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A “teaser talk” for:

D. Fuenmayor (2020) “Topological semantics for paraconsistent and paracomplete logics” 
Isabelle’s Archive of Formal Proofs. https://www.isa-afp.org/entries/Topological_Semantics.html

https://www.isa-afp.org/entries/Topological_Semantics.html


Paraconsistent and Paracomplete Logics

Motivation in CS: Useful for knowledge representation and reasoning in presence 
of partial/incomplete and excessive/contradictory information.

A logic is called

● paraconsistent if it ‘tolerates contradictions’, i.e.

‘Principle of explosion’ or ex contradictione (sequitur) quodlibet (ECQ) is 
not valid, i.e. from a contradiction (A & ㄱA) not everything follows!

● paracomplete if it does not ‘enforce completeness/exhaustiveness’, i.e.

Law of excluded middle or tertium non datur (TND) is not valid, it can be 
the case that neither A nor its negation is the case (cf. intuitionistic logics).



Paraconsistent and Paracomplete Logics

Classically

Paraconsistency and 
paracompleteness are dual notions! Paracomplete

W ≠  |A| ⋃ |ㄱA| 

 |A| ⋂ |ㄱA|  ≠ Ø

Paraconsistent

 ⊤ ⊬  A  ∨ ㄱA 
   dual

 A  ∧ ㄱA  ⊬ ⊥

Truth
‘gap’

Truth
‘glut’



Paraconsistent and Paracomplete Logics

● Paraconsistent (resp. paracomplete) logics validate TND (resp. ECQ) only. 

● Some logics do not validate either, they are termed “paranormal” or “paradefinite”. 
Classical logic validates both.

● By giving up TND/ECQ other properties of negation become ‘negotiable’, e.g.

○ DS1-4: disjunctive syllogism
○ DM1-4: De Morgan laws (finite & infinite)
○ DNI/DNE: double negation intro/elim (rule & axiom)
○ CoP1-4: contraposition (rules & axioms)
○ MT1-4: modus tollens (rules & axioms)
○ … and many others

● Automated theorem proving can be employed to explore (minimal) semantic 
conditions under which they obtain.



Logics with “Recovery Operators”: LFIs & LFUs

Giving up TND or ECQ  does not necessarily ‘weaken’ our logic!

We can have special operators (‘○’,‘☆’) allowing us to recover classical properties in a 
‘sentence-wise’ fashion. (Think of a sort of “quality seal” for formulas.)

For (paraconsistent) LFI’s:
read ‘○A’ as “A is consistent”

For (paracomplete) LFU’s:
read ‘☆A’ as “A is determined”



Logics with “Recovery Operators”: LFIs & LFUs

For (paraconsistent) LFIs we have that:

The Principle of “Explosion” (ECQ)

A ,ㄱA  ⊢ B

is NOT valid. Instead we have:

The Principle of “Gentle Explosion”
(cf. W. Carnielli & J. Marcos (2001). “A Taxonomy of C-Systems”)

○A ,  A ,ㄱA  ⊢ B



Logics with “Recovery Operators”: LFIs & LFUs

Dually, for (paracomplete) LFUs we have that:

The Law of Excluded Middle (TND)

⊢ A  ∨ ㄱA     (i.e.   𝚪  ⊢ A ,ㄱA )

is NOT valid. Instead we have:

⊢ ☆A ➝ A  ∨ ㄱA    (i.e.  𝚪  ⊢ ★A ,  A ,ㄱA  ; where ★A = ~☆A ) 

(W. Carnielli, M. Coniglio & A. Rodrigues (2020). Recovery operators, paraconsistency and duality. LJIGPL)



Logics with “Recovery Operators”: LFIs & LFUs

Recovery extends to other properties too. For example, we have for LFI system mbC:

mbC negation (ㄱ) is indeed very ‘weak’. (e.g. contraposition, DNI/DNE, etc. are not valid) 
However, we can recover classical properties by employing the consistency operator: ‘○’



Logics with “Recovery Operators”: LFIs & LFUs

In a sense, mbC extends classical logic (i.e. it is more ‘expressive’). We can indeed 
define a ‘bottom particle’ (⊥), and with it a classical negation (~), inside mbC:

Employing the above interpretation for ⊥ and ~ 
classical logic becomes a ‘subsystem’ of mbC



Logics with “Recovery Operators”: LFIs & LFUs

Several well-studied axiomatic extensions of the minimal (LFI) logic mbC employ:

W. Carnielli and M. Coniglio (2016). Paraconsistent Logic: Consistency, Contradiction and Negation. Springer



Logics with “Recovery Operators”: LFIs & LFUs

On (paraconsistent) LFIs:

W. Carnielli and M. Coniglio (2016). Paraconsistent Logic: Consistency, Contradiction and Negation. Springer

W. Carnielli, M. Coniglio, J. Marcos (2007). “Logics of Formal Inconsistency” Handbook of Phil. Logic. Springer

On (paracomplete) LFUs:

J. Marcos (2005). Nearly every normal modal logic is paranormal. Logique et Analyse

Recent developments:

W. Carnielli, M. Coniglio, D. Fuenmayor (2020). “Logics of Formal Inconsistency enriched with replacement:
an algebraic and modal account”. Preprint at arXiv: https://arxiv.org/abs/2003.09522

W. Carnielli, M. Coniglio & A. Rodrigues (2020). Recovery operators, paraconsistency and duality. LJIGPL

https://arxiv.org/abs/2003.09522


Consider Boolean algebras extended with an additional unary 
operator (e.g. Closure, Interior, Border, or Frontier algebras)

Ex. for LFIs we can use frontier algebras (with F(.) primitive)

● C(A) = A ⋃ F(A)    

● I(A)  = A \ F(A)   

● ㄱA  :=  C(–A)  =  –A ⋃ F(–A) 

● ○A   :=  (I)fp(A)  =  –B(A) =  –A ⋃ I(A)  =  A ➝ I(A)

where (Φ)fp(A)  :=  Φ(A) ↔ A

Topological semantics for LFIs & LFUs (with replacement)

D. Fuenmayor (2020) “Topological semantics for paraconsistent and paracomplete logics” (Isabelle AFP)
www.isa-afp.org/entries/Topological_Semantics.html

or extended abstract in ResearchGate: “Paraconsistent and paracomplete logics in Isabelle/HOL” 
https://www.researchgate.net/publication/349043183_Paraconsistent_and_paracomplete_logics_in_IsabelleHOL

http://www.isa-afp.org/entries/Topological_Semantics.html
https://www.researchgate.net/publication/349043183_Paraconsistent_and_paracomplete_logics_in_IsabelleHOL


Consider Boolean algebras extended with an additional unary 
operator (e.g. Closure, Interior, Border, or Frontier algebras)

Ex. for LFUs we can use frontier algebras (with F(.) primitive)

● C(A) = A ⋃ F(A)    

● I(A)  = A \ F(A)   

● ㄱA  :=   I(–A)   =  –A \ F(–A) 

● ☆A  := (C)fp(A) = –B(–A) = A ⋃ –C(A) =  C(A) ➝ A

where (Φ)fp(A)  :=  Φ(A) ↔ A

Topological semantics for LFIs & LFUs (with replacement)

D. Fuenmayor (2020) “Topological semantics for paraconsistent and paracomplete logics” (Isabelle AFP)
www.isa-afp.org/entries/Topological_Semantics.html

or extended abstract in ResearchGate: “Paraconsistent and paracomplete logics in Isabelle/HOL” 
https://www.researchgate.net/publication/349043183_Paraconsistent_and_paracomplete_logics_in_IsabelleHOL

http://www.isa-afp.org/entries/Topological_Semantics.html
https://www.researchgate.net/publication/349043183_Paraconsistent_and_paracomplete_logics_in_IsabelleHOL
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Non-classical logics in Isabelle/HOL via semantic embeddings:
Simple Type Theory as universal meta-logic  (jww. Christoph Benzmüller)
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Non-classical logics in Isabelle/HOL via semantic embeddings:
Simple Type Theory as universal meta-logic  (jww. Christoph Benzmüller)



C. Benzmüller & L. Paulson (2013) 
"Quantified Multimodal Logics in Simple Type 
Theory" Logica Universalis 

Non-classical logics in Isabelle/HOL via semantic embeddings:
Simple Type Theory as universal meta-logic  (jww. Christoph Benzmüller)



Logics L embedded using the semantic embeddings 
approach (all of them supporting quantification)

● Multi-modal & hybrid logics 
● Deontic logics & conditional logics
● Many-valued logics
● Free logics (+ axiomatizing Category theory)
● 2D-semantics (Kaplan’s Logic of Indexicals)
● Dynamic logics (incl. preference logics, public 

announcement), and many others...
● paraconsistent & paracomplete logics
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Non-classical logics in Isabelle/HOL via semantic embeddings:
Simple Type Theory as universal meta-logic  (jww. Christoph Benzmüller)



Theorem provers become universal logic reasoning engines:
interactive: Isabelle/HOL, PVS, HOL, Coq/HOL, Lean, …
automated: Leo-2/3, Satallax, Vampire, SMT solvers, 
(counter)model finders (Nitpick, Nunchaku)

New approach towards combining logics: 
● object logics correspond to different fragments of HOL 

(i.e. Church’s simple type theory). 
● encoding semantic conditions and ‘bridge’ meta-axioms
● using theorem provers and model finders for verification
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Coq

Non-classical logics in Isabelle/HOL via semantic embeddings:
Simple Type Theory as universal meta-logic  (jww. Christoph Benzmüller)



Isabelle/HOL encoding of LFIs & LFUs
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Live 2min demo

+

Q&A


