is usually sub-
stantially more simple than the actual main proof task) to make sure any presuppositions are
fulfilled. This will lead to any applications of partial functions to values outside of their domain
(such as division by zero) to be rejected, if the domain of the partial function has been suffi-
ciently restricted by the user. If it has not, the system still accepts division by zero or similar
undefined expressions, which can lead to a potentially inconsistent system.

Many-valued Logics Another approach to undefinedness is allowing for more than just the
two traditional truth values of truth and falsehood, from one additional value (the most com-
mon choice) up to uncountably many in some logics, sometimes especially aimed at representing
probabilities. In his work [Kle52|, Stephen Cole Kleene advocates adding an “undefined indi-
vidual” (often simply called L or bottom) to the domain of discourse and, correspondingly, a
third truth value to the logic. This truth value is often called u, for unknown.

The usual logical connectives can be extended “generously” by giving a result whenever
sufficient information is available, resulting in the truth tables seen below.

SThough this raises an interesting question about total functions in settings like this. It would seem that
these would need to be proper classes instead of mere sets if they are supposed to pair the co-domain with
all values inside or outside of the function’s domain (which could be any set). Total functions being proper
classes while partial functions are sets would certainly impede set-theoretic analysis of undefinedness. If we are
to assume that even in set theoretic foundations, (partial) functions are always equipped with information on
their domain and co-domain, and only need to pair up sets in their domain, this problem can be avoided.
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Quantifiers were usually only thought to quantify over defined individuals, i.e. not over L.

Note that under these circumstances, some controversies can arise. For example, the law of
the excluded middle p V —p is no longer a tautology. Nor is p = p (at least if the implication
p = q is still defined as —p V q).

The literature also contains numerous examples of logics with more than three values. The
logic proposed in [Her73] has four (following a “two-dimensional” approach where each truth
value comes in two flavours of “security”), the system introduced in [KK97] has five, which
adds an additional truth value for undefinedness in order to distinguish between sentences that
are secure (but may be true or false, e.g. “Amelia Earhart is alive.”), insecure (but may be true
or false, e.g. “Atlantis has sunken under the sea.”) or nonsensical (e.g. “Zimbabwe lies east of
the equator.”).

Naturally, there are many more systems with more than the traditional two truth values,
some systems even use infinitely many. Yet an exhaustive list or classification is beyond the
scope of this proposal. The curious reader may refer for [Got17] for further discussion.

To be able to prototype and implement such logics easily and conveniently, one would hope
to be able to merely write down the truth tables (or, in the case of a large, possibly infinite
amount of truth values, functions to the same effect) for the connectives, since that is the way
these logics are often defined. Any implementation effort for MMT should keep this in mind.

Sorted Logics Many systems cope with naturally occurring undefinedness by introducing
sorted logics where previously partial functions become total. One standard example is reducing
the domain on the second argument to the division function in real arithmetic to exclude 0,
ensuring totality, which — by itself — seems straightforward enough.

f(x,y)zi:]R—ﬂR\{O}—HR

Yet even with slightly more complex terms, the types in these logics can quickly become
disastrously complicated or even outright impossible to formulate in terms of common type
systems, because the exceptions depend on variables not typically available in types. Consider
the following two examples for an illustration:

g(z) = tan(z) — In(z) : RT\ {n : g,n € Z}

1
h(z,y) = P N

Also, even with sorted logics, some undefinedness might remain. Expressions like ﬁ might
not be well-sorted because the subtraction operation would be typed — : Q — Q — Q,
where you would need a Q \ {0} in the example above. The necessary “busywork” to weak-
en/strengthen certain sorts wherever required promises to be a tedious task indeed.

Another downside of this approach would be that it makes the type system undecidable.
This might not be a fatal flaw in all circumstances (since sometimes we want to work in undecid-
able frameworks anyway), but it would be unfortunate to have no approach to undefinedness,
that leaves decidable systems decidable.

10



Farmer’s “Traditional Approach” In [Far04] Bill Farmer describes a so-called “traditional
approach” of how mathematicians deal with undefinedness which calls back to the approach
Russel took in [Rus05]. We will refer to this approach as “Farmer Undefinedness” in the
remainder of this document as to not exacerbate the problems discussed in Section 2.1.2. Farmer
Undefinedness forms the foundation of undefinedness reasoning in IMPS and is characterised
primarily by three assumptions:

» Atomic terms (i.e. variables and constants) are always defined and always denoting.

o Compound terms may be undefined. Applications of functions to values outside of their
domain are undefined as are definite descriptions that do not reference a unique value
(i.e. there’s either no value fulfilling the predicate or more than one).

o Formulas are always true or false, and hence, always defined. Should a subterm of the
equation be undefined, the formula always denotes false.

Taking this particular approach to undefinedness comes with both benefits and drawbacks.
For example, formulas like (1) hold without reservation or necessary restrictions, which can
appear both beneficial and intuitive. However, formulas like (3), which one also might expect
to hold on similar grounds, would not.

Va,b:R.—'(agll))E(a>l1)) (3)

For the case of b = 0, since formulas (i.e. expressions of Boolean type) with undefined
subterms evaluate to false, both inequalities would evaluate to false, breaking the equivalence
and with that the universal quantification.

That (1) should work because the equation is “morally true” and yet, at the same time, (3)
should not, is a serious problem for an approach that emphasises intuitiveness.

This approach also comes with the necessity to work in two different worlds: the world of
formulas and the world of individuals. If formulas always denote a value and other expressions
do not, it introduces the necessity to keep track of which world you are currently working in
and shift mental gears accordingly. This may not be a challenge to mathematicians working on
paper or blackboards who can chose the correct world whenever needed and not worry about
it for the majority of the time. However, in formal systems, and hence also by people creating
formalisations, it needs to be tracked basically everywhere.

2.2 Type Systems for Mathematics

Type systems, especially what we will refer to as hard type systems (i.e. formal systems that
require assignment of a unique type to every object), are ubiquitous in mathematical systems,
since they are both a popular foundation for mathematics themselves as well as a powerful
tool for multiple tasks that are critical in formalisations, from ensuring proof correctness to
automated knowledge management services to documentation.

There are numerous type systems in use today (see [CH88|, [ML75], or [Unil3] for just a
few of the more popular ones, an exhaustive discussion is out of scope for this proposal). They
serve as foundations for formalisations, programming languages, proof assistants and automated
theorem provers [BG01]. Many type systems are based on Alonzo Church’s A-calculus [Chu4l].
Haskell Curry later discovered that the types from typed A-calculus followed the same patterns
as axioms in propositional logic [Cur34], which was later extended to predicate logic by William
Alvin Howard and Nicolaas Govert de Brujin with the introduction of dependent types [SU98].

11



Henk Barendregt submitted a closer anal- Aw = Allw

ysis of some of the more popular systems A
of typed A-calculi (those on the way from
the Simply Typed A-calculus to the Calcu-

lus of Constructions) in [Bar92], introducing
his famous A-cube that highlights the roles of
polymorphism, type operators, and dependent

types. Aw - Alw

2.2.1 Soft Types / /

Most type systems in formal systems (such A—s »~ Al

as those of Agda, Coq, LEAN, ...) are what

is commonly referred to as “hard” type sys- Figure 1: Barendregt’s A-cube.

tems, where every mathematical object in the

domain of discourse needs to be assigned a unique type and the type needs to be known from
the moment it is introduced. It is sometimes possible to prove after the fact that the object
also inhabits a subtype of the original type (in which case the system can be referred to as
semi-soft, like IMPS and PVS), but not an entirely different type.

The dual to these hard type systems are soft type systems, a class of type systems where
not all typing information needs to be present from the start, but can also be supplied later
(when accompanied by a proof that the object in question conforms to the definition of the
type). Usually, these type systems also start out entirely unityped (i.e. with one catch-all type
that all objects inhabit) and all further typing judgements are introduced (and proven) later,
even if these types are very different and may require different “interpretations” of the same
mathematical object.

Hard type systems dominate the current landscape of formal systems since they lend them-
selves the easiest to automation (since e.g. type checking is not reduced to undecidable theorem
proving, necessitating complex and potentially hard to predict heuristics).

However, in hard and even in semi-soft type systems, the user is usually forced to make the
somewhat artificial choice of whether to encode a given piece of information in the type system
or the logical system (compare Vo : N. P(z) and Vo .2 € N = P(x)). In untyped systems that
mimic types through predicates, the type system becomes a feature of the logical system.

Softer type systems are furthermore interesting because they naturally mirror the way many
mathematicians work in their everyday efforts. Most of the time, not all information about any
given object is known from the start and it is a mathematical discovery (subject to proof) that
a certain object also fits the definition of another class of objects.

Another advantage of soft type systems over hard type systems along these lines is that since
they emphasise subtyping mechanisms they allow for a close correspondence between the natural
language of mathematics (which often talks about sets and subsets) and the formalisation (of
types and subtypes).

Type Classes Since introducing more typing information about objects after the fact is use-
ful in many situations, multiple formal systems (such as Isabelle/HOL and Coq) that rely on
hard types do still feature a way of doing so. One way of doing this is via type classes. Origi-
nally introduced to the Haskell programming language by Philipp Wadler and Stephen Blott
[WB89], these offer many benefits (such as overloading, generic algorithms and the certainty
that all types in a type class obey certain laws that can be relied on and used in proofs /
program construction), as can be seen in implementation case studies ([HWO07], [Haf19]).
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class Semigroup a
where
(<>) 1t a->a->a

class semigroup =
fixes mult :: o = a = a (infizl ® 70)

assumes assoc: (r R Y) @ 2=z Q@ (y ® 2)

Figure 2: The semigroup type-class in Haskell and an equivalent in Isabelle/HOL

instantiation int :: semigroup

begin

definition

instance Semigroup Int mult-int-def : i ® j =i+ (j:: int)

where
n<>m=mn-+m instance proof

fixijk ::int have (i + j) + k =i+ (j + k) by simp
then show(i ® j) ® k=1 ® (j ® k)
unfolding mult-int-def.
qed

end

Figure 3: The respective semigroup instantiations for integers with addition.

The general uses and effects of type classes are similar to those of soft types. The user
generally introduces a new class (see Figure 2) that often comes with an operation or a function
and may or may not introduce mathematical invariants (often referred to as the laws of that
type class) that should hold in all circumstances for faithful instances of the type class.

After defining the type class, the user can then postulate that any given type is part of
the type class by writing an instance declaration (see Figure 3). To do so, they need to give a
way in which the type class operation(s) act on the new type either by referencing an existing
piece of code or implementing it directly within the context of the instance declaration. The
system also may or may not require the user to also supply a formal proof that the given laws
do indeed hold for that type and that mapping.

After a type class has been both defined and instantiated, it then becomes possible to use
the fact that a given type lies in the type class in question by using the operation of the type
class with inhabitants of the type, whether in programming or in proofs.

Soft types in existing systems In the realm of formal systems for mathematics, soft type
systems are not as abundant as hard ones. However, they do occur, even in prominent systems,
which we will discuss now.

Mizar’s type system [Wie(7] is of particular interest since it is maybe the most prominent
example, has been in use since before the feature of type classes was introduced in other
formal systems and also because there is a large library of Mizar formalisation in the Mizar
mathematical library. In Mizar, types (e.g. Homomorphism) are introduced with so-called
modes and can also be accompanied by adjectives (e.g. non empty, X-dimensional), which are
introduced via so-called attributes [NU16].

The Naproche-SAD system’s approach to types can also be interpreted as a soft type system
[FK19]. More concretely, Naproche-SAD allows soft dependent types via notions and adjectives,
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which are translated into first-order predicates and verified during the ontological check phase
at “runtime”.

The type system of the computer algebra system GAP also has soft aspects that are inter-
esting in this context. In general, the type system of GAP is object-oriented, not unlike that
of the Java programming language, including inheritance as a form of subtyping. Inheritance
alone is, however, not enough to achieve acceptable overloading resolution (also called method
selection), because it does not provide a way of incorporating information that is proved or
computed at a later point in time. There are many contexts where additional information is
relevant in such a fashion, which can even influence the internal representation of an object.
For example, a finite simple group G could be proved to be of odd order. Then the algorithm
for computing the solvability of G (which can grow quite complex and resource-intensive in the
general case) can be replaced with the much simpler constant value true.

To allow for this, GAP works with so-called families and filters [BL98]. Filters are Boolean
qualities (such as HasSize or IsAbelian). Families are reminiscent of equivalence classes as
in every object lies in a family and equal objects are in the same family. Families can also be
created dynamically, while filters cannot. Together, families and filters make up GAP’s types.
The system also has notions for filters that determine what operations are allowed on a given
object called categories and sets of filters that represent how the object is actually represented
(e.g. whether a matrix is stored densely or sparsely) called representations.

2.3 Logical Frameworks and MMT

A logical framework is a meta-formalism to specify both syntax and semantics of object-level log-
ics or other formal systems, allowing the inheritance of certain aspects of the meta-framework,
such as parsing, type reconstruction, variable substitution or a module system. A good overview
of logical frameworks can be found in [Pfe01].

MMT is a modular framework for specifying formal languages (such as logics, type theories
and set theories, but especially also other logical frameworks) developed by Florian Rabe and
others at the KWARC research group [Rab18a]. Its prime selling point that differentiates it from
(other) logical frameworks is, that it has a strong commitment to foundation-independence. Its
kernel algorithms all are abstracted over a given set of rules that is collected from context,
allowing multiple sets of rules to coexist within the same development pipeline.

In the development of MMT, one concerted effort has always been making the rapid de-
velopment of logics for formalisations easy (taking implementation times down to person-days
from person-years) and beneficial to the user, which is discussed in more detail in [MR19].

Creating imports from any source library into MMT/OMDoc is also encouraged as this
opens up the existing MMT infrastructure of type checking, visualisation and other knowledge
management services. This approach has been discussed at length in [Miill9].

In the KWARC research group, the predominant logical framework used for implementing
logics in MMT is LF [HHP93] (which will be one focus point for improvements related to
undefinedness, see below), but the underlying machinery does not force the user to use a
specific logical framework.

3 Research Objectives

3.1 Undefinedness

The first prominent goal for my PhD research would be to allow for native (un)definedness
reasoning within MMT, ideally both on the manual and the automated reasoning level.
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Currently, neither MMT nor LF have a way of dealing with undefinedness, so a key research
question here is to find out at which level this feature should be introduced. Can we give MMT
a primitive, yet foundation-independent notion of undefinedness that all logics and systems
that are implemented in MMT then could benefit from on an opt-in basis? If so, any system
that was implemented without support for undefinedness should be able to simply “import” a
suited notion of undefinedness instead of having to re-implement all the machinery again, then
and there.

From this, one or multiple extensions to LF that also allow for undefinedness (working
title: LFU*, as a shorthand for LFU, LFU,, . ..) would be easy to create from the system-wide
undefinedness apparatus. Alternatively, these extensions could take its place for approaches
that cannot be implemented entirely foundation-independently on the MMT level. Similar
extensions to LF have been implemented in the past (compare the extensions in [LFX] that
allow for record types, subtyping, ...) and proved to be very helpful.

As we have seen in the previous section, there is more than one perspective on reasoning with
and about (un)definedness in a formal system. So, to do justice to these different approaches, it
would be imperative for these extensions to MMT and/or LF to not just cover one of them, but
instead capture at least all of the most prominent approaches. It is not the goal to pick a new
favourite, but to empower the user to chose and experiment after the context and circumstances
of their own systems.

A closer study of the feasibility and /or usefulness of allowing miztures of different approaches
is also warranted.

3.2 Soft Type Systems

The other topic I hope to tackle that of a soft type system for mathematics. Unlike in traditional
(hard) type systems, the type of mathematical objects does not need to be known or set from
the start. At the core, the type system only has one type and all objects in the domain of
discourse inhabit that type. Using definitions and proofs, they can later be shown to fulfil
certain properties and hence inhabit certain types. For example, the set of naturals can be
treated as both a subset of the real or complex numbers and as a measurable cardinal.

Like undefinedness, soft type systems have the potential to capture the realities of mathe-
matics as performed by mathematicians. An object is shown to be an instance of one structure
(e.g. a monoid) but can later be proven to also meet the criteria (axioms) of another structure
(e.g. a group). Both of these angles (and any that follow) can be used in proofs and for further
definitions. This is close to the way mathematicians often shift focus in their work, as a switch
of perspective can sometimes be the deciding idea behind a proof. A soft type system also
better connects to the notion of mathematics as a practise of discovery. There is probably no
“perfect” type system anyone could pre-design that captures all relevant objects and inclusions
and disjunctions between them. Starting from just one type and steadily moving outward seems
like a promising idea in comparison.

This sort of flexibility has been one of the reasons behind the success of the remarkable
Mizar library. Yet, in that system, the user is committed to one particular meta-logic (although
the choice of axiom system is technically free, even if heavily influenced by the fact that the
library uses Tarski-Grothendiek set theory axioms). It would be beneficial if they could switch
between (meta-)logics easily without having to give up the benefits of a soft type system. As
with undefinedness, I want to make it possible for soft types to be one of many building blocks
a user of MMT can (easily and without much hassle) chose from to build exactly the right logic
for any given effort.

As with undefinedness, it is also of crucial importance to find out, at what level in the feature
would be best introduced and which advantages / drawbacks come with each possibility.
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3.3 Reasoning

One major drawback to the two previous objectives is that I anticipate is that this might
generate a plethora of “trivial” proof obligations (simple proof goals about objects having a
certain type, terms being (un)defined, types being inhabited, objects being either equal or
unequal, ...).

This is why I also intend to increase the support for automated reasoning in MMT. Ideally,
most or all of these additional “trivial” proof obligations should automatically proved by some
component of the system as to not generate an additional burden for the user. Two choices
to achieve this effect that come mind would be to let an external first-order ATP brute-force
the proofs or implement all necessary infrastructure and algorithms in MMT, basically from
scratch. These however, promise either weak performance or unreasonable implementation
work. However, there is another alternative. Since these smaller proof obligations pose a
problem that is natural to tackle with rule-based search algorithms, and these rules can likely
be generated from MMT theories while preserving modularity, AProlog becomes an interesting
candidate for external support that doesn’t rely solely on brute-forcing. For more on this
approach, see Section 4.3.

4 Methodology

4.1 Extending MMT with LFU*

As discussed in Section 3.1, I hope to extend the MMT ecosystem by rigorous ways of dealing
with undefinedness via a series of extensions to LF. However, we have seen in Section 2.1 that
there are many different approaches to undefinedness in the literature and in practice, so it is
not at all obvious which ones of these the extensions should take.

There are two prominent approaches to this goal that appear feasible for the proposed
timespan. We will discuss both of them in the following sections.

4.1.1 Farmer’s Undefinedness

Since MMT and IMPS share so many philosophies and design choices, one obvious candidate
for introducing any kind of undefinedness to the MMT ecosystem would be undefinedness a la
IMPS, allowing for non-denoting terms but not non-denoting formulas, having them default to
false instead.

There are some details, in which the implementation might deviate from the on of the
IMPS system. For example, this version of LFU* might allow for empty sorts and undefined
constants or treat falselike (a quasi-constructor that deals with functions into the Booleans,
see [FGT98]) differently or allow undefined constants. But the general idea will stay the same.
Some of these changes were suggested by Farmer himself as convenience and quality-of-life
improvements (deferred definedness proofs for constants could be beneficial, for example), some
are expected to arise out of necessity.

4.1.2 Other Undefinedness Approaches

Once it is possible to import Farmer’s undefinedness into a logic via import (or similar), it
would then be good to create a range of others. These implementation efforts are expected to
benefit from the learning experience of implementing the Farmer’s undefinedness first.

Special attention should be paid to approaches like many-valued logics (both with finite and
infinite amounts of truth values), that take a prominent role in the literature. This includes
possible additions to the MMT surface syntax (or at least the notation mechanisms), since these

16



logics are usually most easily defined by giving the truth tables for the common connectives,
something that would be cumbersome to do with only the current syntax.

Additionally, I would also like to spend a certain amount of time to research the possibility of
combining two (or more) different approaches to undefinedness. Compositionality has proofed
itself as a critical aspect of many a successful approach to difficult problems and I think that
some time spent investigating the possibilities of making undefinedness features compositional
would be time well spent.

4.1.3 Test: Reimplementing Logics with Undefinedness

As a measure of how well the extension from LF to LFU* works in practice, the possibility of
re-implementing logics from the already present archive of formalisations that deal with un-
definedness springs to mind, since rapid implementation of formal systems is one of MMT’s
explicit use cases. One hopes, that after making undefinedness features available to the logical
framework, that reimplementing a logic that needs similar features should not require extraor-
dinary amounts of work and yield compatible results.

There is at least one such logic: LUTINS, the underlying logic of the IMPS theorem prover,
see [BK18]. Other logics for undefinedness (such as LCF or SKL, depending on their compat-
ibility to whatever the undefinedness available to MMT users ends up being) could also serve
as valuable case studies on how adaptable and flexible the new undefinedness infrastructure is.

4.2 Soft Type Systems for MMT

Making soft type systems available as a “building block” of rapid prototyping of logics and
formal systems means both making the necessary changes to the MMT type checker as well as
designing and implementing a (ideally) foundation independent way of then proving a certain
mathematical object in some logic that is abstracted over has a given soft type.

Both of these aspects still need considerable design work, as it is less clear to me as of now
how exactly this can be done, and what pitfalls await on the way there. As a start, I intend
to take a closer look at the implementation of soft types in the role model systems Mizar and
Naproche-SAD.

It has previously been suggested by Florian Rabe [Rab18b| that a structural feature for
type classes would be beneficial for MMT. We have already established the link between type
classes and soft typing, so it would be natural and prudent to re-examine this issue and see
if it would be feasible to implement, if it is made superfluous by another effort or indeed if it
makes other efforts superfluous.

4.2.1 Subtyping and Soft Type Systems

The relationship between subtyping and soft type systems may appear obvious (since soft types
can be implemented very naturally as predicate subtypes of an unityped foundation [NU16;
Wie07]), yet it bears investigation if the exiting infrastructure in MMT for subtyping (see e.g.
[MRK18)) is sufficient to supply enough power to construct a soft type system that can clear
the bar set in Section 4.2 above. If this is possible, it could save a large amount of time and
implementation energy to reuse the existing mechanisms, even if they need to be extended or
reworked.

Also, T would like to spend some time to investigate the relationship between (soft type)
subtyping and undefinedness, since having a rigorous treatment of undefinedness at hand can
also offer new ways of defining subtypes “from the outside” rather than “from the inside”.
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4.2.2 Test: Improving Interaction with Soft-Typed Systems

To test the apparatus for soft types in MMT it would be interesting to incorporate it in those
places, where previous contributors had to work around the hardness of the existing MMT
type system. An obvious choice for where to start would be the import/export mechanisms for
systems that feature soft types themselves and that are already integrated with MMT to some
extent, the most prominent examples being GAP and Mizar.

It seems plausible that the quality of the interaction or even the amount of coverage could
be improved by a more faithful representation on the MMT side that also allows for soft types.

4.3 Automatic Dismissal of Proof Obligations

“This proof is trivial and left as an exercise to the compiler.”
— Michael Burge in [Burl9]

Both prominent features discussed so far are likely to introduce a significant number of
proof obligations that are not necessarily hard to prove, but do need to be proved nevertheless.
Requiring the user to prove them herself would place her under an undue burden of “busywork”,
likely leading to justified frustration. So, ideally, these obligations would just be proved by the
system.

All of the examples mentioned above are of course instances of larger problems that become
intractable (or even unsolvable!) in larger contexts. Yet in many circumstances (prominently
in undefinedness reasoning and soft typing, or so it stands to reason), the actual incarnations
are solvable in a reasonable timespan often enough.

MMT already has a simple (yet still foundation-independent) iterative theorem proving
system, yet it does not meet standards of usefulness or efficiency. I therefore hope to extend
the MMT reasoning system by an automated component that significantly reduces the amount
of busywork and proving of uninteresting lemmata that a user would have to do.

The MMT ecosystem currently allows for the user to annotate certain constants with a role
that makes the constant available as an additional rule for the simplifier. Ultimately, it would
also be prudent to extend this mechanism to definedness assumptions.

4.3.1 LambdaProlog & the ELPI System

In discussions between Michael Kohlhase, Florian Rabe, Claudio Sacerdoti Coen and myself,
it was suggested to use AProlog (or, to be more precise, ELPI) as the programming language
for the theorem prover that is to be implemented (that is, program it in ELPI and external
to, though connected with MMT). This approach would make use of the fact that higher-order
unification is already reliably implemented and could be used as a mechanism for proof search.

AProlog [Mil] is a programming language based on an intuitionistic fragment of Church’s
Simple Theory of Types that extends the logic-programming language Prolog by features such
as abstract data types and higher-order programming, adding Harrop Formulas to Prolog’s
underlying foundation of Horn clauses. This allows to make better use of the logical structure
and to use the first-order quantifiers. A good introduction to AProlog can be found in [NM8§]
or the more recent [MN12].

There have been multiple implementations of AProlog since its inception, such as the Teyjus
system [Nad10]. The ELPI system [SCT15], written by Claudio Sacerdoti Coen and Enrico Tassi
and introduced in [Dun+15], is another such implementation of AProlog with some additional
features and a focus on performance, moving some previously intractable proof searches into
reach. It is implemented in the OCaml programming language.

18



The proposed pipeline would look roughly like the following: For any given theory, one
would generate an ELPI kernel, a file that introduces the declarations of a theory (in the case
of propositional logic, these would include constants for truth and falsehood, the connectives,
as well as types for propositional formulae and proof certificates) and ELPI rules that reflect
the inference rules of the theory (e.g. A; or —g).

One would also need ezperts, i.e. ELPI modules that apply strategies and/or apply help
predicates to reduce the enormous search space of proof terms that would otherwise be in-
tractable. One way an expert module could help with this effort is specifying which of the
relevant inference rules are “invertible”; i.e. usable in both directions without incurring huge
search space penalties, and which ones are only to be used under specific circumstances (and
what those circumstances are). To further adhere to the principle of “no wild guesses” in the
process of trying to prove an obligation, “forward” and “backward” use of inference rules could
be alternated in their application, but obviously the precise implementation details are subject
of future research.

Proof obligations that arise in MMT would be automatically translated and handed to ELPI
(running in server mode). The fact that MMT would be calling an external system for proving
introduces an issue of trust. How can it rely on the proof found in ELPI actually being correct?
For this, it would be helpful to introduce proof certificates (on which Dale Miller also has done
extensive work during the ProofCert project, see [Mill5]), that could be generated by ELPI and
communicated back to MMT to be checked for correctness.

Claudio Sacerdoti Coen provided some preliminary examples for both kernels and experts for
propositional and first-order logics®. These hand-crafted examples could be used as a reference
for generating similar proof rules and help statements. It remains to be seen and subject to
experimentation, just exactly how much of all necessary code could be generated and how much
would need to be written by hand. It was our guess that the kernels should be generate-able
but that the experts would largely still need a human programmer.

4.3.2 Test: Tableaux Prover

One possible collaboration would be with Jan-Frederic Schaefer, also working at the KWARC
group, to create a Tableaux prover modelled after the ideas discussed in Section 4.3.1. It would
serve as a basic reasoning component in his work on logic and the semantics of natural languages
and the GLF project in particular [KS].

This tableaux prover would employ many the same strategies as the full prover and/or could

work as a first prototype. Ideally, it would also already be as logic-independent as possible (see
[AGO09)).

4.3.3 Test: Softly Typed Set Theory

One possible case study to test whether or not the automatic dismissal of proof obligations works
to a satisfying degree would be to implement a softly typed set theory after the extensions
discussed above are already in place. This set theory would be fundamentally untyped (or
rather, uni-typed), but still rely on types in its syntax. These types would be formalised as
unary predicates on sets, generating a plethora of proof obligations for the system to solve.

Note that this is not the same as the approach discussed in Section 4.2. This would be a
single, object-level logic which is expected to generate lots of simple proof obligations, while
Section 4.2 discusses adding features to the underlying logical framework to make soft typing
easily available in arbitrary logics via import.

5The code can be found on the MathHub GitLab at https://gl.mathhub.info/elpi/elpi-playground.
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4.3.4 Test: IMPS Proof Obligations

Previous work on importing the IMPS theory library into MMT and translating it to OMDoc
has treated all proofs of theorems merely as opaque data [BK18]. Another way of putting
the improved automated reasoning mechanisms to the test would be an effort to include the
proofs in the translation, to the maximal semantic extent possible. Since the specialised IMPS
reasoning machine are not present in MMT, it is to be expected that the automated reasoning
system would be needed to fill in context or take the role of the IMPS simplifier.

Complete coverage will likely remain out of reach, but it may well be possible to recover
enough structure from the proof terms to learn interesting things about the proofs or compare
them to proofs from other formal libraries.

4.4 Work-plan and Timeline

In summation, I identify the following work packages with their estimated associated duration,
categorised into four main work areas:

e Work Area 1: Undefinedness

A. IMPS-Style Undefinedness
Research and develop this one specific type of undefinedness for MMT (See Section
4.1.1).
This includes time to familiarise myself with the involved MMT internals.
Estimated completion time: 9 person-months

B. Implement other Undefinedness Approaches
Research and implement support for other approaches and combinations (See Section
4.1.2).
Estimated completion time: 3 person-months

e Work Area 2: Soft Type System

A. Subtyping and Type Systems
Investigate relationship of soft type sytems, subtyping and automation (See Section
42.1)
Estimated completion time: 6 person-months

B. Implementing a soft type system extension for MMT
Foundation-independent soft type systems, as discussed in Section 4.2
Estimated completion time: 9 person-months

« Work Area 3: (Automated) Reasoning

A. Foundation-independent definedness reasoning
Develop solver support for foundation-independent undefinedness reasoning (See Sec-
tion 4.1).
Estimated completion time: 6 person-months

B. Automatic Dismissal of Proof Obligations
Develop stronger automatic reasoning support for MMT, as discussed in Section 4.3
Estimated completion time: 9 person-months

e Work Area 4: Tests and Case Studies
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A. Softly-Typed Set Theory
Develop a softly typed set theory in MMT as discussed in Section 4.3.3
Estimated completion time: 3 person-months

(Re-)Implementing Undefinedness Logics
Finding different undefinedness logics and (re-)implement them as discussed in Section

4.1.3

Estimated completion time: 1.5 person-months

Based on all of the above, my current best estimate for a work timeline is the following:

Year 1

|

Year 2 I Year 3

Year 4

WP1-A

|

WP1-B

| WP2-A | WP2-B 1

WP3-A 1 1 WP3-B.1 1 WP3-B.2

WPZ-B

Figure 4: Work Plan Gantt Chart
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