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Summary

Notations are central for understanding mathematical discourse. Readers would like to
read notations that transport the meaning well and prefer notations that are familiar
to them. Therefore, authors optimize the choice of notations with respect to these two
criteria, while at the same time trying to remain consistent over the document and their
own prior publications. In print media where notations are fixed at publication time, this
is an over-constrained problem. In living documents notations can be adapted at reading
time, taking reader preferences into account.

We present a representational infrastructure for notations in living mathematical doc-
uments. Mathematical notations can be defined declaratively. Author and reader can
extensionally define the set of available notation definitions at arbitrary document levels,
and they can guide the notation selection function via intensional annotations.

We give an abstract specification of notation definitions and the flexible rendering
algorithms and show their coverage on paradigmatic examples. We show how to use
this framework to render OpenMath and Content-MathML to Presentation-MathML,
but the approach extends to arbitrary content and presentation formats. We discuss
prototypical implementations of all aspects of the rendering pipeline.
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1 Introduction

Over the last three millennia, mathematics has developed a complicated two-dimensional
format for communicating formulae (see e.g., [Caj93, Wol00] for details). Structural prop-
erties of operators often result in special presentations, e.g., the scope of a radical expres-
sion is visualized by the length of its bar. Their mathematical properties give rise to
placement (e.g., associative arithmetic operators are written infix), and their relative im-
portance is expressed in terms of binding strength conventions for brackets. Changes in
notation have been influential in shaping the way we calculate and think about mathe-
matical concepts, and understanding mathematical notations is an essential part of any
mathematics education. All of these make it difficult to determine the functional structure
of an expression from its presentation.

Content Markup formats for mathematics such as OpenMath [BCC+04] and content
MathML [ABC+03] concentrate on the functional structure of mathematical formulae,
thus allowing mathematical software systems to exchange mathematical objects. For com-
munication with humans, these formats rely on a “presentation process” (usually based
on XSLT style sheets) that transforms the content objects into the usual two-dimensional
form used in mathematical books and articles. Many such presentation processes have
been proposed, and all have their strengths and weaknesses. In this paper, we concep-
tualize the presentation of mathematical formulae as consisting of two components: the
two-dimensional composition of visual sub-presentations to larger ones and the elision
of formula parts that can be deduced from context.

Most current presentation processes concentrate on the relatively well-understood com-
position aspect and implement only rather simple bracket elision algorithms. But the
visual renderings of formulae in mathematical practice are not simple direct compositions
of the concepts involved: mathematicians gloss over parts of the formulae, e.g., leaving
out arguments, iff they are non-essential, conventionalized or can be deduced from the
context. Indeed this is part of what makes mathematics so hard to read for beginners, but
also what makes mathematical language so efficient for the initiates. A common example
is the use of log(x) or even log x for log10(x) or similarly [[t]] for [[t]]ϕM, if there is only one
model M in the context and ϕ is the most salient variable assignment.

Another example are the bracket elision rules in arithmetical expressions: ax + y
is actually (ax) + y, since multiplication “binds stronger” than addition. Note that we
would not consider the “invisible times” operation as another elision, but as an alternative
presentation.

In this situation we propose to encode the presentational characteristics of symbols
(for composition and elision) declaratively in notation definitions, which are part of the
representational infrastructure and consist of “prototypes” (patterns that are matched
against content representation trees) and “renderings” (that are used to construct the
corresponding presentational trees). Note that since we have reified the notations, we
can now devise flexible management process for notations. For example, we can capture
the notation preferences of authors, aggregators and readers and adapt documents to
these. We propose an elaborated mechanism to collect notations from various sources
and specify notation preferences. This brings the separation of function from form in
mathematical objects and assertions in MKM formats to fruition on the document level.
This is especially pronounced in the context of dynamic presentation media (e.g., on the
screen), we can now realize “active documents”, where we can interact with a document
directly, e.g., instantiating a formula with concrete values or graphing a function to explore
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it or “living/evolving documents” which monitor the change of knowledge about a topic
and adapt to a user’s notation preferences consistently.

1.1 Use Cases

We present four use cases to derive requirements (cf. 1.2) for living mathematical docu-
ments with respect to their notations:

Authoring Authors want full flexibility and freedom when writing a document, in par-
ticular, when selecting notations for their mathematical expression, no matter how
complex they might be. They want to be able to use different notations for the
same statements throughout different sections, paragraphs, or sentences. Moreover,
authors want to be able to highlight and compare alternative notations for the same
mathematical expression and introduce their individual notations, in particular, if
they address an interdisciplinary or multicultural audience. Moreover, authors need
to adapt their document to a particular context, such as the style template of a
conference or the preferences and experiences of their audience. To facilitate the
authoring process, authors want to reuse and share notations among each other.

Reading Users want to read documents with as little effort as possible. In particular, the
initial document needs to be consistent in terms of its default notations. Moreover,
users want to adapt the notations to their individual styles or particular output
requirements but do not want to overwrite any notations that are important for
understanding the author’s intentions. The adaptation facilitates the accessibility,
usability, and readability of documents since users have to spend less effort and time
on trying to map and interpret the authors notations. Moreover, users want to
adapt a document to the style of other users and, consequently, look at documents
via the lenses/ perspective of others.

Collaborative Authoring Each author wants to use his individual notations but still
allow others to understand and read his contributions. As a reader he wants to adapt
the contributions of others to his style but does not want to overwrite notations that
are relevant to understand the contributions of his coauthors. The final document
needs to be consistent in terms of its notations, consequently, all authors have
to agree on a common style or adapt the document to a specific context, e.g. a
conference style (cf. [WM07]).

Generation and Usage of Course Material A teacher wants to create a script from
a content collection [Koh06] created by multiple authors. The content management
system [OMB08, Lan08c, HBK03, MAF+01] provides an initial presentation of the
script based on the author’s notations and the system’s default settings. The teacher
adapts the notations of the script for a particular field of study, e.g. “mathematics”
or “computer science”. She wants to assure a consistent use of notations and lock
specific notations that her students need to learn and, consequently, should not
overwrite when reading the document. When reading the course material, e.g. by
using a specific reader/viewer [pan08c, MAF+01, Mat08, Goo09, Ado08] or online
platform [HBK03, Pla09, Wik07, xma08], the students can adapt all notations but
the locked ones.
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1.2 Requirements

In this section, we derive a list of requirements from the use cases in Section 1.1 and
illustrate them with several examples:

R1: Complex Notations

Users want to choose any notations they consider appropriate and need full flexibility and
freedom to introduce their individual styles.

Example 1 Below you see three application of the logarithm function onto a given
number y and a base x, e, or 10. The applications (denoted by @) represents the meaning
of the expression, i.e. its semantic markup. It is transformed (denoted by ) to a concrete
presentation, logx y, ln y, and lg y. The semantic markup can be interpreted as a tree,
which is recursively rendered to a concrete presentation.

(1) @(log, x, y)  logx y
(2) @(log, e, y)  ln y
(3) @(log, 10, y)  lg y

For example, for item (1) the symbol log is rendered to log, the positions of the param-
eters are fixed, finally both parameters x and y are rendered. Although the applications
in item (2) and (3) look quite similar to (1), the rendering differs from the default pattern:
For example, in item (2) the symbol log is rendered to ln, the positions of the parame-
ters are fixed (leaving out the base) and finally y is rendered. Consequently, depending
on the base parameter, we need to render the application trees differently. We say that
item (2) and (3) are no local tree transformations (cf. [NW01a]), non-compositional and
parameter-sensitive.

Further example for a parameter-sensitive transformation include the integral func-
tion, for which we can either specify an interval or set:

∫ b
a
f(x)dx versus

∫
x∈1,2,3,...,n

f(x)dx

or the sum function
∑n

x=1 x+ y versus
∑

x∈M x+ y, respectively.
We can also think about the application of the exponentiation function @(power,

@(sin,x),y) with the two parameters y (the exponent) and @(sin, x) (the base), which
is to be presented as siny x rather than (sin x)y. Alternative, this applies to @(plus,
@(power,x,2), @(times, @(times,@(neg,3),y),x),1) which should be rendered to x2−3yx+1
rather than x2 + (−3y)x+ 1 (cf. [NW01a]).

Further challenges refer to notations with an arbitrary number of elements, e.g. an
arbitrary length vector, or notations with ellipses : For example, authors might want to
render the application @(plus, 1, 2, 3, 4, 5, 6, 7) to 1 + 2 + . . . + 7 rather than 1 + 2 + 3 +
4 + 5 + 6 + 7.

R2: Adaptation to Contexts

A user’s preferred notation depends on several context dimensions, such as his individual
style and background, his area of application, nationality , level of expertise or further
restrictions given by the output format (PDF, LATEX, or HTML) or output layout (slide,
script, or book).

Example 2 The adaptation of notations facilitates or prevents users from understand-
ing the definition of a mathematical symbol: For example, N, N0, and N1 are used to
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denote the set of of the natural numbers . Further examples are given in the table below
(cf. [Mül08a, KMM07, NW01a, SW06b, NW01b, SW06a, MLUM05]):

Dimensions Alternative Notations

Nationality
(
n
k

)
(German), Cn

k (Russian), Ck
n (French)

gcd(a, b) (en), kgV (a, b) (de)
1, 000 (en) rather than 1.000 (de)
but 1.2 (en) rather than 1,2 (de)

Individual Styles A ⊆ B, A j B
A ( B, A  B, A $ B, A & B

Expertise a÷ b (elementary school), a
b

(higher education)
loge y rather than ln y

Output Styles

∑n
k=1 (text)

n∑
k=1

(display)

⋃n
k=1 (text)

n⋃
k=1

(display)

Area i (mathematics), j (electrical engineering)
N0 (German, number theory), N (German, set theory)
6= (mathematics), != and <> (programming languages)

R3: Dynamic Notations

Users want to interact with their document and, particularly, adapt notations dynamically.

Example 3 In a learning process it is particularly helpful to extend or reduce the
number of brackets or types of an expression:
Expert . . . Beginner
ax+ y . . . (ax) + y
5 + x ∗ yn+3 . . . 5 + (x ∗ (yn+3))
[[t]] (if there is only one model M in the context
and ϕ is the most salient variable assignment)

. . . [[t]]ϕM

Moreover, it is helpful to allow users to dynamically switch between alternative no-
tations and to provide additional explanations such as how to read the notations or by
linking to the definition of the respective symbols.

R4: Notation Layout

Users want to adapt the layout of notations, e.g. by changing the color, size, format, or
background color of the notations in order to emphasize certain important, relevant or
interesting properties of the mathematical expression.

Example 4 Changing the color and font of the notations:
loge y = ln y (sin x)y = sinyx
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R5: Granularity

Users want to choose different notations for the same expression for granular document
fragments

Example 5 An author wants to choose three presentations for the same symbol in one
sentence:

We discuss various notations of the binomial coefficient :
(
n
k

)
, Cnk , and Ckn .

The respective content representation of the expression is given below.

We discuss the notations of the binomial coefficient : @(bc,n,k), @(bc,n,k), and @(bc,n,k).

R6: Write Protection

Users want to lock notations and prevent other users from overwriting.

Example 6 In Example 5, the author intentionally chooses alternative notations to
compare them. If we overwrite all of these notations by

(
n
k

)
, the sentence will become

meaningless and confusing:

We will discuss the three notations of the
(
n
k

)
:
(
n
k

)
,
(
n
k

)
, and

(
n
k

)
.

R7: Consistent Merge and Change Management

Users want to merge material from a content collection and receive an initial as well as
consistent presentation in terms of the included notations.

Example 7 A teacher wants to create a course based on material of a mathematics
and an electrical engineering course. She needs to decide on whether to use i or j, two
alternative notations for the imaginary unit, and use the respective notations consistently
throughout the whole course. This even gets more complex, if she wants to use both
notations on granular document level.

Example 8 When adapting notations, the interrelation of alternative notations needs
to be considered. For example, if we think of the notations for subset and proper subset :
We can use ⊂ and ⊆, for denoting a proper subset and subset, respectively. Alternatively,
we can use ( and ⊂, whereas the latter now denotes a subset rather than a proper subset.
When choosing ⊂ for the proper subset, we should not use the same notation for a subset.

R8: Notation Management

Users want to reuse, adapt, extend, and categorize their notation collections and the
collections of other users. Editing and selection of notations should not require well
grounded programming skills (e.g. for XSLT programming) or knowledge of a specific
document format (e.g. OpenMath or MathML).
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In particular, we need to provide respective tools: Authoring environments should
include accessible and usable editors that facilitate users to create, modify, and se-
lect notations without any specific skills [GP06, Lan08c, pla07, HBK03, MAF+01]. A
reading environments [pan08c, HBK03, MAF+01, Ado08] should support the adapta-
tion of documents to a specific context. Moreover, users should be supported to easily
share, reuse, and store knowledge in distributed or central notation management sys-
tem [Zho08, pla07, HBK03, MAF+01, Lan08c].

1.3 Related Work

Before we present our system, let us review the state of the art. Naylor, Smirnova,
and Watt [NW01b, SW06b, SW06a] present an approach based on meta stylesheets that
utilizes a MathML-based markup of arbitrary notations in terms of their content and
presentation and, based on the manual selection of users, generates user-specific XSLT
style sheets [Kay06] for the adaptation of documents. Naylor and Watt [NW01b] introduce
a one-dimensional context annotation of content expressions to intensionally select an
appropriate notation specification. The authors claim that users also want to delegate
the styling decision to some defaulting mechanism and propose the following hierarchy of
default notation specification (from high to low): command line control, input documents
defaults, meta stylesheets defaults, and content dictionary defaults.

In [MLUM05], Manzoor et al. emphasize the need for maintaining uniform and ap-
propriate notations in collaborative environments, in which various authors contribute
mathematical material. They address the problem by providing authors with respective
tools for editing notations as well as by developing a framework for a consistent presen-
tation of symbols. In particular, they extend the approach of Naylor and Watt by an
explicit language markup of the content expression. Moreover, the authors propose the
following prioritization of different notation styles (from high to low): individual style,
group, book, author or collection, and system defaults.

In [KLR07] we have revised and improved the presentation specification of OM-
Doc1.2. [Koh06] by allowing a static well-formedness, i.e., the well-formedness of pre-
sentation specifications can be verified when writing the presentations rather than when
presenting a document. We also addressed the issue of flexible elision. However, the
approach does not facilitate to specify notations, which are not local tree transformations
of the semantic markup.

In [KMM07] we initiated the redefinition of documents towards a more dynamic and
living view. We explicated the narrative and content layer and extended the document
model by a third dimension, i.e., the presentation layer. We proposed the extensional
markup of the notation context of a document, which facilitates users to explicitly select
suitable notations for document fragments. These extensional collection of notations can
be inherited, extended, reused, and shared among users. For the system presented in this
paper, we have re-engineered and extended the latter two proposals.

In Sect. 2, we introduce abstract syntax for notation definitions, which is used for the
internal representation of our notation objects. (We use a straightforward XML encoding
as concrete syntax.) In Sect. 3, we describe how a given notation definition is used to
translate an OpenMath object into its presentation. After this local view of notation
definitions, the remainder of the paper takes a more global perspective by introducing
markup that permits users to control which notation definitions are used to present which
document fragment. There are two conflicting ways how to define this set of available
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notation definitions: extensionally by pointing to a notation container; or intensionally
by attaching properties to notation definitions and using them to select between them.
These ways are handled in Sect. 5 and 6, respectively.

2 Syntax of Notation Definitions

We will now present an abstract version of the presentation starting from the observation
that in content markup formalisms for mathematics formulae are represented as “formula
trees”. Concretely, we will concentrate on OpenMath objects, the conceptual data model
of OpenMath representations, since it is sufficiently general, and work is currently under
way to re-engineer content MathML representations based on this model. Furthermore,
we observe that the target of the presentation process is also a tree expression: a lay-
out tree made of layout primitives and glyphs, e.g., a presentation MathML or LATEX
expression.

To specify notation definitions, we use the one given by the abstract grammar from
Fig. 1. Here |, [−], −∗, and−+ denote alternative, bracketing, and non-empty and possibly
empty repetition, respectively. The non-terminal symbol ω is used for patterns ϕ that do
not contain jokers. Throughout this paper, we will use the non-terminal symbols of the
grammar as meta-variables for objects of the respective syntactic class.

Notation declarations ntn ::= ϕ+ ` [(λ : ρ)p]+

Patterns ϕ ::=
Symbols σ(n, n, n)
Variables | υ(n)
Applications | @(ϕ[, ϕ]+)
Binders | β(ϕ,Υ, ϕ)
Attributions | α(ϕ, σ(n, n, n) 7→ ϕ)
Symbol/Variable/Object/List jokers | s | v | o | l(ϕ)

Variable contexts Υ ::= ϕ+

Match contexts M ::= [q 7→ X]∗

Matches X ::= ω∗|S∗|(X)
Empty match contexts µ ::= [q 7→ H]∗

Holes H ::= |“”|(H)
Context annotation λ ::= (S = S)∗

Renderings ρ ::=
XML elements 〈S〉ρ∗〈/〉
XML attributes | S = ”ρ∗”
Texts | S
Symbol or variable names | q
Matched objects | qp

Matched lists | for(q, I, ρ∗){ρ∗}
Precedences p ::= −∞|I|∞
Names n, s, v, l, o ::= C+

Integers I ::= integer
Qualified joker names q ::= l/q|s|v|o|l
Strings S ::= C∗

Characters C ::= character except /

Figure 1: The Grammar for Notation Definitions
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Intuitions The intuitive meaning of a notation definition ntn = ϕ1, . . . , ϕr ` (λ1 :
ρ1)p1 , . . . , (λs : ρs)

ps is the following: If an object matches one of the patterns ϕi, it is
rendered by one of the renderings ρi. Which rendering is chosen, depends on the active
rendering context, which is matched against the context annotations λi (see Sect. 6). Each
context annotation is a key-value list designating the intended rendering context. The
integer values pi give the output precedences of the renderings.

The patterns ϕi are formed from a formal grammar for a subset of OpenMath objects
extended with named jokers. The jokers o and l(ϕ) correspond to \(.\) and \(ϕ\)+ in
Posix regular expression syntax ([POS88]) – except that our patterns are matched against
the list of children of an OpenMath object instead of against a list of characters. We
need two special jokers s and v, which only match OpenMath symbols and variables,
respectively. The renderings ρi are formed by a formal syntax for simplified XML ex-
tended with means to refer to the jokers used in the patterns. When referring to object
jokers, input precedences are given that are used, together with the output precedences,
to determine the placement of brackets.

Match contexts are used to store the result of matching a pattern against an object.
Due to list jokers, jokers may be nested; therefore, we use qualified joker names in the
match contexts (which are transparent to the user). Empty match contexts are used to
store the structure of a match context induced by a pattern: They contain holes that are
filled by matching the pattern against an object.

Example We will use a multiple integral as an example that shows all aspects of our
approach in action. ∫ b1

a1

. . .

∫ bn

an

sinx1 + x2 dxn . . . dx1.

Let int, iv, lam, plus, and sin abbreviate symbols for integration, closed real intervals,
lambda abstraction, addition, and sine. We intend int, lam, and plus to be flexary
symbols, i.e., symbols that take an arbitrary finite number of arguments. Furthermore,
we assume symbols color and red from a content dictionary for style attributions. We
want to render into LATEX the OpenMath object

@
(
int,@(iv, a1, b1), . . . ,@(iv, an, bn),
β
(
lam, υ(x1), . . . , υ(xn), α(@(plus,@(sin, υ(x1)), υ(x2)), color 7→ red)

))
as \int_{a1}^{b1}. . . \int_{an}^{bn}\color{red}{\sin x1+x2}dxn. . . dx1

We can do that with the following notations:

@(int, ranges(@(iv, a, b)), β(lam, vars(x), f))

` ((format = latex) :
for(ranges){\int { a∞ }̂ { b∞ }} f∞ for(vars,−1){d x∞})−∞

α(a, color 7→ col) ` ((format = latex) : {\color{ col } a∞ })−∞

@(plus, args(arg)) ` ((format = latex) : for(args,+){arg})10

@(sin, arg) ` ((format = latex) : \sin arg)0

The first notation matches the application of the symbol int to a list of ranges and
a lambda abstraction binding a list of variables. The rendering iterates first over the
ranges rendering them as integral signs with bounds, then recurses into the function
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body f, then iterates over the variables rendering them in reverse order prefixed with d.
The second notation is used when f recurses into the presentation of the function body
α(@(plus,@(sin, υ(x1)), υ(x2)), color 7→ red). It matches an attribution of color, which is
rendered using the LATEX color package. The third notation is used when a recurses into
the attributed object @(plus,@(sin, υ(x1)), υ(x2)). It matches any application of plus,
and the rendering iterates over all arguments placing the separator + in between. Finally,
sin is rendered in a straightforward way. We omit the notation that renders variables by
their name.

The output precedence −∞ of int makes sure that the integral as a whole is never
bracketed. And the input precedences ∞ make sure that the arguments of int are never
bracketed. Both are reasonable because the integral notation provides its own fencing
symbols, namely

∫
and d. The output precedences of plus and sin are 10 and 0, which

means that sin binds stronger; therefore, the expression sinx is not bracketed either.
However, an inexperienced user may wish to display these brackets: Therefore, our ren-
dering does not suppress them. Rather, we annotate them with an elision level, which
is computed as the difference of the two precedences. Dynamic output formats that can
change their appearance, such as XHTML with JavaScript, can use the elision level to
determine the visibility of symbols based on user-provided elision thresholds: the higher
its elision level, the less important a bracket.

Well-formed Notations A notation definition ϕ1, . . . , ϕr ` (λ1 : ρ1)p1 , . . . , (λs : ρs)
ps is

well-formed if all ϕi are well-formed patterns that induce the same empty match contexts,
and all ρi are well-formed renderings with respect to that empty match context.

Every pattern ϕ generates an empty match context µ(ϕ) as follows:

• For an object joker o occurring in ϕ but not within a list joker, µ(ϕ) contains o 7→ .

• For a symbol or variable with name n occurring in ϕ but not within a list joker,
µ(ϕ) contains n 7→ “”.

• For a list joker l(ϕ′) occurring in ϕ, µ(ϕ) contains

– l 7→ ( ), and

– l/n 7→ (H) for every n 7→ H in µ(ϕ′).

In an empty match context, a hole is a placeholder for an object, “” for a string, ( ) for
a list of objects, (( )) for a list of lists of objects, and so on. Thus, symbol, variable, or
object joker in ϕ produce a single named hole, and every list joker and every joker within
a list joker produces a named list of holes (H). For example, the empty match context
induced by the pattern in the notation for int above is

ranges 7→ ( ), ranges/a 7→ ( ), ranges/b 7→ ( ), f 7→ ,

vars 7→ ( ), vars/x 7→ (“”)

A pattern ϕ is well-formed if it satisfies the following conditions:

• There are no duplicate names in µ(ϕ).

• List jokers may not occur as direct children of binders or attributions.
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• At most one list joker may occur as a child of the same application, and it may not
be the first child.

• At most one list joker may occur in the same variable context.

These restrictions guarantee that matching an OpenMath object against a pattern is
possible in at most one way. In particular, no backtracking is needed in the matching
algorithm.

Assume an empty match context µ. We define well-formed renderings with respect to
µ as follows:

• 〈S〉ρ1, . . . , ρr〈/〉 is well-formed if all ρi are well-formed.

• S = ”ρ1, . . . , ρr” is well-formed if all ρi are well-formed and are of the form S ′ or
n. Furthermore, S = ”ρ1, . . . , ρr” may only occur as a child of an XML element
rendering.

• S is well-formed.

• n is well-formed if n 7→ “” is in µ.

• op is well-formed if o 7→ is in µ.

• for(l, I, sep){body} is well-formed if l 7→ ( ) or l 7→ (“”) is in µ, all renderings in
sep are well-formed with respect to µ, and all renderings in body are well-formed
with respect to µl. The step size I and the separator sep are optional, and default
to 1 and the empty string, respectively, if omitted.

Here µl is the empty match context arising from µ if every l/q 7→ (H) is replaced with q 7→
H and every previously existing hole named q is removed. Replacing l/q 7→ (H) means
that jokers occurring within the list joker l are only accessible within a corresponding
rendering for(l, I, ρ∗){ρ∗}. And removing the previously existing holes means that in
@(o, l(o)), the inner object joker shadows the outer one.

3 Semantics of Notation Definitions

The rendering algorithm takes as input a notation context Π (a list of notation definitions,
computed as described in Sect. 5), a rendering context Λ (a list of context annotations,
computed as described in Sect. 6), an OpenMath object ω, and an input precedence p.
If the algorithm is invoked from top level (as opposed to a recursive call), p should be set
to ∞ to suppress top level brackets.

It returns as output either text or an XML element. There are two output types for
the rendering algorithm: text and sequences of XML elements. We will use O + O′ to
denote the concatenation of two outputs O and O′. By that, we mean a concatenation
of sequences of XML elements or of strings if O and O′ have the same type. Otherwise,
O+O′ is a sequence of XML elements treating text as an XML text node. This operation
is associative if we agree that consecutive text nodes are always merged. The algorithm
inserts brackets if necessary. And to give the user full control over the appearance of
brackets, we obtain the brackets by the rendering of two symbols for left and right bracket
from a special fixed content dictionary. The algorithm consists of the following three steps.
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1. ω is matched against the patterns in the notation definitions in Π (in the listed
order) until a matching pattern ϕ is found. The notation definition in which ϕ
occurs induces a list (λ1 : ρ1)p1 , . . . , (λn : ρn)pn of context-annotations, renderings,
and output precedences.

2. The rendering context Λ is matched against the context annotations λi in order. The
pair (ρj, pj) with the best matching context-annotation λj is selected (see Section 6.3
for details).

3. The output is ρj
M(ϕ,ω), the rendering of ρj in context M(ϕ, ω) as defined below.

Additionally, if pj > p, the output is enclosed in brackets.

Semantics of Patterns The semantics of patterns is that they are matched against
OpenMath objects. Naturally, every OpenMath object matches against itself. Symbol,
variable, and object jokers match in the obvious way. A list joker l(ϕ) matches against a
non-empty list of objects all matching ϕ.

Let ϕ be a pattern and ω a matching OpenMath object. We define a match context
M(ϕ, ω) as follows.

• For a symbol or variable joker with name n that matched against the sub-object ω′

of ω, M(ϕ, ω) contains n 7→ S where S is the name of ω′.

• For an object joker o that matched against the sub-object ω′ of ω, M(ϕ, ω) contains
o 7→ ω.

• If a list joker l(ϕ′) matched a list ω1, . . . , ωr, then M(ϕ, ω) contains

– l 7→ (ω1, . . . , ωr), and

– for every l/q in µ(ϕ): l/q 7→ (X1, . . . , Xr) where q 7→ Xi in M(ϕ′, ωi).

We omit the precise definition of what it means for a pattern to match against an object.
It is, in principle, well-known from regular expressions. Since no backtracking is needed,
the computation of M(ϕ, ω) is straightforward. We denote by M(q), the lookup of the
match bound to q in a match context M .

Semantics of Renderings If ϕ matches against ω and the rendering ρ is well formed
with respect to µ(ϕ), the intuition of ρM(ϕ,ω) is that the joker references in ρ are replaced
according to M(ϕ, ω) =: M . Formally, ρM is defined as follows.

• 〈S〉ρ1 . . . ρr〈/〉 is rendered as an XML element with name S. The attributes are
those ρi

M that are rendered as attributes. The children are the concatenation of
the remaining ρi

M preserving their order.

• S = ”ρ1 . . . ρr” is rendered as an attribute with label S and value ρ1
M + . . .+ ρn

M

(which has type text due to the well-formedness).

• S is rendered as the text S.

• s and v are rendered as the text M(s) or M(v), respectively.

• op is rendered by applying the rendering algorithm recursively to M(o) and p.
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• for(l, I, ρ1 . . . ρr){ρ′1 . . . ρ′s} is rendered by the following algorithm:

1. Let sep := ρ1
M + . . .+ ρr

M and t be the length of M(l).

2. For i = 1, . . . , t, let Ri := ρ′1
M l

i + . . .+ ρ′s
M l

i .

3. If I = 0, return nothing and stop. If I is negative, reverse the list R, and invert
the sign of I.

4. Return RI + sep+R2∗I . . . + sep+RT where T is the greatest multiple of I
smaller than or equal to t.

Here the match context M l
i arises from M as follows

• replace l 7→ (X1 . . . Xt) with l 7→ Xi,

• for every l/q 7→ (X1 . . . Xt) in M : replace it with q 7→ Xi, and remove a possible
previously defined match for q.

Example Consider the example introduced in Sect. 2. There we have

ω = @
(
int,@(iv, a1, b1), . . . ,@(iv, an, bn),

β
(
lam, υ(x1), . . . , υ(xn), α(@(plus,@(sin, υ(x1)), υ(x2)), color 7→ red)

))
And Π is the given list of notation definitions. Let Λ = (format = latex). Matching ω
against the patterns in Π succeeds for the first notation definitions and yields the following
match context M :

ranges 7→ (@(iv, a1, b1), . . . ,@(iv, an, bn)), ranges/a 7→ (a1, . . . , an),

ranges/b 7→ (b1, . . . , bn), f 7→ α(@(plus,@(sin, υ(x1)), υ(x2)), color 7→ red),

vars 7→ (υ(x1), . . . , υ(xn)), vars/x 7→ (x1, . . . , xn)

In the second step, a specific rendering is chosen. In our case, there is only one
rendering, which matches the required rendering context Λ, namely

ρ = for(ranges){\int { a∞ }̂ { b∞ }} f∞ for(vars,−1){d x∞})−∞

To render ρ in match context M , we have to render the three components and con-
catenate the results. Only the iterations are interesting. In both iterations, the separator
sep is empty; in the second case, the step size I is −1 to render the variables in reverse
order.

4 An XML Encoding for Notation Definitions

Now we define an encoding function E(−) that maps the grammar of Section 2 to XML
elements. The encoding of notations and renderings is given in Fig. 2. Fig. 3 gives the
encodings of patterns where we use OpenMath [BCC+04] as our specific XML pattern
languages. An encoding using content MathML can be defined similarly.

We assume that the following namespace bindings are in effect:

xmlns=”http://www.mathweb.org/omdoc”
xmlns:om=”http://www.openmath.org/OpenMath”
xmlns:m=”http://www.w3.org/1998/Math/MathML”
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E(ϕ1, . . . , ϕr ` (λ1; ρ1), . . . , (λs; ρs))

<notation>
<prototype>E(ϕ1)</prototype>

...
<prototype>E(ϕr)</prototype>
<rendering \enc{\lambda 1}>E(ρ1)</rendering>

...
<rendering \enc{\lambda s}>E(ρs)</rendering>
</notation>

E(λ) ???
E(ρ1, . . . , ρr) E(ρ1) . . . E(ρr)

E(〈S〉ρ〈/〉)
<element name=”S”>
E(ρ)
</element>

E(S = ”ρ”)
<attribute name=”S”>
E(ρ)
</attribute>

E(S) <text>S</text>

E(p) <nameof name=”p”/>

E(pq) <render name=”p” precedence=”q”/>

E(for(p, I, ρ′){ρ})

<iterate name=”l” step=”I”>
<separator>
E(ρ′)

</separator>
E(ρ)

</iterate>

Figure 2: Encoding of Notations

5 Choosing Notation Definitions Extensionally

In the last sections we have seen how collections of notation definitions induce rendering
functions. Now we permit users to define the set Π of available notation definitions
extensionally. In the following, we discuss the collection of notation definitions from
various sources and the construction of Πω for a concrete mathematical object ω.

5.1 Collecting Notation Definitions

The algorithm for the collection of notation definitions takes as input a tree-structured
document, e.g., an XML document, an object ω within this document, and a totally
ordered set SN of source names. Based on the hierarchy proposed in [NW01a], we use
the source names EC, F , Doc, CD, and SD explained below. The user can change their
priorities by ordering them.

The collection algorithm consists of two steps: The collection of notation definitions
and their reorganization. In the first step the notation definitions are collected from the
input sources according to the order in SN . The respective input sources are treated as
follows:

• EC denotes the extensional context, which associates a list of notation definitions
or containers of notation definitions to every node of the input document. The
effective extensional context is computed according to the position of ω in the input
document. EC is used by authors to reference their individual notation context.

• F denotes an external notation document from which notation definitions are
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E(σ(n, c, b)) <om:OMS cdbase=”b” cd=”c” name=”n”/>

E(υ(n)) <om:OMV name=”n”/>

E(@(ϕ1, . . . , ϕn)) <om:OMA>E(ϕ1), . . . , E(ϕn)</om:OMA>

E(β(ϕ,Υ, ϕ′))

<om:OMBIND>
E(ϕ)
E(Υ)
E(ϕ′)

</om:OMBIND>

E(α(ϕ, s 7→ ϕ′))
<om:OMATTR>
<om:OMATP>E(s) E(ϕ′)</om:OMATP>
E(ϕ)

</om:OMATTR>

E(υ1, . . . , υn)
<om:OMBVAR>
E(υ1), . . . , E(υn)

</om:OMBVAR>

E(s) <expr name=”s” type=”symbol” />

E(v) <expr name=”v” type=”variable” />

E(o) <expr name=”o” />

E(l(ϕ))
<exprlist name=”l”>
E(ϕ)
</exprlist>

Figure 3: OpenMath Encoding of Patterns

collected. F can be used to overwrite the author’s extensional context declarations.

• Doc denotes the input document. As an alternative to EC, Doc permits authors
to embed notation definitions into the input document.

• CD denotes the content dictionaries of the symbols occurring in ω. These are
searched in the order in which the symbols occur in ω. Content dictionaries may
include or reference default notation definitions for their symbols.

• SD denotes the system default notation document, which typically occurs last in
SN as a fallback if no other notation definitions are given.

In the second step the obtained notation context Π is reorganized: All occurrences of
a pattern ϕ in notation definitions in Π are merged into a single notation definition
preserving the order of the (λ:ρ)p.

5.2 Discussion of Collection Strategies

In the following sections, we provide the algorithms for collecting notation definitions
from EC, F , Doc, CD and SD and illustrate the advantages and drawbacks of basing
the rendering on either one of the sources.

5.2.1 Illustrative Example

We base our illustration on the input document below, which includes several mathe-
matical concepts, such as complex number, number, real number, ordered pair, imaginary
unit, electric current as well as addition, multiplication, and exponentiation. In particular,
the document uses alternative notations to present the same mathematical objects: For
example, in the second sentence the symbol imaginary unit is rendered with i and j.
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In mathematics, a complex number is a number which can be formally defined as an
ordered pair of real numbers (a, b), often written: a+ bi where i2 = −1.

Please note that the usual notation for the imaginary unit is i. However, electrical engineers
will rather use j, not to confuse it with the notation for electric current I.

Below we provide the intended representation of the input document, in which we
use the abstract syntax of Section 3 to denote different mathematical (content) object ω.
For simplicity, we omit the cdbase and cd attributes of symbols. For example, σ(img)
represents the symbol imaginary unit and @(σ(power), σ(img), 2) is the content markup
for i2:

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers @(σ(opair), υ(a), υ(b)), often written:
@(σ(plus), υ(a),@(σ(times), υ(b), σ(img))) where
@(σ(equal),@(σ(power), σ(img), 2),@(σ(neg), 1)).

Please note that the usual notation for the imaginary unit is σ(img). However, electrical
engineers will rather use σ(img), not to confuse it with the notation for electric current
σ(current).

We exemplify the rendering process by focusing on three mathematical objects of this
input document, namely ordered pair, power, and imaginary unit.. For simplicity, we
denote a matching notation definition ntn for a symbol σ(name) as well as its application
@(σ(name), . . .) by ntnname. In the further course, we discuss the rendering of the chosen
object based on the collection of notation definitions from EC, F , Doc, CD, and SD.

5.2.2 Collection from SD

SD denotes the system defaults, which are a fallback if no other notation definitions are
given. For the course of this paper, the system defaults are not filtered for a particular
input object, but can be reused for any mathematical object ω. Please note that we
expect the rendering systems to implement a more intelligent collection from SD. System
defaults can be stored into system-internal representation formats as well as into the file
system (encapsulated into notation documents) or an appropriate database. We leave the
concrete storage to the rendering systems.

Figure 4 presents four system default notation definition, according to which all sym-
bols (ntnσ(name)) and variables (ntnυ(name)) are rendered with their name, while integers
(ntninteger) are rendered with their value. Moreover, all applications (ntnappl(a,b...)) are ren-
dered in a prefix-syntax a(b . . .), such as pair(a, b) for the application @(σ(opair), υ(a), υ(b)).

We apply the collection algorithm to the system defaults in the figure above and receive
Πω in return. For simplicity, we do not display context annotations and precedences.
Please note that the presented SD is only an simplified extract of the default notation
definitions.

1. We collect notation definitions from SD yielding Πω:
Πω = (ntnσ(name), ntnυ(name), ntninteger, ntnappl(a,b...))
Πω = ( ϕ1 ` name, ϕ2 ` name, ϕ3 ` value, ϕ4 ` a(b . . .) )

2. We reorganize Πω yielding Π′ω: Πω = ( ϕ1 ` name, ϕ2 ` name, ϕ3 ` value, ϕ4 ` a(b . . .) )
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Figure 4: Collecting Notation Definition from the System Defaults

Based on the matching algorithm of Section 3, a matching notation definition is
selected for each mathematical object. For simplicity, we omit the rendering context
and select the first available rendering ρ (in this case, only one rendering is available).
The concepts in the input document of Section 5.2.1 are presented as follows: For ex-
ample, the imaginary unit σ(img) is presented by its name img and the application
@(σ(power), σ(img), 2) is rendered to a prefix syntax (power(img, 2)).

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers pair(a, b), often written: plus(a, times(b, img)) where
equal(power(img, 2), neg(1)).

Please note that the usual notation for the imaginary unit is img. However, electrical
engineers will rather use img, not to confuse it with the notation for electric current current.

When looking at the resulting presentation of the input document, we can clearly
see that the rendering strongly diverges from the intended presentation in Section 5.2.1.
In particular, it is not possible to use user-specific notations or alternative notations for
the same mathematical object. Although, the system defaults allow for the rendering
of documents, they are only intended to be fallbacks if no other notation definitions are
provided.

5.2.3 Collecting from F

F denotes an external notation document from which we collect all notation def-
initions. Consequently, the resulting list of collected notations may be reused for any
mathematical object ω. Please note that we expect the rendering systems to implement
a more intelligent collection from an explicitly provided notation document.

We apply the collection algorithm to the notation document myntn in Figure 5 with
SN = (F, SD), using the system defaults of Section 5.2.2, and receive Πω in return. For
simplicity, we do not display context annotations and precedences.

1. We collect all notation definitions yielding Πω

1.1. We collect notation definitions from F yielding Πω:
Πω = (ntnimg, ntnopair) = ( ϕ1 ` i, j, ϕ2 ` [a, b], (a, b) )
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Figure 5: Collecting Notation Definition from an External File

1.2. We collect notation definitions from SD and append them to Πω:
Πω = (ntnimg, ntnopair, ntnσ(name), ntnυ(name), ntninteger, ntnappl(a,b...) )
Πω = ( ϕ1 ` i, j, ϕ2 ` [a, b], (a, b), ϕ3 ` name, ϕ4 ` name, ϕ5 ` value, ϕ6 ` a(b . . .) )

2. We reorganize Πω yielding Π′ω:
Π′ω = ( ϕ1 ` i, j, ϕ2 ` [a, b], (a, b), ϕ3 ` name, ϕ4 ` name, ϕ5 ` value, ϕ6 ` a(b . . .) )

Based on the matching algorithm of Section 3, a matching notation definition is se-
lected for each mathematical object. For simplicity, we omit the rendering context and
select the first available rendering ρ. Please note, that the notation context above in-
cludes several matching prototypes for a mathematical expression. For example, the
symbol σ(img) matches ϕ1 as well as the more general ϕ3. The pattern matcher selects
the first matching ϕ and neglects all others (in our case ϕ2). Consequently, the order
of the prototypes in Π influences the rendering result. We recommend to put special
prototypes in front of more general ones, using the latter as a fallback for less specific
mathematical expression. However, the concrete order of sources is up to the user.

Based on Πω above, the input document of Section 5.2.1 is presented as follows:

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers [a, b], often written: plus(a, times(b, i)) where equal(power(i, 2), neg(1)).

Please note that the usual notation for the imaginary unit is i. However, electrical
engineers will rather use i, not to confuse it with the notation for electric current
current.

Based on F , users can specify their individual notations but are not supported to choose
among alternative notations on granular document level. For example, the imaginary
unit is presented with i throughout the whole document. But authors want to use more
than one notation for the same symbol, e.g. to introduce new notations or to compare
to alternative ones. On the contrary, other users want to adapt documents on a gran-
ular level. Moreover, with the current approaches, users have to specify all notation
definition for their mathematical objects and cannot reuse or import them from other
sources, such as online content dictionaries (cf. Section 5.2.4). For example, the appli-
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cation @(σ(power), σ(img), 2) was rendered to power(img, 2) rather than the commonly
accepted notation i2.

5.2.4 Collection from CD

A Content Dictionary [NW01a] is a structured document, which includes a collection of
definitions for mathematical concepts. Optionally, it includes default notation definitions
for the symbols it defines or is associated with a complementary notation document. The
definitions provide the meaning of concepts, while the default notation definitions can be
used to present them.

CD denotes the content dictionaries of the symbols occurring in ω. These are
searched in the order in which the symbols occur in ω. This can be identified by evaluating
the symbols cdbase, cd, and name attributes.

Figure 6: Collecting Notation Definition from Content Dictionaries

Figure 6 associates the symbols σ(opair), σ(power), and σ(img) with their respective
definitions in the content dictionaries. The dashed arrows in the figure represent the
implicit references from the symbols in the input document to their notation definitions
in the content dictionaries by resolving their cdbase, cd, and name attributes.

We apply the collection algorithm with the input object ω2 = @(σ(power), σ(img), 2)
and SN = (F,CD, SD), using the myntn file from Section 5.2.3 and the SD from Sec-
tion 5.2.2, and receive Πω2 in return. For simplicity, we do not display context annotations
and precedences and omit the default specifications of SD.

1. We collect all notation definitions yielding Πω2

1.1. We collect notation definitions from F yielding Πω2 :
Πω2 = Πω = ( ntnimg, ntnopair ) = ( ϕ1 ` i, j, ϕ2 ` [a, b], (a, b) )
1.2. We collect notation definitions from CD and append them to Πω2 :
Πω2 = ( ntnimg, ntnopair, ntnpower, ntnimg ) = ( ϕ1 ` i, j, ϕ2 ` [a, b], (a, b), ϕ3 ` ab , ϕ1 ` i )

2. We reorganize Πω2 yielding Π′ω2
: Π′ω2

= ( ϕ1 ` i, j, i, ϕ2 ` [a, b], (a, b), ϕ3 ` ab )
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Constructing the Πωi
as described above allows to present the input document of

Section 5.2.1 as follows:

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers [a, b], often written: plus(a, times(b, i)) where equal(i2, neg(1)).

Please note that the usual notation for the imaginary unit is i. However, electrical
engineers will rather use i, not to confuse it with the notation for electric current
current.

The collection of notation definitions from content dictionaries, relieves users from
defining all notations on their own. For example, the CD default for the σ(power) symbol
was used to render i2 rather than power(i, 2). Users may use F to overwrite the CD. For
example, instead of rendering the ordered pair with the CD default (a, b), the notation
definition in F was used to render [a, b]. However, users are still not able to choose different
notations for the same symbol inside the document. Consequently, we analyse whether
the collection from the input document facilitates a more granular use and adaptation of
notations.

5.2.5 Collection from Doc

Doc denotes the input document. Authors may embed notation definitions into their
document to personalize a document with their own notation styles. These are searched
according to the position of a respective mathematical object in the document. In partic-
ular, we only consider notation definitions to the left of the mathematical object in the
document tree. Moreover, local notation definitions, which are closer to the object have
a higher precedence than more global ones (cf. Section 6.2).

Figure 7: Collecting Document-Internal Notation Definition

Figure 7 above displays the input document and its embedded notation definitions for
the symbol σ(img). When considering the position of the mathematical objects, we collect
different sets of notation definitions: For example, we collect one notation definition for
ω2 (cf. document in the middle), while we can find two notation definitions to the left of
ω3 (cf. document to the right).
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We apply the collection algorithm with the input object ω3 = σ(img) and SN =
(Doc, CD), using the SD from Section 5.2.2, and receive Πω3 in return. For simplicity, we
do not display context annotations and precedences and omit the default specifications of
SD.

1. We collect all notation definitions yielding Πω3

1.1. We collect notation definitions from Doc yielding Πω3 :
Πω3 = ( ntnimg, ntnimg ) = ( ϕ1 ` j, ϕ1 ` i )
(The order of the notation definition depends on their distance to the object. More local
ones are preferred .)

2. We reorganize Πω3 yielding Π′ω3
: Π′ω3

= ( ϕ1 ` j, i )

The input document of Section 5.2.1 is presented as follows:

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers [a, b], often written: plus(a, times(b, i)) where equal(i2, neg(1)).

Please note that the usual notation for the imaginary unit is i. However, electrical
engineers will rather use j, not to confuse it with the notation for electric current
current.

The collection of notation definitions from the input document allows user to specify
alternative notation on granular document level. However, the granularity depends on
the document format, that is the level of granularity on which notation definition can be
embedded inside the document. In the given input document, the author is using different
notations inside the same paragraph, which may not be support by all document formats.

Moreover, the embedding of notation definitions forces authors to take extreme care,
since they might overwrite their actually preferred notations. Moreover, when switching
back and forth between notations for the same symbol, authors have to insert several
copies of the respective notation definition and, based on the default selection, need to
modify the order of the renderings or even filter them. For example, in figure above
the ntnimg include only one rendering for the symbol σ(img) to present i or j, respec-
tively. This complicates the change and maintenance of notation definitions and causes
redundancy. Moreover, when adapting the document based on the user-specific notation
definitions in F , the author’s granular notations are overwritten, taking away his intention
and the meaning of the text.

5.2.6 Collection from EC

EC denotes the extensional context, which associate a list of notation definitions or
containers of notation definitions to every node of the input document. The effective
extensional context is computed according to the position of ω in the input document.
EC is used by authors to reference their individual notation context.

Figure 8 associates specific sections of the input document with notation definitions
or container of notation definition. The dashed arrows in the figure represent extensional
references: For example, the ec attribute of the document root doc references the notation
document “myntn”, which is interpreted as a container of notation definitions. Please
note that extensional references can point to notation documents in the file system as well
as respective database entries. We leave the concrete implementation to the rendering
system.
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Figure 8: Collecting Notation Definition via Extensional References

We apply the algorithm above with the input object ω3 and SN = (EC, SD), using the
Doc from Section 5.2.5, and receive Πω3 in return. For simplicity, we do not display context
annotations and precedences. For simplicity, we do not display context annotations and
precedences and omit the default specifications of SD.

1. We collect all notation definitions yielding Πω3

1.1 We collect notation definitions from EC
1.1.1 We compute the effective extensional context based on the position of ω3 in the input
document: ec(ω3) = (ntnimg,myntn)
1.1.2 We collect all notation definition based on the references in ec(ω3):
Πω3 = (ntnimg, ntnpower, ntnimg, ntnopair)
Πω3 = ( ϕ1 ` j, ϕ2 ` ab , ϕ1 ` i, ϕ3 ` [a, b] )

2. We reorganize Πω3 yielding Π′ω3

Πω3 = ( ϕ1 ` j, i, ϕ2 ` ab , ϕ3 ` [a, b] )

The input document of Section 5.2.1 is presented as follows:

In mathematics, a complex number is a number which can be formally defined as an ordered
pair of real numbers [a, b], often written: plus(a, times(b, i)) where equal(i2, neg(1)).

Please note that the usual notation for the imaginary unit is i. However, electrical
engineers will rather use j, not to confuse it with the notation for electric current
current.

EC facilitates a more controlled and more granular specification of notations. It
facilitates authors to use different notations inside their documents without inserting any
notation definitions. Consequently, they can reuse, extend, and maintain centrally stored
notation collections. However, based on the given approach, authors need to take extreme
care about which notation definition they reference and possibly need to modify the order
of the renderings or even filter them. Consequently, we need a mechanism that allows to
manage and reuse notation definitions without modifying their list of renderings.

Moreover, other users cannot change the extensional references without modifying the
input document. Consequently, they are restricted to overwriting the author’s granular
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specifications with their individual styles in F , which may reduce the understandabil-
ity of the document. Consequently, we need a mechanism that facilitates the granular
adaptation of documents without modifying the document itself and which prevents the
overwriting of meaningful notations.

To implement EC in arbitrary XML-based document formats, we propose an ec at-
tribute in a namespace for notation definitions, which may occur on any element. The
value of the ec attribute is a whitespace-separated list of URIs of either notation defini-
tions or any other document. The latter is interpreted as a container, from which notation
definitions are collected. The ec attribute is empty by default. When computing the ef-
fective extensional context of an element, the values of the ec attributes of itself and all
parents are concatenated, starting with the inner-most.

5.2.7 Summary/ Findings

In the previous sections, we discussed the specific algorithms for collecting notation def-
initions from EC, F , Doc, CD and SD and illustrated the advantages and drawbacks
of basing the rendering on either one of the sources. We conclude with the following
findings:

1. Authors can write documents which only include content markup and do not need
to provide any notation definitions. The notation definitions are then collected from
CD and SD.

2. The external document F permits authors to store their notation definitions cen-
trally, facilitating the maintenance of notational preferences. However, authors may
not specify alternative notations for the same symbol on granular document levels.

3. Authors may use the content dictionary defaults or overwrite them by providing F
or Doc.

4. Authors may embed notation definitions inside their documents. However, this
causes redundancy inside the document and complicates the maintenance of notation
definitions.

5. Users can overwrite the specification inside the document with F . However, that
can destroy the meaning of the text, since the granular notation contexts of the
authors are replaced by only one alternative declaration in F .

6. Collecting notation definitions from F or Doc has benefits and drawbacks. Since
users want to easily maintain and change notation definitions but also use alterna-
tive notations on granular document levels, we provide EC. This permits a more
controlled and more granular specification of notations.

6 Choosing Renderings Intensionally

The extensional notation context declarations do not support authors to select between
alternative renderings inside one notation definition. Consequently, if relying only on this
mechanism, authors have to take extreme care about which notation definition they refer-
ence or embed. Moreover, other users cannot change the granular extensional declarations
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in EC without modifying the input document. They can only overwrite the author’s gran-
ular specifications with their individual styles F , which may reduce the understandability
of the document.

Consequently, we need a more intelligent, context-sensitive selection of renderings,
which lets users guide the selection of alternative renderings. We use an intensional
rendering context Λ, which is matched against the context annotations in the notation
definitions. In the following, we discuss the collection of contextual information from
various sources and the construction of Λω for a concrete mathematical object ω.

6.1 Collecting Contextual Information

We represent contextual information by contextual key-value pairs, denoted by (ki =
vi). The key represents a context dimension, such as language, level of expertise, area of
application, or individual preference. The value represents a context value for a specific
context dimension. The algorithm for the context-sensitive selection takes as input an
object ω, a list L of elements of the form (λ : ρ)p, and a totally ordered set SC of source
names. We allow the names GC, CCF , IC, and MD. The algorithm returns a pair
(ρ, p).

The selection algorithm consists of two steps: The collection of contextual information
Λω and the selection of a rendering. In the first step Λω is computed by processing the
input sources in the order given by SC . The respective input sources are treated as follows:

• GC denotes the global context which provides contextual information during ren-
dering time and overwrites the author’s intensional context declarations. The re-
spective (ki = vi) can be collected from a user model or are explicitly entered. GC
typically occurs first in SC .

• CCF denotes the cascading context files, which permit the contextualization
analogous to cascading stylesheets[Cas99].

• IC denotes the intensional context, which associates a list of contextual key-
value pairs (ki = vi) to any node of the input document. These express the author’s
intensional context. For the implementation in XML formats, we use an ic attribute
similar to the ec attribute above, i.e., the effective intensional context depends on
the position of ω in the input document.

• MD denotes metadata, which typically occurs last in SC .

In the second step, the rendering context Λω is matched against the context annota-
tions in L. We select the pair (ρ, p) whose corresponding context annotation satisfies the
intensional declaration best.

6.2 Matching the Rendering Context

The matching algorithm takes as input

• a rendering context Λ, i.e. a list of contextual key-value pairs (ki = vi), and

• a list L, i.e. a list of elements of the form (λ : ρ)p. λ denotes a context annotation,
i.e. a list of key-value of the form (ki = vi), ρ denotes a rendering element, and p
denotes the precedence.
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In statistical terms, the renderings ρ denote objects and the context annotations λ
denote lists of characteristics-value pairs, whereas k denotes the characteristic and v
denotes a concrete value. Moreover, Λ denotes the characteristics-value pairs of an ideal
object ρ∗. These are matched against the λi of the given objects ρi to compute their
distance. The object with the smallest distance to ρ∗ is selected.

1. We build a data matrix based on Λ and L. We list all objects, their characteristics , and respective
values .
2. We build a distance matrix to compute the distance between the objects.
3. We select the object ρi with the smallest distance to the ideal object ρ∗.

In the following example, we select the best matching notation for the binomial coef-
ficient based on a concrete rendering context and a given L. For simplicity, we omit the
precedences. Please note, that the given contextual information is only exemplary and
not necessarily realistic.

L = [ (λ0 =
(
n
k

)
), (λ1 = Ck

n), (λ2 = Cn
k ) ]

λ0 = (lang = de, lang = it, level = easy), λ1 = (lang = fr, lang = gr, level = difficult), and
λ2 = (lang = rus, level = difficult)
Λ = (lang = de, lang = gr, level = easy)

Constructing a Data Matrix

Characteristic
Object

language level of expertise

? de, gr easy(
n
k

)
de, it easy

Ck
n fr, gr difficult

Cn
k rus difficult

Constructing a Distance Matrix

1. We create a distance matrix for each characteristics , whereas multiple occurence of a
characteristics in Λ are considered: Here we build Dlang1, Dlang2, and Dlevel

1.1. We need to create scales for the characteristics language and level of expertise, which are used to
associate a numeric value to the given values:
1.1.1 We use a nominal scale for nominal characteristics such as language:
if vik 6= vjk then f(vik) 6= f(vjk).
if vik = vjk then f(vik) = f(vjk).
1.1.2. We use an ordinal scale for ordinal characteristics such as level of expertise:
f(easy) = 1, f(intermediate) = 2, and f(difficult) = 3

1.2. We compute the distance index as follows:
1.2.1. The distance index for the nominal scale is computed:
dk(i, j) = {0 for f(vik)=f(vjk)

c for f(vik) 6=f(vjk)

1. 2.2. The distance index for the ordinal scale is computed:
dk(i, j) = |f(vik)− f(vjk)|

2. We weight each matrix according to the order in Λ. Here we associate the weights w(Dlang1) = 3,
w(Dlang2) = 2, and w(Dlevel) = 1
3. We compute an overall distance matrix D

We apply the algorithm above, to select the most preferred rendering ρ. We assume
c = 3.
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Dlang1

(
n
k

)
Ck
n Cn

k

ρ∗ 0 3 3(
n
k

)
/ 3 3

Ck
n / / 3

Cn
k / / /

Dlang2

(
n
k

)
Ck
n Cn

k

ρ∗ 3 0 3(
n
k

)
/ 3 3

Ck
n / / 3

Cn
k / / /

Dlevel

(
n
k

)
Ck
n Cn

k

ρ∗ 0 2 2(
n
k

)
/ 2 2

Ck
n / / 0

Cn
k / / /

D
(
n
k

)
Ck
n Cn

k

ρ∗ 6 11 17(
n
k

)
/ 17 17

Ck
n / / 15

Cn
k / / /

Consequently, we choose
(
n
k

)
since its is the closest object to the ideal object ρ∗. The

resulting distance index let us not only choose the most preferred rendering, but also
allow to compare notations in terms of their contextual distance. For example, Ck

n and
Cn
k (d = 15) are closer than Ck

n and
(
n
k

)
(d = 17).

6.3 Discussion of Context-Sensitive Selection Strategies

In the following sections, we provide the algorithms for the collection of contextual infor-
mation fromGC, CCF , IC andMD in detail and illustrate the advantages and drawbacks
of basing the rendering on either one of the sources.

6.3.1 Collecting from GC

GC denotes the global context which provides contextual information during rendering
time and overwrites the author’s intensional context declarations. The respective (ki = vi)
can be collected from a user model or are explicitly entered.

Figure 9: Selection of Renderings based on a Global Context

Figure 9 provides a global context for the given input document, which specifies the
language and course dimension of the document. We apply the selection algorithm with
the input object ω3, SC = (GC), and a list of context annotations and rendering pairs
based on the formerly created notation context Πω3 (cf. Section 5.2.6). For convenience,
we do not display the precedences.
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Given is the notation context Πω3 = ( ϕ1 ` j, i, ϕ2 ` ab , ϕ3 ` [a, b] ). Based on the matching
algorithm of Section 3, the matching prototype ϕ1 is selected. Consequently,
L = [ (λ0 = j), (λ1 = i) ] is provided.

1. We compute Λ by collecting contextual information from GC: Λω3 = (area = math)
2. We match the rendering context against the given context annotations,
λ0 = (area = physics) and λ1 = (area = maths), by applying the algorithm of section 6.2 (
c = 3). We compute the following distance measure: d0 = 3 and d1 = 1 for the distance
between ρ∗ to ρ0 and ρ1, respectively. Consequently, ρ1 = i is the best matching rendering.

The declaration of a global context provides a mechanism that allows a more intelligent
selection of renderings than the primitive selection of Section 5, in which we omitted the
rendering context and simply selected the first available rendering. Instead of changing
the extensionally defined set of preferred notation definitions, users can guide the notation
selection function via global attributions while reusing the extensional settings. However,
the use of a global context is limited in that it does not facilitate users to specify contexts
on arbitrary granular level. Moreover, users can overwrite the author’s granular speci-
fications and thereby destroy the meaning of the text. Consequently, we need a more
granular approach.

6.3.2 Collecting from MD

MD denotes metadata, which is document internal contextual information. Below we
propose how the Dublin Core metadata [Dub08] can be interpreted to guide the selection
of notations.

metadata Context
Dimen-
sion

Interpretation

dc:language language Select all German notation definitions.
dc:creator

dc:publisher

dc:contributor

individual
style

Select all notation definitions of the in-
dividuals style.

dc:format media Select all notation definitions for print
media rather than dynamic notations
for living documents.

dc:type type Select notation definitions for a specific
document type.

dc:date historical
period

Select between older or more modern
notation definitions: For instance, the
older use of lines for grouping, e.g.
3a+ b, versus the modern use of paren-
theses, e.g. 3(a+ b) (cf. [SW06b]).

dc:relation

dc:source

group pref-
erence

Select notation definitions from other
documents, e.g. the source document or
cited documents.

The effective intensional context based on metadata is computed according to the po-
sition of ω in the input document. In particular, local metadata have a greater precedence
than more global ones. Moreover, the order of the metadata tags defines their priority.

Figure 10 provides the given input document enriched by metadata: The document
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Figure 10: Selection of Renderings based on metadata

is described by the metadata tags language and creator. One of its subsections has an
additional metadata tag language. For the sake of this example, we modified the context
annotation of ntnimg. We generate the Λ from the metadata and apply the selection
algorithm with the input object ω3, SC = (MD), and a list of context annotations and
rendering pairs based on the formerly created notation context Πω3 (cf. Section 5.2.6).
For convenience, we do not display the precedences.

Given is the notation context Πω3 = ( ϕ1 ` j, i, ϕ2 ` ab , ϕ3 ` [a, b] ). Based on the matching
algorithm of Section 3, the matching prototype ϕ1 is selected. Consequently,
L = [ (λ0 = j), (λ1 = i) ] is provided.

1. We compute the intensional rendering context by collecting contextual information from
MD: Λω3 = (lang = en, lang = de, creator = mkohlhase)
2. We match the rendering context against the given context annotations, λ0 = (lang = en)
and λ1 = (lang = de), by applying the algorithm of section 6.2 (c = 3). We compute the
following distance measure: d0 = 9 and d1 = 12 for the distance between ρ∗ to ρ0 and ρ1,
respectively. Consequently, ρ0 = j is the best matching rendering for ω3.

Considering metadata is a more granular approach than the declaration of a global con-
text. However, metadata can not be associated to any node in the XML tree. Moreover,
the context dimension are limited based on the specification of the metadata format. The
metadata approach does not facilitate other users to select notations, since metadata is
document internal and, consequently, only set by the author. Moreover, we need a mech-
anism to translate metadata into our contextual key-value pairs in order to construct
Λ.

6.3.3 Collecting from IC

IC denotes the intensional context, which associates a list of contextual key-value
pairs (ki = vi) to any node of the input document. These express the author’s intensional
context. For the implementation in XML formats, we use an ic attribute similar to the
ec attribute above, i.e., the effective intensional context depends on the position of ω in
the input document.
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Figure 11: Selection of Renderings based on Intensional References

Figure 11 associates the input document with intensional context declarations. The
dashed arrows represent extensional references, the dashed-dotted arrows represent inten-
sional references, i.e., implicit relations between the ic attributes of the input document
and the context-annotations in the notation document. A global context is declared,
which specifies the language and course dimension of the document. We apply the selec-
tion algorithm with the input object ω3, SC = (GC, IC), and a list of context annotations
and rendering pairs based on the formerly created notation context Πω3 . For convenience,
we do not display precedences.

1. We compute the intensional rendering context
1.1. We collect contextual information from GC
Λω3 = (lang = en, course = GenCS)
1.2. We collect contextual information from IC an append them to Λω3

Λω3 = (lang = en, course = GenCS, area = physics, area = maths)

2. We match the rendering context against the given context annotations,
λ0 = (area = physics) and λ1 = (area = maths), by applying the algorithm of section 6.2 (
c = 3). We compute the following distance measure: d0 = 24 and d1 = 30 for the distance
between ρ∗ to ρ0 and ρ1, respectively. Consequently, ρ0 = j is the best matching rendering.

The ic attribute may be compared to the HTML style attribute [W3C02]. How-
ever, in contrast to the style attribute, we allow multiple values for a specific context
dimension. Moreover, we do not overwrite context declarations, but rather append the
more global specification to the local ones.

The ic attribute provides a mechanism that allows a more intelligent and granular
selection of renderings by associating an intensional context any node of the document.
Consequently, users do not need to modify or filter the rendering of their notation defini-
tions, but may point to their central notation collection and use the context-attributions
to select a specific rendering. However, the approach is limited in that it does not facil-
itate users to overwrite these document internal attributes on a granular level. For this
matter, we propose Cascading Context Files, which facilitate to overwrite the author’s
granular context declaration during rendering time.
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6.3.4 Collecting from CCF

CCF denotes the cascading context files, which permit the contextualization analo-
gously to cascading stylesheets. They can be used by users to contextualize the input
document on a granular document level without modifying the document itself.

According to CSS selectors, we introduce CCF selectors for attributing different con-
text specifications:

• Simple Selectors: Specify a context for a group of elements.

• Nested Selectors: Specify a context for a nested group of elements. Nested selectors
have a higher precedence than simple selectors.

• Class selectors: Contextualize an element via a class attribute. Class selectors
have a higher precedence than nested selectors.

• ID selectors: Contextualize an element via an id attribute. They have the highest
precedence.

Analogous to the style, we propose a context element to include context files into the
input document.

Below we provide an XML representation of the input document of Section 5.2.1.

<document id=”gencs”>
<definition>
<p>

In mathematics, a complex number is a number which can be formally defined as an ordered pair
of real numbers <math id=”mobj1”>@(σ(opair) < /math >, υ(a), υ(b))</math>, often written

: <math id=”mobj0”>@(σ(plus), υ(a),@(σ(times), υ(b), σ(img)))</math> where <math id=”
mobj2”>@(σ(equal),@(σ(power), σ(img), 2),@(σ(neg), 1))</math>.

</p>
<p>

Please note that the usual notation for the imaginary unit is <math id=”mobj4”>σ(img)</
math>. However, electrical engineers will rather use <math class=”phys” id=”mobj3”>σ(img)
</math>, not to confuse it with the notation for electric current <math id=”mobj5”>
σ(current)</math>.

</p>
</definition>

</document>

The CCF file below specifies the context of the document on a granular level:

document { /∗simple element selector∗/
lang:en;
}
#gencs { /∗id selector ∗/
course:GenCS;
area:math;
}
.physic { /∗class selector ∗/
area:physics
}
definition p { /∗nested element selector ∗/
}

We apply the selection algorithm with the input object ω3, SC = (CCF ), and a list of
context annotations and rendering pairs based on the formerly created notation context
Πω3 (cf. Section 5.2.6). For convenience, we do not display the precedences.
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Given is the notation context Πω3 = ( ϕ1 ` j, i, ϕ2 ` ab , ϕ3 ` [a, b] ). Based on the matching
algorithm of Section 3, the matching prototype ϕ1 is selected. Consequently,
L = [ (λ0 = j), (λ1 = i) ] is provided.

1. We compute Λ by collecting contextual information from CCF :
Λω3 = (area = physics, course = GenCS, area = math, lang = en)
2. We match the rendering context against the given context annotations,
λ0 = (area = physics) and λ1 = (area = maths), by applying the algorithm of section 6.2 (
c = 3). We compute the following distance measure: d0 = 18 and d1 = 24 for the distance
between ρ∗ to ρ0 and ρ1, respectively. Consequently, ρ0 = j is the best matching rendering.

CCF facilitate the declaration of intensional contexts on arbitrary granular level. How-
ever, in some cases users should be prevented to overwrite the author’s declaration. More-
over, when using CCF we need to provide a respective parsing and translating of the
encoded contextual information into our key-value pairs in order to construct Λ.

6.3.5 Summary/ Findings

In the previous sections, we illustrate and evaluate the collection of contextual information
from GC, CCF , IC and MD in detail. We conclude with the following findings:

1. The declaration of a global context provides a more intelligent intensional selection
between alternative (λ : ρ)p triples inside one notation definition: The globally
defined (ki = vi) are matched against the context-annotations λ to select an ap-
propriate rendering ρ. However, the approach does not let users specify intensional
contexts on granular levels.

2. Considering metadata is a more granular approach than the global context declara-
tion. However, metadata may not be associated to any node in the input document
and cannot be overwritten without modifying the input document. Moreover, the
available context dimensions and values are limited by the respective metadata for-
mat.

3. The intensional context supports a granular selection of renderings by associating
an intensional context to any node of the input document. However, the intensional
references cannot be overwritten on granular document levels.

4. Cascading Context Files permit a granular overwriting of contexts.

7 Open Questions

7.1 Write Protection

In some cases, users should be prevented to overwrite the author’s declaration, i.e. the ex-
tensional specification of the set of available notation definitions as well as the intensional
context declarations. One could argue that write protection is rather the responsibility of
the authoring environment and viewer. However, we claim that it needs to be encoded
into the document itself in order to preserve the access rights of the document during its
exchange between users and systems.

We see the following approaches for introducing a write protection onto documents:
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1. The ec and ic attributes are interpreted as a write protection: That is, the notation
definitions referenced by the ec and the intensional context declaration of the ic

attribute can not be overwritten by the users via a separate notation document
F or context declaration (GB or CCF ). This may be enforced via the order of
the sources in SN and SC , respectively. However, these static settings reduce the
flexibility and adaptability of a document. Moreover, users are now restricted in
influencing the order of sources in SN and SC .

2. We introduce two attributes lec and lic to explicitly lock the extensional and in-
tensional declaration inside the input document. lec and lic are applied according
to ec and ic, only that they have the highest precedence of all sources, i.e. they are
inserted at the beginning of SN and SC . Moreover, we introduce a blec and blic

attribute that allows authors to block declarations that they want to prohibit.

3. We introduce a lock attribute to lock the document-internal specifications, namely
the ec, ic, metadata and the document itself. By setting the value of lock to true,
the author prevents the overwriting of his settings. If lock is not set, it defaults to
false, meaning the author does not enforce a write protection.

Protecting notations is appropriate in some scenarios but critical in others. We recom-
mend to use it to protect the comparison between notations as well as for the introduction
of new notations. However, the more notations the author locks, the more of its individual
style he enforces on the reader. Consequently, the flexibility and adaptability of his docu-
ment decreases. Moreover, if only parts of the document are write protected and the user
overwrites all other settings, the consistency may no longer be assured. Consequently,
the write protection complicates the adaptability of documents and should be handled
with care. We see this responsibly in the author or the respective rendering system (cf.
Section 8).

7.2 Notation Management

We believe that notation definitions are connected to the narrative structure of a doc-
ument. Consequently, we propose a mechanism to encapsulate and structure notation
definitions that can be referenced from inside the narrative structure of a document, i.e.
via EC references (cf. Section 5.2.6).

We propose to use a notation container, which encapsulates one or more notation
definitions or references to notation definitions. A notation container may import other
notation containers via its import interface. Moreover, context annotations can be asso-
ciated to the notation container in addition to the context annotation inside the notation
definitions.

To implement the notation container in arbitrary XML-based document formats, we
propose a notations element [W3C07], which encapsulates notation definitions (imple-
mented by a notation elements) and references to notation definitions (represented by
an xinclude[DMOT01] or ref [Koh06] element). Moreover, the container may include
zero or many import elements, which import other notation containers. Please note, that
we are using an import rather than an xinclude element, since, during the xinclude

contraction, the latter are substituted by the elements they reference. In contrast, the
import element is substituted by the list of notation definitions, which are encapsulated
by the respective notation container referenced.
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We use a context attribute to associate context annotations to the container as well as
the rendering elements of the notation definitions. The context attribute of the notation
container is implicitly inherited by the descendant elements, i.e. by the encapsulated, ref-
erenced, and imported notation definitions and may be extended by the context attribute
inside these notation definitions. When computing the effective extensional context of a
rendering element, the values of the context attributes of itself and the container are
concatenated. In constrast to the ec and ic, the order of the contextual key-value part
in the effective context annotation is irrelevant.

In alternative to the context attributes, class and id attributes may be used to
outsource the context annotations into a separate cascading context file (CCF) (cf. Sec-
tion 6.3.4).

Figure 12: Managing Notation Definition via notation containers

Figure 12 associates the input document of Section 5.2.1 with a notation container
myntn via an ec attribute. myntn imports the notation container setnames1 and refer-
ences the notation definition ntnbk. The attached context annotations are implicitly inher-
ited by the descendants: For example, the effective context annotation for

(
a
b

)
is resolved

to λ = (lang = de, expertise = novice). The context annotation of the container bk1
was not preserved. Instead, the referenced notation definition ntnbk was placed into the
context of the container myntn. However, the context annotation of ntnnatural is preserved
during the import of the container setnames1. Consequently, the effective context annota-
tion of N0 is λ = (area = numberTheory, expertise = intermediate, expertise = novice).

So far we proposed an approach to structure and encapsulate notation definitions
into different contexts. However, the suggested infrastructure needs to be supported by
respective tools that facilitate the reuse, adaptation, extension, and categorization of
notation definitions (cf. Section 8).

7.3 Consistency

The flexible adaptation of notations can destroy the meaning of documents, in particular,
if we use the same notation to denote different mathematical concepts.

To ensure a consistent use of notations when e.g. merging material from a collaborate
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content collection, we are applying the recent work on change management for semi-
structure documents [Mül08b, MW07, loc07].

7.4 Flexible Elisions

By flexible elision, we mean the dynamic change of visibility of parts in a rendered docu-
ments at viewing time (as opposed to rendering time). We will describe this now in more
detail. The following is an adapted version of the flexible elision system we introduced in
[KLR07].

There are several situations in which it is desirable to display only some parts of the
presentation:

• Brackets that are redundant due to operator precedences can be omitted.

• Arguments that are strictly necessary are omitted to simplify the notation, and the
reader is trusted to fill them in from the context.

• Arguments are omitted because they have default values. For example log10 x is
often written as log x.

• Arguments whose values can be inferred from the other arguments are usually omit-
ted. For example, matrix multiplication formally takes five arguments, namely the
dimensions of the multiplied matrices and the matrices themselves, but usually only
the latter two are displayed.

• Type annotations of bound variables are if the types can be inferred from the ex-
pression.

Typically, these elisions are confusing for readers who are getting acquainted with
a topic, but become more and more helpful as the reader advances. For experienced
readers more is elided to focus on relevant material, for beginners representations are
more explicit. In the process of writing a mathematical document for traditional (print)
media, an author has to decide on the intended audience and design the level of elision
(which need not be constant throughout the document though). With electronic media we
have new possibilities: We can make elisions flexible. The author still chooses the elision
level for the initial presentation, but the reader can adapt it to her level of competence
and comfort, making details more or less explicit.

To provide this functionality, we give the rendering items for XML elements, matched
objects, and matched lists, two additional arguments: the elision group and the elision
level. For simplicity, we do not add this to the formal syntax of our language. Rather,
we only add it in the XML encoding by means of the two attributes egroup and elevel.

Syntactically, the elision group is any string, and the elision level is any integer in-
cluding positive and negative infinity (i.e., it has the same type as input and output
precedences).

Semantically, if the rendering produces XML, the elision group and level attributes
are carried over to the output. Furthermore, we add to the end of Step 3 in the algorithm
at the beginning of Sect. 3 the following sentence: If pj ≤ p and the brackets are rendered
as XML, the output is enclosed in brackets as well, but attributes egroup="bracket" and
elevel="p − pj" are added. Here, we put ∞−∞ = 0. If the rendering produces text,
all tokens with elidability level above 0 are deleted.
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In the case of XML output, the application displaying the document can decide on
the visibility of the elidable elements depending on user-provided thresholds or default
values. The elision attributes restrict the application’s choice of visibility of an element
by the following restrictions:

1. If an element has invisible parents, it must be invisible.

2. Otherwise, if an element has no elidability level or an elidability level below or equal
0, it must be visible.

3. Otherwise, elements with positive elidability level may be visible or invisible. If
such an element is invisible all elements of the same elidability group and higher or
equal elidability level must be invisible, too.

Thus, the application should pick for every elidability group one positive integer or
positive infinity as the elision threshold. Then it should make all elements whose elidability
levels are above the threshold invisible (including their children elements).

Elision can take various forms in print and digital media. In static media like tradi-
tional print on paper or the PostScript format, we have to fix the elision level, and decide
at rendering time which elidable tokens will be printed and which will not.

In an output format that is capable of interactively changing its appearance, e.g.
dynamic XHTML+MathML (i.e. XHTML with embedded Presentation MathML for-
mulas, which can be manipulated via JavaScript in browsers), an application can obtain
the elision thresholds dynamically from user interaction.

Figure 13: Flexible Elision of Brackets in XHTML
We have implemented a prototypical flexible elision scheme for dynamic XHTML, by

generating tokens for all elidable parts, wrapping them in span elements and movingthe
XML attributes egroupnd elevelo these elements.

7.5 Adaptation of OMDoc Documents

Content dictionaries are available in different document formats, e.g. OpenMath, Content-
MathML, and OMDoc. In contrast to the first two formats, OMDoc content dictio-
naries are more complex and interrelated: They are represented by mathematical theories,
which include subtheories and import other theories. The CD format imposes different
requirements onto the input document: For example, when inserting OpenMath expres-
sions in arbitrary XML documents (any format that supports OpenMath but OMDoc)
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the base, name, and cdbase attributes of the included symbols are used to identify the re-
spective OpenMath content dictionary and the respective symbol-definition. We propose
to collect all notation definitions inside the referenced CD that apply to these symbols. In
contrast, OMDoc input documents need to place mathematical objects inside theories,
which need to import all required symbols from the OMDoc content dictionaries. The
theories inside the OMDoc input documents are the author’s private content dictionar-
ies, including his individual notation definition defaults. They can import other theories
inside the input document or point to external content dictionaries (either in the author’s
private collection or any other accessible CD collection). Consequently, when collecting
notation definitions along the theory graph [] of OMDoc documents, we do not distinguish
default notation definitions from public CDs or private collection.

Figure 14: Collecting Notation Definition from OMDoc Content Dictionaries

Figure 6 associates the symbols σ(opair), σ(power), and σ(img) with their respective
definitions in the content dictionaries. The dashed arrows in the figure represent the
imports of their theory. Please note that we cannot filter the collected notation definitions
based on the given symbols since the imports only point to a specific content dictionary
and we are not resolving the symbol’s , , and attributes. . Consequently, the collected
notation definitions can apply to any mathematical object ω inside the same theory.

We apply the collection algorithm with the input object ω2 and SN = (CD), using the
myntn file from Section 5.2.3 and receive Πω2 in return. For simplicity, we do not display
context annotations and precedences and omit the reorganizing of the notation context.

1. We collect all notation definitions from CD yielding Πω2 :
Πω2 = ( ntnnumbers, ntnreal, ntnnatural, ntnopair, ntnlist1, ntnimg, ntnpower, ntnplus )
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The algorithm transitively browses all imports. Optionally, the search level could be
limited to quit after scanning a certain number of import levels. We apply a depth first
search.

So far, the OMDoc format does not advance the rendering. However, OMDoc
supports the specification of theory morphisms during the theory import. These theory
morphism could be resolved during the notation collection [RK08]. Moroever, since nota-
tion definitions are collected on theory level rather than for each mathematical object, we
can reuse the collected notation definitions for all mathematical objects inside the same
theory. We expect that the collection will be more efficient and are going to evaluate
in the future. Moreover, we leave it to the user as well as concrete rendering system to
choose whether the input document is treated as arbitrary XML document or OMDoc
document.

8 Implementation

To substantiate our approach, we have developed several prototypical implementations of
all aspects of the rendering pipeline. However, these implementations do not yet cover
the complete presentation pipeline but rather need to be developed further. This sec-
tions introduces the current state as well as the further implementation roadmap of the
prototypes.

8.1 mmlkit — Implementing the Presentation Pipeline

The proposed presentation pipeline has been implemented in the math markup language
toolkit (mmlkit) [MMK08], which is a toolkit for adapting XML documents, particularly,
with respect to mathematical notations. As displayed in Figure 15, mmlkit consists of
three Java libraries, namely the collector, rndgrab, mmlproc. Moreover it provides a
command-line client as well as an Interface for PHP applications.

Figure 15: mmlkit and its components
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client [MM08] mmlkit provides a commandline client as well as an interface for PHP.
It provides:

1. The XSLT [Kay06] transformation of XML documents based on explicitly
provided XSLT stylesheets.

2. The collection of MathML3 notation definitions from XML documents (using
the collector library).

3. The conversion of an XML document’s Content-MathML and OpenMath
expressions into Presentation-MathML expressions (using the mmlproc li-
brary).

collector The collector library implements the collection of notation definition (cf.
Section 5.1). It takes as input a mathematical object, arbitrary many external
XML files, and an ordered list of source names. It collects all MathML3 notation

definitions as given below, and returns the list of collected notation definitions.
It provides:

1. The collection of notation definitions from an XML document (cf. Sec-
tion 5.2.3).

2. The collection of notation definitions from Content Dictionaries by resolv-
ing the symbol’s references for a given mathematical object (cf. Section 5.2.4).

3. The collection of notation definitions from an XML document in depen-
dence of the position of the mathematical object (cf. Section 5.2.5).

4. The collection of notation definitions by resolving the values of the ec at-
tributes in the XML document of the mathematical object (cf. Section 5.2.6).

Please note, that the collector currently only supports the collection from docu-
ment that are explicitly provided. Consequently, any implicit references of symbols
to content dictionaries as well as any values of ec attributes that point to unknown
targets are not supported.

mmlproc The math markup language processor library undertakes the transformation
of Content-MathML and OpenMath expressions into Presentation-MathML ex-
pressions. It provides:

1. The reorganization of a given notation context, i.e. the list of collected notation
definitions (cf. Section 5).

2. A pattern matcher, which takes as input the reorganized notation context and
a mathematical object and returns a list of elements of the form (λ : ρ)p.

3. A renderer which transforms the mathematical object into Presentation-MathML.
It takes as input the return value of the pattern matcher and calls the rndgrab

library to select the most appropriate rendering from the list.

rndgrab The rendering grabber (rndgrab) library implements the intensional selection
of renderings (cf. Section 6). It takes as input a mathematical object, a list of
elements of the form (λ : ρ)p, a totally ordered set of source names, and optionally
a global context or cascading context file. It returns the most appropriate rendering.
In particular, rndgrab provides:
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1. The computation of the rendering context based on:

(a) A global intensional context (cf. Section 6.3.1).

(b) The metadata inside the given XML document (cf. Section 6.3.2).

(c) The context declaration via the ic attribute (cf. Section 6.3.3).

(d) The declaration inside a Cascading Context File (cf. Section 6.3.3).

2. The matching of rendering context and context annotations to identify the
most appropriate rendering (cf. Section 6.2).

mdiff The model-based diff (mdiff) [mdp08] is used to compare document fragments,
in particular, notation definitions based on user-defined equality relations. In
particular, when reorganizing notation contexts, the mmlproc library currently only
applies simple string comparisons for prototype identification. However, semanti-
cally enriched equality functions facilitate identification of OpenMath prototypes
with their Content-MathML counterparts, resulting in re-usage of respective ren-
derings.

Current State In its current version, mmlkit does not provide an intelligent rendering
grabber and collector. The toolkit provides the collection of notation definitions from
XML documents, the transformation of content expression into Presentation-MathML
(including substitution as well as parallel rendering), as well as the command line client
as describe above. We are currently in the progress of developing the missing components
and plan a further release by end of June.

8.2 panta rhei — An Interactive and Collaborative Viewer

panta rhei [pan08c] is an interactive and collaborative viewer for mathematical content,
which integrates information from arbitrary sources while at the same time facilitating
readers to challenge, discuss, and rate the presented information. The system takes the
social context of the available information into account in order to make predictions on the
relevance of information as well as the users’ preferred content, structure, and appearance.
panta rhei suits as a proof-of-concept prototype to evaluate our theoretic findings in this
paper. Consequently, the system integrates mmlkit to adapt mathematical documents
with respect to mathematical notations.

Architecture Figure 16 presents the proposed architecture for the next release of panta
rhei.

Panta rhei uses a content interface to combine arbitrary content collections, such as
a problem pool stored in a MySQL DB, course material from an OMDoc [Koh06] or
CNXML [HG07] repository, and available content of the WWW. A context module is
integrated to adapt the selection, structuring, and layout of the presented content as
well as to define different views based on predictions on the user’s preferences. The
core of panta rhei consists of three further modules, namely a utility module, a content
module and a community module. The content module includes various containers, such as
slides, exams, homework, and quiz, which encapsulate fragments of the content collections,
such as course snippets and problems. Each container consists of a model, which in
interplay with the context module selects, structures, and adapts the presented content
via the content interface, and a view, which displays the adapted content. The community
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Figure 16: The Architecture of panta rhei

module integrates different discussion modules, such as a forum or chat, which link to the
presented content. Moreover, it comprises community services such as a social search,
social tagging or bookmarking.

Figure 17: The Presentation Workflow in panta rhei

Figure 17 presents the presentation workflow of panta rhei for adapting a quiz. The
controller controls the view and model components. For example, if the user clicks on a
link to a specific quiz, the controller prompts the quiz model to retrieve the respective con-
tent. The quiz model prompts the context module to provide the user-specific preference
with respect to content, structure, and presentation. It passes the contextual information
to the content interface, which provides an abstraction on the actual content collection.
The content interface first selects the preferred content form a source, e.g. a problem pool
and structures the retrieved content according to the user’s preferences. It then prompts
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mmlkit to adapt the content and provides the required preference parameters, such as an
extensional notation document, cascading context file, a global context, and an ordered list
of source names for the collection and selection processes. mmlkit converts the document
and returns it to the content interface. The quiz document is passed to the quiz model
and further to the controller, which prompts the quiz view to display the quiz. Before dis-
playing the content, the quiz view prompts the context module for the layout preferences
of the user.

Case Studies As of August 2007, panta rhei is used for the General Computer Science
(GenCS) lecture at Jacobs University [pan08b, Mül]. In this case study, panta rhei pro-
motes the learning experience of students by supporting them to challenge and discuss
the course material and homework online. The figures below provide screenshots of an
assignment of the GenCS course as well as the creation of a new forum post (which is
linked to the assignment).

Currently, the system enables the browsing of course material, the posting of questions
with reference to course material as well as rating and search of forum and course entries.
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Based on the users rating and postings, the system explicates the relevance of document
fragments or “object of interest”.

We are currently developing a further educational release of panta rhei, which is used
to set up a CS pre-course at the Jacobs University [pan08a]. It will be based on the new
architecture above and integrate mmlkit. The figure below presents a screenshot of the
quiz module:

Further case studies we are considering are the deployment of panta rhei for the further
development and discussion of the OMDoc specification as well as the integration with
ConneXions [CNX07].

8.3 SWiM – A Semantic Wiki to edit Notation Definitions

SWiM [Lan08b] is a semantic wiki for collaboratively building, editing and browsing a
mathematical knowledge base. It is based on the general-purpose semantic wiki IkeWiki [Sch06]
and enhances it by support for OMDoc, OpenMath, and MathML. Our long-term ob-
jective is to develop a software that facilitates the creation of a shared, public collection
of mathematical knowledge and serves work groups of mathematicians as a tool for col-
laborative development of new mathematical theories.

Semantic Wikis A wiki [LC01] is a web server application that allows users to browse,
create, and edit hyperlinked pages in a web browser. A semantic wiki uses semantic
web technologies for knowledge representation [VSD06]. Most commonly that means that
pages and links are typed with terms from ontologies, but other approaches to adding
semantics to wikis exist as well [BGE+08]. From these type annotations, an RDF [LS99]
graph is extracted where every nodes corresponds to one wiki page. In combination with
the background knowledge in the ontologies additional knowledge can be inferred from
the RDF graph of explicit knowledge. This additional knowledge can then be supplied
to external services, or it can be used inside the wiki to improve navigation, search, or
authoring.

Knowledge Representation One page in SWiM represents one mathematical theory
or statement (such as a symbol declaration, definition, axiom, theorem, proof, or example)
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Figure 18: A content dictionary in SWiM

in the case of OMDoc, and a content dictionary, a symbol declaration, a formal or an
informal property of a symbol, or an example in the case of OpenMath – or it represents
one notation definition [Lan08b, Lan08a]. Small pages like this are advisable in the
collaborative setting of a wiki, as they reduce the potential of editing conflicts. With
small pages, page-level annotation as SWiM uses it is at its most impressive in terms
of easy-to-use authoring, navigation, and search from a user’s point of view, and easy
maintenance within the system.

All symbols to be used in formulae on a SWiM site, as well as their notation definitions,
are assumed to be defined in the wiki itself. SWiM allows for importing and exporting
OMDoc and OpenMath documents from and to the local file system or a Subversion
repository. Usually such a file contains a whole theory or content dictionary. Therefore,
SWiM splits imported documents into subparts as listed above, every part being stored
on its own wiki page. The containment relations are preserved as XLinks [DMOT01],
which are traversed on export again. The XLinks are also resolved when a document
is rendered, so that a whole content dictionary or theory can conveniently be viewed at
once.

A Document Ontology An ontology had to be developed to allow for making RDF
statements about resources in content dictionaries or theories, and an automated ex-
traction of RDF statements from the mathematical markup had to be developed. The
OpenMath document ontology models classes and properties for all structural entities
found in OpenMath’s content dictionary groups, content dictionaries, type signatures,
and notation definitions in OWL-DL [MvH04] in accordance with the specification of
OpenMath [BCC+04, chap. 4]. For the theory and statement level of OMDoc this was
done similarly. Properties from common ontologies like Dublin Core were reused as ap-
propriate. The inner structures of formulae (also known as “OpenMath objects”) were
not modeled [Lan08a]. There is, however, a property that states that a formal definition
or an example uses a symbol – which is contained in some OpenMath object inside the
formal definition or example in the OpenMath case – and points to the definition of that
symbol in some content dictionary. This is not only useful for determining dependencies
among content dictionaries (What other content dictionaries do I need to load in order
to get a self-contained collection?), but also for rendering formulae according to notation
definitions (see sect. ??). This has first been investigated for OpenMath documents in
SWiM but will later also be supported for OMDoc documents.

Whenever a wiki page is stored in SWiM, i. e. whenever it is saved in the editor or
imported, an RDF representation in terms of the document ontology is extracted from
the markup. Consider the following content dictionary:

<CD xml:id=”sample”>
<CDName>sample</CDName>
<CDDate>2008−03−05</CDDate>
<CDStatus>private</CDStatus>
<Description>A sample CD</Description>
<CDDefinition xlink:type=”simple”
xlink :href=”url/of/cddefinition” xlink :show=”embed”/></CD>

From this, the following RDF would be extracted (in Turtle syntax [Bec07]), where
omo is the prefix of the OpenMath document ontology namespace:

<#sample>
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Figure 19: Editing OpenMath in SWiM

rdf :type omo:ContentDictionary ;
dc: identifier ”sample” ;
dc:date 2008−03−05 ;
omo:status ”private” ;
dc:description ”A sample CD” ;
omo:containsSymbolDefinition <url/of/cddefinition> .

IkeWiki currently utilizes the RDF graph in order to generate a list of incoming
and outgoing links for the current page, grouped by property (shown on the right side
in fig. 18), to feed a graphical RDF browser, to preselect properties of pages and links
an author would probably want to annotate, and it supports embedding arbitrary inline
queries in the SPARQL query language [PS08] into pages.

Authoring SWiM supports editing semantic markup, including notation definitions,
in a semi-WYSIWYG way. Plain text can be edited and styled visually (but styles are
lost on export), for OpenMath objects there is a simple linear ASCII syntax, and other
XML structures are made accessible as special HTML tables (see fig. 19).

Use Case In the course of opening up new mathematical areas, definitions of new
symbols and their axiomatization are not fixed initially but subject to continuous evolution
and refactoring. Similarly the notation of a symbol can evolve in the course of time, or
additional notation definitions could be provided. The current version 0.2 of SWiM
supports one notation definition per symbol, or takes the first one it can find if there are
multiple ones, but it supports changes to this notation definition. Changes are instantly
reflected in the places where the respective notation definition is used to present a symbol.
That means that whenever the notation of a symbol σ has changed, all the presentation
markup generated from formulae containing σ has to be invalidated and re-rendered upon
the next request. In a single-author environment this frees the author from recompiling
all the affected presentation markup and gives instant visual feedback about whether the
new notation works, and in a collaborative environment it relieves other authors from
worrying whether they are looking at an up-to-date presentation of a document.

Defining Notations and (Re-)Rendering Formulae SWiM employs the mml-
proc rendering library of mmlkit (cf. section [?]) for rendering OpenMath objects to
Presentation-MathML, which can be viewed in recent versions of the Firefox or Opera
browsers. Whenever a wiki page containing notation definitions is saved or imported, the
notation definitions are put into a cache read by mmlproc. To symbols without a notation
definition, mmlproc applies a default rendering (cf. section [?]).

If a notation definition has been added, deleted, or changed, the affected documents
have to be re-rendered. In order to do this properly, SWiM has to

1. identify changes to notation definitions

2. identify documents affected by a change

(1) is done by computing an XML diff between the cached and the newly inserted version
of a notation definition. (2) is done by querying the RDF graph for all formal properties
and examples using the symbol rendered by the respective notation definition, as shown
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in fig. 20 and 21. Not only the wiki pages holding these formal properties and examples
have to be re-rendered, but also those pages (symbol definitions and content dictionaries)
that directly or indirectly include these fragments.

1 SELECT DISTINCT ?page WHERE {
2 <changed−ntn−def> omo:rendersSymbol ?sym .
3 { ?page omo:usesSymbol ?sym } UNION
4 { ?exOrFMP omo:usesSymbol ?sym .
5 { ?page omo:contains ?exOrFMP } UNION
6 { ?page omo:contains ?symDef .
7 ?symDef omo:contains ?exOrFMP } } }

Figure 20: SPARQL query determining the effect of changing a notation definition; see
fig. 21 for a graphical representation.

Future Work So far, SWiM assumes that there is at most one notation definition per
symbol. The mmlproc renderer supports callbacks to a custom rendering grabber that
selects the most appropriate out of a set of multiple possible renderings for a symbol
(cf. section 8.1). A default implementation of a rendering grabber that considers the
intensional context of a formula (cf. section 6.3.3) is provided with the rndgrab library
and could easily be enabled in SWiM. In future, it is planned to provide a user interface
inside SWiM that lets the user select his preferred rendering for every symbol and then
implement a custom rendering grabber that takes these user preferences into account.

A visual editor for formul will be provided as well. Available editors will be evaluated
w. r. t. their extensibility by new symbols and notation definitions. Ideally, the tool palette
of a visual formula editor would be supplied dynamically with all known instances of the
SymbolDefinition class of the OpenMath document ontology, i. e. all symbols known to
the system.

9 Conclusion & Outlook

We introduced a representational infrastructure for notations in living mathematical doc-
uments. We provided a flexible declarative specification language for notation definitions
and gave a rendering algorithm. We described how authors and users can extensionally
extend the set of available notation definitions on granular document levels, and how they

notDef sym

fmpfmpfmp

exexex

symDefsymDefsymDef cdcdcd

renders-
Symbol (2)

usesSymbol (3,4)

usesSymbol (3,4)

contains (5,7)

contains (5,7)

contains (6)

Figure 21: Finding pages (depicted as stacks of nodes) affected by changes to a notation
definition. Numbers refer to lines of listing 20. Note that both sym and the symDef s are
instances of the class SymbolDefinition.
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can guide the notation selection via intensional context declarations. Moreover, we dis-
cussed different approaches for collecting notation definitions and contextual information.
To substantiate our approach, we have developed several prototypical implementations of
all aspects of the rendering pipeline.

We will invest further work into our implementations as well as the evaluation of our
approach.

Acknowledgment

Our special thanks go to Dimitar Misev for the further development to mmlkit as well as
Andrei Aiordachioaie and Alen Stojanov for their contribution to panta rhei. Moreover,
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