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Abstract

First-order-logic (FOL) is immensely important in wide areas of math-
ematics and computer science. There is a wide array of extensions by
minor features which make FOL more expressive.

One such feature is a description operator which we look at in more
detail in this thesis. It is essential for formalizing most areas of Math-
ematics. We extend FOL with a description operator and obtain a new
logic FOLδ. We then go on to prove soundenss and completeness and give
a semantics-preserving translation into FOL

We utilize the Edinburgh Logical Framework (LF) to de�ne our new
logic. One particular di�culty of the description operator is that it is a
partial operator, as it is only de�ned if the predicate is uniquely satis�able.
We capture this partiality by making proofs part of terms. This allows
terms to carry witnesses of proofs of their de�nedness.
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1 Introduction and Related Work

For a lot of applications of logic both in mathematics and computer science
�rst-order logic (FOL) is the logic of choice, as it is, in some sense, the most
expressive logic for which there is a complete calculus. However, this comes at
the expense of not being able to express certain mathematical concepts (like
partial functions) elegantly.

There are possible ways to improve this situation. One possibility is to move
to higher-order logics. However, by doing this we lose a number of desired
theoretical properties (most importantly the existence of a complete calculus
with respect to standard set theoretical semantics) and the fairly large amount
of computer support that has been developed for FOL. Therefore, a widely
studied approach is to adapt FOL.
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Many extensions have been extremely well-studied, but -somewhat surprisingly-
the description operator, which is prevalent in informal mathematics, has re-
ceived relatively little attention: Phrases like �let x be the unique element such
that P (x) holds� are widespread in mathematical textbooks and papers alike,
but cannot be formalized directly in pure FOL.

In order to formalize such phrases we extend FOL with a de�nite description
operator δ, an operator that for any provable sentence of the form ∃!x.P (x)
allows us to obtain the unique witness x.

We present a new approach to the formal de�nition of this operator. Ad-
ditionally we provide a semantics-preserving translation procedure of our new
logic into FOL. Translations between di�erent �rst-order logics have been given
in [8] and [10]

Related Work There are many extensions of FOL, for example CASL[8] in
the �eld of algebraic speci�cation which extends FOL by a number of orthogonal
features (sorts, subsorts and partial functions among others), or TPTP[7] which
is a concrete syntax mostly used in automated reasoning and includes sorts,
interpreted arithmetics and shallow polymorphism. Another possible addition to
FOL is dependent typing[9] (the type of later arguments expected by a function
may be dependent on its earlier arguments).

Some extensions also include partial functions. Since the description op-
erator is partial, it is worth looking at the di�erent approaches to deal with
partiality. In most cases they accept well-formed unde�ned terms and intro-
duce either a special constant ⊥ (as in [12]) which all unde�ned terms are equal
to or a predicate def (as in [8]) which is true i� its unary argument is de�ned.
Both approaches deal with unde�nedness at the semantic level. We go a dif-
ferent route and avoid unde�ned terms by making them ill-formed. This has
the drawback that it usually leads to de�nedness of terms being undecidable.
To overcome this issue we can (as done in this thesis) require terms to carry
a proof of their de�nedness. This leads to the problem of representing proofs
inside terms.

A di�erent approach is widespread in higher-order-logic (HOL): Church's
original paper [11] already included a choice operator (of which the description
operator is a simple special case). Its approach is somewhat similar to the ⊥
mentioned above (but without a special constant being introduced): the axioms
guarantee that every type is non-empty, and the choice operator is de�ned as
an operator from formulas with one free variable to terms. The disadvantage
of this approach is that it allows for terms like "the x such that false" to be
well-formed.

Methods We will use the Edinburgh Logical Framework (LF) [6] to represent
our logic. This was already done for the extension of FOL by dependent types
in [9]. It allows an elegant and natural formalization of the description operator
and its semantics by incorporating proofs in terms, resulting in a logic we call
FOLδ. More speci�cally, our operator takes two arguments, a formula A =
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∃!x.F (x) and a proof P of A, and returns the unique witness.

Outline In Section 2 we �rst present standard FOL and then give an intro-
duction into LF, using FOL as an example. We then discuss the extensions
necessary to incorporate the description operator in Section 3. We give a for-
malization of basic concepts of set theory as a case study in Section 4. We prove
soundness and completeness in Sect. 3 and 5 respectively. Our completeness
result is derived from a semantics-preserving translation, which we also give in
Section 5, before giving a brief conclusion in Section 6.

All LF-encodings are available at [1].

2 Preliminaries

2.1 First-Order-Logic

In this section, we introduce �rst-order logic in order to give an overview of the
de�nitions and notations we will use. These de�nitions are taken from [2] and
expanded where necessary.

De�nition 1 (Signatures). A FOL-signature is a triple (Σf ,Σp, ar) where Σf
and Σp are disjoint sets of function and predicate symbols, respectively, and
ar : Σf ∪ Σp → N assigns arities to symbols. We will treat constants and
boolean variables as the special case of arity 0.

De�nition 2 (Expressions). A FOL-context is a list of variables. For a signa-
ture Σ and a context Γ, the terms over Σ and Γ are formed from the variables in
Γ and the application of function symbols f ∈ Σf to terms. The formulas over
Σ and Γ are formed by the application of predicate symbols p ∈ Σp to terms
as well as through application of connectives to formulas. In addition we de�ne
∃!x.P (x) := ∃z.P (x) ∧ (∀y.(P (y)⇒ y

.
= x)).

term ::= x
|f(term, ..., term︸ ︷︷ ︸

ar(f)

) |

form ::= ¬form | form ∧ form | form ∨ form
|form⇒ form | term

.
= term

|true | false
| ∀x.form(x) | ∃x.form(x)
p(term, ..., term︸ ︷︷ ︸

ar(p)

)|

Formulas in the empty context are called Σ-sentences, and we write Sen(Σ)
for the set of sentences.

De�nition 3 (Theories). A FOL-theory is a pair (Σ,Θ) for a signature Σ and
a set Θ ⊆ Sen(Σ) of axioms.
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De�nition 4 (Signature Morphisms). Given two signatures Σ = (Σf ,Σp, ar)
and Σ′ = (Σ′f ,Σ

′
p, ar

′), a FOL-signature morphism σ : Σ → Σ′ is an arity-
preserving mapping from Σf to Σ′f and from Σp to Σ′p.

The homomorphic extension of σ � which we also denote by σ � is the map-
ping from terms and formulas over Σ to terms and formulas over Σ′ that replaces
every symbol s ∈ Σf ∪ Σp with σ(s). The sentence translation

Sen(σ) : Sen(Σ) → Sen(Σ′) arises as the special case of applying σ to sen-
tences.

Example 5 (Monoids and Groups). We will use the theoriesMonoid = (MonSig ,
MonAx ) and Group = (GrpSig ,GrpAx ) of monoids and groups as running
examples. MonSigf is the set {◦, e} where ◦ is binary (written in�x) and e is
nullary, and MonSigp is empty. MonAx consists of the axioms for

• associativity: ∀x ∀y ∀z x ◦ (y ◦ z) .
= (x ◦ y) ◦ z,

• left-neutrality: ∀x e ◦ x .
= x,

• right-neutrality: ∀x x ◦ e .
= x.

The theory Group extends Monoid , i.e., GrpSig adds a unary function symbol
inv (written as superscript −1) to MonSig , and GrpAx adds axioms to MonAx
for the following:

• left-inverseness: ∀x x−1 ◦ x .
= e,

• right-inverseness: ∀x x ◦ x−1 .
= e.

The inclusion mapping MonGrp is a signature morphism from MonSig to
GrpSig .

There are various ways to de�ne the proof theory of FOL. Here we choose
the natural deduction calculus (ND) with introduction and elimination rules.

De�nition 6 (Proof Theoretical Theorems). Given a theory (Σ,Θ), we say
that F ∈ Sen(Σ) is a proof theoretical theorem of (Σ,Θ) if the judgment
F1, . . . , Fn `Σ F is derivable for some {F1, . . . , Fn} ⊆ Θ using the calculus
shown in Fig. ??. We write this as Θ `Σ F .

Lemma 7. The 2 rules at the bottom of Fig. 1 are derivable from the others.

Proof. Straightforward

De�nition 8 (Proof Theoretical Theory Morphisms). A signature morphism
from Σ to Σ′ is a proof theoretical theory morphism from (Σ,Θ) to (Σ′,Θ′),

written σ : (Σ,Θ)
P→ (Σ′,Θ′), if Sen(σ) maps the axioms of (Σ,Θ) to proof

theoretical theorems of (Σ′,Θ′), i.e., for all F ∈ Θ, Θ′ `Σ′ Sen(σ)(F ) holds.

Lemma 9 (Proof Translation). Assume a proof theoretical theory morphism

σ : (Σ,Θ) → (Σ′,Θ′). If F is a proof theoretical theorem of (Σ,Θ), then

Sen(σ)(F ) is a proof theoretical theorem of (Σ′,Θ′). In other words, provability

is preserved along proof theoretical theory morphisms.
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Θ`Σ true

Θ`Σ false Γ`Σ F ∈wff (Σ)

Θ`Σ F

Θ, F `Σ false

Θ`Σ ¬F

Θ`Σ ¬F Θ`Σ F

Θ`Σ false

Θ`Σ F Θ`Σ G

Θ`Σ F ∧G

Θ`Σ F ∧G

Θ`Σ F

Θ`Σ F ∧G

Θ`Σ G

Θ, F `Σ G

Θ`Σ F ⇒G

Θ`Σ F ⇒G Θ`Σ F

Θ`Σ G

Θ`Σ F Γ`Σ G∈wff (Σ)

Θ`Σ F ∨G

Θ`Σ G Γ`Σ F ∈wff (Σ)

Θ`Σ F ∨G

Θ`Σ F ∨G Θ, F `Σ H Θ, G`Σ H

Θ`Σ H

Θ`Σ F x fresh

Θ`Σ ∀ xF

Θ`Σ ∀ xF Γ`Σ t∈wft(Σ)

Θ`Σ F [x/t]

Θ`Σ F [x/t]

Θ`Σ ∃ xF

Θ`Σ ∃ xF x fresh Θ, F `Σ H

Θ`Σ H

F ∈Θ

Θ`Σ F

Γ`Σ F ∈wff (Σ)

Θ`Σ F ∨¬F

Θ`Σ t
.
= t

Θ`Σ s
.
= t

Θ`Σ t
.
= s

Θ`Σ r
.
= s Θ`Σ s

.
= t

Θ`Σ r
.
= t

Θ`Σ si
.
= ti f∈Σf ar(f)=n

Θ`Σ f(s1,...,sn)
.
= f(t1,...,tn)

Θ`Σ si
.
= ti p∈Σp ar(p)=n

Θ,p(s1,...,sn)`Σp(t1,...,tn)

Θ`Σ F [x/t] Θ`Σ F x⇒F yy
.
= x

Θ`Σ ∃! xF

Θ`Σ ∃! x F

Θ`Σ ∃ x F ∧(F s ∧ F t ⇒s .= t)

Figure 1: Proof Rules (derived rules at the bottom)

We now go on to develop the model theory of FOL.

De�nition 10 (Models of a FOL-Signature). A FOL-model of a signature Σ is
a pair (U, I) where U is a non-empty set (called the universe) and I is a function
of Σ-symbols (called the interpretation) such that

• f I ∈ U (Un) for f ∈ Σf with ar(f) = n,

• pI ⊆ Un for p ∈ Σp with ar(p) = n.
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We write Mod(Σ) for the class of Σ-models.

De�nition 11 (Model Theoretical Semantics). Assume a signature Σ, a context
Γ, and a Σ-model M = (U, I). An assignment is a mapping from Γ to U . For
an assignment α, the interpretation Iα(t) ∈ U of terms t and Iα(F ) ∈ {0, 1}
of formulas F over Σ and Γ are de�ned in the usual way by induction on the
syntax:

• Iα(x) = α(x) for x ∈ Γ

• Iα(f(t1 . . . tn)) = f I(Iα(t1) . . . Iα(tn))

• Iα(p(t1 . . . tn)) = 1 i� (Iα(t1) . . . Iα(tn)) ∈ pI

• Iα(F ∧G) = min(Iα(F ), Iα(G))

• Iα(F ∨G) = max(Iα(F ), Iα(G))

• Iα(¬F ) = 1 i� Iα(F ) = 0

• Iα(F ⇒ G) = 1 i� Iα(G) = 1 or Iα(¬F ) = 1

• Iα(s
.
= t) = 1 i� Iα(s) = Iα(t)

• Iα(∀x F ) = 1 i� forall u ∈ U Iα,[u/x](F ) = 1

• Iα(∃x F ) = 1 i� exists u ∈ U Iα,[u/x](F ) = 1

Given a sentence F , we write M |=Σ F if JF KM = 1.
Given a theory (Σ,Θ), we write the class of (Σ,Θ)-models as

Mod(Σ,Θ) = {M ∈Mod(Σ) |M |=Σ F for all F ∈ Θ}.

Since we are especially interested in unique existence, but it is not a primary
object in the logic, we provide its interpretation here.

Lemma 12.

Iα(∃!x F ) = 1 i� there exists a unique u ∈ U Iα,[u/x](F ) = 1

Proof. Straightforward

De�nition 13 (Model Theoretical Theorems). Given a theory (Σ,Θ), we say
that F ∈ Sen(Σ) is a model theoretical theorem of (Σ,Θ) if the following holds
for all Σ-models M : If M |=Σ A for all A ∈ Θ, then also M |=Σ F . We write
this as Θ |=Σ F .

De�nition 14 (Model Reduction). Given a signature morphism σ : Σ → Σ′

and a Σ′-model M ′ = (U, I ′), we obtain a Σ-model (U, I), called the model

reduct of M ′ along σ, by putting sI = σ(s)I
′
for all symbols of Σ. We write

Mod(σ) : Mod(Σ′)→Mod(Σ) for the induced model reduction.
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De�nition 15 (Model Theoretical Theory Morphisms). Given two theories
(Σ,Θ) and (Σ′,Θ′), a model theoretical theory morphism from (Σ,Θ) to (Σ′,Θ′),

written σ : (Σ,Θ)
M→ (Σ′,Θ′), is a signature morphism from Σ to Σ′ such

that Mod(σ) reduces models of (Σ′,Θ′) to models of (Σ,Θ), i.e, for all M ′ ∈
Mod(Σ′,Θ′), we have Mod(σ)(M ′) ∈Mod(Σ,Θ).

Example 16 (Continued). The integers form a model Int = (Z,+, 0,−) for the
theory of groups (where we use a tuple notation to give the universe and the in-
terpretations of ◦, e, and inv , respectively). The model reduction
Mod(MonGrp)(Int) = (Z,+, 0) along MonGrp yields the integers seen as a
model of the theory of monoids.

We have given both proof theoretical and model theoretical de�nitions of
theorem and theory morphism. In general, these must be distinguished to avoid
a bias towards proof or model theory. However, they coincide if a logic is sound
and complete:

Theorem 17 (Soundness and Completeness). Assume a FOL-theory (Σ,Θ) and
a Σ-sentence F . Then Θ `Σ F i� Θ |=Σ F . Therefore, for a FOL-signature

morphism σ : Σ→ Σ′, we have σ : (Σ,Θ)
P→ (Σ′,Θ′) i� σ : (Σ,Θ)

M→ (Σ′,Θ′).

2.2 The Edinburgh Logical Framework

In this section we introduce the Edinburgh Logical Framework[6]. We again
follow [2] in large parts, but use a di�erent running example.

LF ([6]) is a dependent type theory that extends simple type theory with
dependent function types. The main use of LF is as a logical framework in which
deductive systems are represented.

We develop the syntax and semantics of LF along with an example repre-
sentation of the �rst-order logic de�ned above. The full encoding can be found
at [1]. Typically, kinded type families are declared to represent the syntactic
classes of the encoded logic. For FOL, we declare

form : type

term : type

ded : form→ type

Here type is the LF-kind of types, and form is an LF-type whose LF-terms
represent the FOL-formulas. ded : form→ type is the kind of types that are
proofs of formulas: for any formula A ded A is the type of proofs of A.

Typed constants are declared to represent the constructors of the expressions
of the represented system. For the syntax of FOL, we declare
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eq : term→ term→ form 1 = 2 prec 25
true : form
false : form
and : form→ form→ form 1 ∧ 2 prec 15
or : form→ form→ form 1 ∨ 2 prec 15
impl : form→ form→ form 1⇒ prec 10
neg : form→ form ¬1 prec 20
forall : (term→ form)→ form ∀1 prec 30
exists : (term→ form)→ form ∃1 prec 30
existsU : (term→ form)→ form ∃!1 prec 30

This is simply the syntax given in the Sect. 2.1 expressed in LF. Note
that existsU can be de�ned to be an abbreviation. The second part of each
de�nition gives the notation that we will use and the precedence of the argument
for bracket elision.

LF employs the Curry-Howard correspondence to represent proofs-as-terms
[5] and extends it to the judgments-as-types methodology [4]. To exemplify this
we add to the syntax of FOL the proof rules of the natural deduction calculus
for ∧ and ∀ (see [1] for other connectives)

trueI : ded true
andI : {A,B} ded A→ ded B → ded A ∧B
andEl : {A,B} ded A ∧B → ded A
andEr : {A,B} ded A ∧B → ded B
forallI : {A}({x : term} ded (A x))→ ded (∀[x] A x)
forallE : {A, t : term}ded (∀[x : term] A x)→ ded (A t)

Consequently, all inference rules are represented as appropriately typed con-
stants, and inference rules as operators on the family of types of proofs.

Note that these operators like andI really take 4 arguments. This uses the
main feature of dependent type theory: The �rst two arguments A and B may
occur in the types of the later arguments and in the return type. The MMT
implementation [3] that we use treats A and B as implicit arguments and infers
their values from the types of the other arguments. Thus, we can write (for
proofs P of A and Q of B) andI P Q instead of andI A B P Q.

3 A Description Operator for FOL

We extend FOL with the aforementioned description operator δ. It is a term
constructor that allows us to obtain from a unary predicate P (x) the unique
witness x such that P (x). However, simply de�ning δ as an operator from
predicates to terms only gives us a partial operator, since it it is only de�ned on
any predicate F for which ∃!x.F (x) is provable. To remedy this situation our δ
takes as a second argument a proof P of the fact ∃!x F (x). Since ded(∃!x F (x))
is a type, we obtain a well-typed total operator by making use of dependent
type theory.
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3.1 Syntax and Proof theory

We include the operator into our syntax by extending our above de�nition of
expressions to (additions underlined):

De�nition 18 (Expressions).

term ::= x |f(term, ..., term︸ ︷︷ ︸
ar(f)

)

| δ(form, proof)

form ::= ¬form | form ∧ form | form ∨ form
|form⇒ form | term

.
= term

|true | false
| ∀x.form | ∃x.form
p(term, ..., term︸ ︷︷ ︸

ar(p)

)|

proof ::= deltaaxiom | ...

The dots in the proof part of the grammar represent exactly the rules from Fig.
1. deltaaxiom is the following rule:

Θ`Σ F (δ(F,P ))

Note that we now include proofs in terms. This breaks with the standard hi-
erarchy widespread in logics which is that formulas contain terms but not proofs.
However, in LF there is no need for this distinction since proofs themselves are
represented as terms, so we can include proofs directly into the grammar of
our logic. The two additions to our grammar above can be included into the
encoding with the following two declarations. yielding the following additions:

δ : {A : term→ form} (ded ∃! A)→ term δ 1 2 prec 25
deltaax : {A,P : ded (∃!A)} ded (A (delta A P ))

We pick up our example from abstract algebra again. Even though the
description operator is not strictly necessary, it helps streamline many of the
de�nitions. Below we provide an LF-encoding of basic theories of monoids and
groups.

Example 19 (Algebra (continued from Ex. 5).

extends FOLd with
∗ : term→ term→ term
assoc : ded ∀x.∀y.∀z. (x ∗ y) ∗ z .

= x ∗ (y ∗ z)
unitexists : ded ∃e.∀x. e ∗ x .

= x ∧ x ∗ e .
= x

unitunique : ded ∃!e∀x. e ∗ x .
= x ∧ x ∗ e .

= x = . . .
e : δ ([x]∀y.x ∗ y .

= y ∧ y ∗ x .
= y) unitunique
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This provides the de�nition of a monoid (unitunique is a proof for the unique-
ness of the unit in a monoid, given at [1]).

Further, we obtain the theory group by extending the above with the fol-
lowing declarations:
invexists : ∀x.∃y. x ∗ y .

= e
invunique : ded {x}∃!y. x ∗ y .

= e
inv : term → term = {x} δ([y] y ∗ x .

= e) unqinv
This adds the inverses to the monoid de�niton to obtain groups.

Note that in both cases (unit and inverse) we did not have to de�ne the
objects as primitive symbols, but obtained them using the existence axiom.
This is a recurring theme, as in a lot of mathematical theories we postulate
the existence of an object, and can prove uniqueness from existence. In these
situations, the use of the δ-operator is natural.

We need to show that introducing proofs into terms does not a�ect the
semantics.

Theorem 20 (Proof Irrelevance). Given a fomula F and proofs P, P ′ of ∃!x.F (x)
δ(F, P )

.
= δ(F, P ′).

Proof. The proof for this is straightforward: by our axiom-scheme we have
F (δ(F, P )) ∧ F (δ(F, P ′)). P is already a proof for ∃!x.F (x) which is equivalent
to ∃x.F (x) ∧ ∀x.∀y.(F (x)⇒ F (y)⇒ x

.
= y). Substituting δ(F, P ) and δ(F, P ′)

for x and y in the second part of that conjunction, then using implication
elimination with P and P ′ gives us the desired result.

The LF encoding of this proof can be found at [1].

3.2 Model Theory

The only addition to the model theory is the interpretation of δ(F, P ):

• Iα(δ(F, P )) = u, where u ∈ U s.t.Iα,[u/x](F ) = 1.

Theorem 21. The interpretation function is well-de�ned and the resulting logic

is sound.

Proof. We prove these two statements by a mutual induction over the structure
of expressions:
For both statements, the cases that do not include δ-terms are just like in the
proofs for the corresponding statements in standard FOL, which are well known.
These serve as bases for the induction. For the well-de�nedness of Iα(δ(F, P ))
the IH for soundness yields that there is exactly one u ∈ U s.t. Iα,[u/x](F ) = 1.
For the soundness of the δ-axiom we have to show that Iα(F (δ(F, P ))) = 1.
This is immediate from the interpretation of δ.
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4 A Formalization of Set Thery

It is often claimed that FOL is the language of set theory, and can therefore
serve as a basis for mathematics. However, most introductions into set theory
either explicitly or implicitly utilize the description operator and do something
very similar to our approach: they give proofs of the well-de�nedness of con-
structors like union et.c. in their de�nitions. While (as we will show in Sect. 5)
the description operator can always be "translated away", this leads to bulky
formulas. Our formalization however mirrors mathematical practice by proving
uniqueness of objects out of the axioms stating their existence.

We present a formalization of the basic concepts of set theory in FOLδ, fo-
cusing on the de�nitions for which the description operator is relevant. We leave
out some syntax that in LF serves to support the parser, but would only hurt
readability here.

theory Sets : http :// cds . omdoc . org / u r t h e o r i e s ?LF=
inc lude ?FOLd
implchain : {A,B,C} ded (A ⇒ B) → ded (B ⇒ C) → ded (A ⇒C)
equ ivcha in : {A,B,C} ded (A ⇔ B) → ded (B ⇔ C) → ded (A ↔ C)
equivsym : {A,B} ded (A ⇔ B) → ded (B ⇔ A)

These are some abbreviations to make the rest of the encoding better read-
able. They signify, in order, transitivity of implication and transitivity and
symmetry of equivalence. Their proofs are omitted here but included in [1].

We present the de�nition of the powerset here as an example, de�nitions of
union, empty set, comprehension axiom, unordered pair and singletons can be
found at [1]. Out of those the empty set, union and unordered pair are de�ned
using the description operator.

in : i→ i→form # 1∈2
subset : i→ i→form = [A,B] f o r a l l ( [ x ] ( ( x∈A)⇒( x∈B) ) )
e x t e n s i o n a l i t y : {x , y} ded ( f o r a l l [ z ] ( z∈x )⇔( z∈y ) )→ ded x==y
i spower s e t : i→ i→form = [A,B] f o r a l l [ x ] ( ( subset x A)⇔( x∈B))
powersetAx : ded f o r a l l [A] e x i s t s [B] i spower s e t A B
powerset : i→ i = [A] de l t a ( [P ] i spower s e t A P)

( exUI ( faE powersetAx A)
( [U,V] [Q: ded i spower s e t A U, R: ded i spower s e t A V]
e x t e n s i o n a l i t y ( f a I [ x ]
( equ ivcha in ( equivsym ( faE Q x ) ) ( faE R x ) ) ) ) )

5 Meta-Logical Properties

We give a translation of our logic FOLδ into FOL now. This allows us to recover
completeness w.r.t. the standard set-theoretical semantics. It is additionally
motivated by the large amount of tool support that has been developed for
FOL over the last decades.

12



The basic idea for the translation is �rst replacing the δ-terms with corre-
sponding unique existence clauses that bind fresh variables to the values of the
δ-terms and then replacing these in the formula.

We �rst need an auxiliary de�nition:

De�nition 22 (simple δ-terms).
We call t a simple δ-term if it is of the form δ(F, P ) and F contains no δ-terms.

De�nition 23. For any signature Σ we de�ne a mapping σΣ from FOLδΣ for-
mulas to FOLΣ formulas. The de�nition proceeds by induction over formulas.
The only non-trivial case is the one for atomic formulas F = p(t1, ..., tn), where
we distinguish two cases:

• If all occurring δ-terms are simple, we de�ne, assuming p contains the
δ-terms δ(F1, Q1) . . . δ(Fk, Qk),

σ(p(t1 . . . tn)) := ∃!x1.F1(x1)∧∃!x2.F2(x2) . . . ∃!xk.Fk(xk)∧[xi/δ(Fi, Pi)]F (t1 . . . tn)

• If p contains δ-terms which aren't simple, we de�ne

σ(F ) = σ(F ′),

where F ′ is obtained by replacing all occurrences of δ-terms δ(Fi, Pi) by
δ(σ(Fi), Pi). Note that this might lead to ill-formed terms in intermediate
stages (since we do not update the proofs Pi), but this is inconsequential,
since we drop the proofs in the translation.

We then de�ne σ(A ∧ B) := σ(A) ∧ σ(B) and correspondingly for the other
connectives.

Example 24 (continued from Ex. 19).
Consider the following sentence from our theory of monoids: σ(x ∗ e .

= x)
= σ(x ∗ δ ([x]∀y.x ∗ y .

= y ∧ y ∗ x .
= y) (unitunique)

.
= x

= ∃!t.(∀y.t ∗ y .
= y ∧ y ∗ t .= y) ∧ x ∗ t .= x

This sentence is now in pure FOL and semantically equivalent to the original
sentence.
For a second example containing nested δ-terms, we consider a formula from
the theory of groups:
σ(inv x

.
= y)

= σ( (δ ([b] b ∗ x .
= (δ ([a]∀[z]a ∗ z .

= z) P )
.
= e) Q)

.
= y)

= σ( (δ ([b]σ( b ∗ x .
= (δ ([a]∀[z]a ∗ z .

= z) P ))
.
= e) Q)

.
= y)

= σ( (δ (∃!t.(∀z.t ∗ z .
= z) ∧ b ∗ x .

= t)
.
= e) Q′)

.
= y)

= ∃!s.(∃!t.(∀z.t ∗ z .
= z) ∧ s ∗ x .

= t)
.
= e) ∧ s .

= y

Theorem 25. For any Σ, `FOLδΣ A ⇐⇒ σ(A)

13



Proof. The general statement follows immediately if we prove it for atomic for-
mulas. More speci�cally, we only need to consider the case for simple δ-terms,
since the nested-δ case follows (the translation on the δ-free formulas at the
bottom of any nesting are semantics-preserving and turn the translations of the
next level into one of δ-free atomic formulas).

So, using the situation from Def. 23 we have to show:
F (t1 . . . tn) ⇐⇒ ∃!x1.F1(x1)∧∃!x2.F2(x2) . . . ∃!xk.Fk(xk)∧[xi/δ(Fi, Pi)]F (t1 . . . tn)
The unique existence clauses are equivalent to the well-formedness of the δ-
terms. Additionally, we can easily show that xi = δ(Fi, Qj), since we know
Fi(xi) and xi is unique, and together with the δ-axiom this gives us equal-
ity. This implies that, given the unique existence clauses, F (t1 . . . tn) ⇐⇒
[xi/δ(Fi, Pi)]F (t1 . . . tn).

Theorem 26 (Model Theoretical Preservation). For any assignment Iα(F ) = 1
in FOLδ i� Iα(σ(F )) = 1 in FOL.

Proof. From our theorem above we can conclude that Iα(A) = 1 in FOLδ i�
Iα(σ(A)) = 1 in FOLδ. However, since σ(A) does not contain any δ-terms, and
since the interpretation function is the exact same for FOL and FOLδ aside from
the δ-terms, Iα(σ(A)) = 1 in FOLδ i� Iα(σ(A)) = 1 in FOL.

Note that this also gives us the completeness of FOLδ:

Theorem 27 (Completeness of FOLδ). FOLδ is complete.

Proof. We have shown the equivalence of any sentence in FOLδ to sentences
that are in FOL. FOL itself is complete, and any FOL-proof is also a proof in
FOLδ, since the deduction rules of FOL are a subset of the ones of FOLδ.

6 Conclusion

We have presented a sound and complete extension of FOL with a description
operator, and have described a semantics-preserving translation into FOL. We
have demonstrated its usefulness by giving a natural formalization of some parts
of algebra and basic set theory. FOLδ greatly facilitates authoring �rst-order
theories in a way that stays close to standard math vernacular.

Future work will focus on tool support, especially for editing, theorem prov-
ing and automating the translation. Moreover, the same techniques applied here
can be applied to extend FOL with a choice operator or partial functions.
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