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Abstract. Ev en though it is not v ery often admitted, partial functions

do pla y a signi�can t role in man y practical applications of deduction sys-

tems. Kleene has already giv en a seman tic accoun t of partial functions

using a three-v alued logic decades ago. This approac h allo ws rejecting

certain un w an ted form ulae as fault y , whic h the simpler t w o-v alued ones

accept. W e ha v e dev elop ed resolution and tableau calculi for automated

theorem pro ving that tak e the restrictions of the three-v alued logic in to

accoun t, whic h ho w ev er ha v e the sev ere dra wbac k that existing theo-

rem pro v ers cannot directly b e adapted to the tec hnique. Ev en recen tly

implemen ted calculi for man y-v alued logics are not w ell-suited, since in

those the quan ti�cation do es not exclude the unde�ned elemen t. In this

w ork w e sho w, that it is p ossible to enhance a t w o-v alued theorem pro v er

b y a simple strategy so that it can b e used to generate pro ofs for the the-

orems of the three-v alued setting. By this w e are able to use an existing

theorem pro v er for a large fragmen t of the language.

1 In tro duction

Man y practical applications of deduction systems in mathematics, philosophical

logic and computer science rely on the correct and e�cien t treatmen t of par-

tialit y . F or instance, in order to describ e formally the seman tics of computer

programs, the logic has to b e able to mo del that real programs ma y crash (i.e,

are only partial functions from inputs to outputs). F or example, one w ould lik e to

distinguish the fault y t yp e description of the tail function \ l : list ) tail ( l ): list "

from the correct one \ l : list l 6= [ ] ) tail ( l ): list ". Suc h di�erences can b e made

formal in the VDM language (see for instance [Jon90 , p.68�] or [BFL*94 , p.3]).

Unfortunately up to no w there is no e�cien t mec hanisation of reasoning with

partialit y in VDM.

There are di�eren t approac hes { ranging from w ork arounds for concrete situ-

ations to a prop er general treatmen t { to mo del partialit y . F or an o v erview

i

, w e

i

F or a more detailed discussion of the di�eren t approac hes compare [F ar90 ].



will in tro duce the main approac hes and exemplify their adv an tages and disad-

v an tages b y some trivial examples from arithmetic. W e ha v e c hosen this domain

for its clarit y , ev en though for mathematics a logical treatmen t of partialit y

migh t successfully b e replaced b y a w ork around.

W e will recall the four main options of treating partialit y and then adv o cate

the fourth one. In the �rst approac h, unde�ned expressions lik e 1 = 0 are syn tac-

tically excluded, for instance b y using a sorted logic. In the second approac h,

partialit y is either disregarded or b ypassed, for instance, a v alue is assigned to

1 = 0, either a �xed v alue (e.g. 0) or an undetermined one. In b oth cases it is

necessary to tolerate undesired theorems, in the �rst case, for instance, 1 = 0 = 0,

or in the second case from 0 � x = 0 the instance 0 � 1 = 0 = 0. This approac h

is not satisfying if suc h theorems are un w an ted and that is normally the case in

mathematics.

In the third and fourth, partialit y is tak en seriously and this is re
ected in

the seman tics and the calculus. While the third considers unde�ned terms only ,

but atomic form ulae are ev aluated either to false or true, in the fourth, atomic

form ulae can b e unde�ned to o, that is, b e ev aluated to a third truth v alue \un-

de�ned". Concretely , in the third approac h terms of the form 1 = 0 are treated as

unde�ned and all atomic form ulae con taining suc h a meaningless term are ev alu-

ated to false. This has the adv an tage that partial functions can b e handled within

the classical t w o-v alued framew ork. Ho w ev er, the serious dra wbac k is that the

results of these logic systems can b e un-in tuitiv e to the w orking mathematician.

F or instance in elemen tary arithmetic the follo wing sen tence

8 x

I R

; y

I R

; z

I R

z =

x

y

) x = y � z

is a theorem of suc h systems since the scop e is true for the case y 6= 0 and for

the case y = 0, the form ula z = x= 0 obtains the truth v alue f whic h in turn

mak es the implication true, to o. Ho w ev er, it is mathematical consensus that the

equation should only hold pro vided that y is not 0. In the fourth approac h, whic h

has, in particular, b een in v estigated b y Kleene in [Kle52 ], this is not a theorem.

In this approac h atomic form ulae con taining meaningless terms are ev aluated to

unde�ned. In particular, the example ab o v e is not a theorem in the three-v alued

approac h, since for the instan tiation y = 0 the form ula ev aluates to unde�ned.

No w w e address the question whic h price has to b e paid for the prop er

treatmen t in the three-v alued approac h. Indeed in unsorted mec hanisations of

Kleene's approac h b y Tic h y [Tic82 ], Lucio-Carrasco and Ga vilanes-F ranco [LG89 ],

it is necessary to pa y a high computational price. In [KK94 ,KK96 ] w e ha v e

dev elop ed a sorted three-v alued logic S K L

3

and corresp onding resolution and

tableau calculi R P F

3

and T P F

3

carefully in tegrating ideas from sorted dy-

namic logics as in tro duced b y W eiden bac h [W O90 ,W ei95] and from man y-v alued

truth-functional logics as mec hanised b y H• ahnle [H• ah94 ] as w ell as b y Baaz

and F erm • uller [BF95 ]. In these logics the additional computations are relativ ely

mo dest and in man y cases pro ofs in the t w o-v alued logic can b e the structurally

isomorphically transformed in to pro ofs in the three-v alued logic.

The main con tribution of this pap er is the result that for a large class of

S K L

3

-theorems (whic h are also classical theorems b y construction) the T P F

3

2



and R P F

3

pro ofs can b e transformed in to classical sorted tableau and resolution

pro ofs and vice v ersa conserving the structure and size of the pro ofs. F urthermore

w e can sho w that b y adding a simple strategy in pro of searc h for t w o-v alued

theorems, it is p ossible to use a t w o-v alued theorem pro v er for pro ving S K L

3

-

theorems. Ho w ev er, unlik e to the �rst of the four ab o v e-men tioned approac hes,

ours do es not trivialise unde�nedness information in a w a y that it w ould b ecome

decidable.

2 Strong Sorted Kleene Logic ( S K L

3

)

In [Kle52 ] Kleene presen ts a logic, whic h he calls str ong thr e e-value d lo gic for

reasoning ab out partial recursiv e predicates

ii

on the set of natural n um b ers. He

argues that the in tuitiv e meaning of the third truth v alue should b e \unde�ned"

or \unkno wn" and in tro duces the truth tables sho wn in De�nition 1. Similarly

Kleene enlarges the univ erse of discourse b y an elemen t ? denoting the unde�ned

n um b er. In his exp osition the quan ti�ers only range o v er natural n um b ers, in

particular he do es not quan tify o v er the unde�ned individual (n um b er).

In [KK94 ] w e ha v e made Kleene's meta-lev el discussion of de�ned and unde-

�ned individuals explicit and presen ted a formal syn tax and seman tics that w e

will no w presen t informally .

The univ erse of discourse is structured in to the sort � for all de�ned indi-

viduals and an error elemen t ? ; all functions and predicates are strict, that is,

if one of the argumen ts of a comp ound term or an atom ev aluates to ? , then

the term ev aluates to ? or the truth v alue of the atom is u resp ectiv ely . Just

as in Kleene's system, our quan ti�ers only range o v er individuals in �, that is,

individuals that are not unde�ned. Since S K L

3

needs the sort � for b ounded

quan ti�cation an yw a y , it is no further e�ort to giv e the full sorted system. The

further use of sorts giv es the w ell-kno wn adv an tages of sorted logics for the

conciseness of the represen tation and the reduction of searc h spaces.

T erms in S K L

3

are ordinary �rst-order terms. A tomic form ulae are de�ned

as usual, in addition, there are atomic form ulae of the kind t< � S , where t is a

term and S a sort sym b ol. Here, t< � S stands for \ t has sort S ". F orm ulae are

built up from atomic form ulae b y the usual connectiv es, and a unary connectiv e

! with the in tended meaning that ! A is true, whenev er the v alue of A is not

u . F urthermore, all quan ti�cations are b ound b y a sort S (i.e., are of the form

8 x

S

A or 9 x

S

A ).

The three-v alued seman tics for S K L

3

has a \unde�ned individual" ? in the

univ erse of discourse. Note that this is similar to the classical 
at CPO con-

struction [Sco70 ], but Kleene's in terpretation of truth v alues do es not mak e u

ii

Most logic-based accoun ts of partialit y only treat partialit y for functions corresp ond-

ing to the mathematical notion of a partial function, de�ned as a righ t-unique rela-

tion opp osed to a total function whic h is left-total and righ t-unique. Indeed, at �rst

glance there seems to b e no need for ha ving partial relations as w ell, since relations

are de�ned as subsets of Cartesian pro ducts. Ho w ev er, most mathematicians w ould

agree that the relation x > y do es not mak e m uc h sense for arbitrary complex n um-

b ers (rather than sa ying that it is false for most complex n um b ers), while x > y is

p erfectly w ell-de�ned for real n um b ers.

3



minimal. The standard notion of v alue function, �-algebra and assignmen ts di-

rectly carry o v er to the partial-function case. The only in teresting part is the

non-classical truth functions for the connectiv es and quan ti�ers.

De�nition 1. The v alue of a form ula dominated b y a connectiv e is obtained

from the v alue(s) of the subform ula(e) in a truth-functional w a y . Therefore it

su�ces to de�ne the truth tables for the connectiv es:

^ f u t

f f f f

u f u u

t f u t

_ f u t

f f u t

u u u t

t t t t

) f u t

f t t t

u u u t

t f u t

:

f t

u u

t f

!

f t

u f

t t

As usual the seman tics of form ulae with resp ect to an in terpretation I and an

assignmen t ' is de�ned recursiv ely . The atomic form ulae of the form t< � S are

treated lik e expressions of the form S ( t ). F or the quan ti�ers it is de�ned with

the help of function

e

8 and

e

9 from the non-empt y subsets of the truth v alues in

the truth v alues. W e de�ne

I

'

( Q x

S

A ) : =

e

Q ( fI

'; [ a=x ]

( A )

�

�

I ( S )( a ) = t g ) ;

where Q 2 f8 ; 9g and '; [ a=x ] coincides with ' a w a y from x and maps x to a .

F urthermore w e de�ne

e

8 ( T ) :=

8

<

:

t for T = f t g or T = ;

u for T = f t ; u g or f u g

f for f 2 T

e

9 ( T ) :=

8

<

:

t for t 2 T

u for T = f f ; u g or f u g

f for T = f f g or T = ;

Note that with this de�nition quan ti�cation is separated in to a truth-functional

part

e

Q and an instan tiation part that considers mem b ers of the univ erse ac-

cording to the sort S (that is, those mem b ers for whic h I ( S )( a ) = t ). Note

furthermore, that although there is no seman tical di�erence b et w een sorts and

unary predicates, b y the de�nition of the seman tics of the quan ti�ers, only those

elemen ts are considered where the sort is de�ned and ev aluates to t . According

to this seman tics, the relativisation < ( 8 x

S

A ) is 8 x S ( x ) ^ ! S ( x ) ) < ( A ) and

not just 8 x S ( x ) ) < ( A ).

Finally , quan ti�cation nev er considers unde�ned v alues and therefore can-

not b e truth-functional ev en for the unsorted case. As a consequence, w e can-

not directly use the metho ds dev elop ed for truth-functional man y-v alued logics

from [H• ah94 ,BF95 ].

Finally , the \tertium non datur" principle of classical logic is no longer v alid,

since form ulae can b e unde�ned, in whic h case they are neither true nor false. W e

do, ho w ev er, ha v e a \quartum non datur" principle, that is, form ulae are either

true, false, or unde�ned, whic h allo ws us to deriv e the v alidit y of a form ula b y

refuting that it is false or unde�ned. W e will use this observ ation in our calculi.

While in classical logic, the consequence relation is directly connected to

the implication b y the deduction theorem, in S K L

3

things are a little bit more

di�cult, since the classical deduction theorem is not v alid. In particular, when

4



pro ving mathematical theorems, it is quite usual to do this with resp ect to some

bac kground theory (axioms and de�nitions), whic h can no longer simply b e tak en

in the an teceden t of an implication. Actually , the S K L

3

deduction theorem has

the form � [ f A g j = B i� � j = A ^ ! A ) B .

No w, the de�nedness connectiv e ! for form ulae do es not ha v e an explicit

coun terpart in informal mathematical practice, instead de�nedness assumptions

are implicitly made in the assumptions. Hence for mathematical applications w e

will consider so-called c onse quents , that is, pairs consisting of a set of form ulae

� and a form ula A , in whic h all form ulae in � are assumed to b e de�ned. W e

call a consequen t � j = A v alid if A is en tailed b y � in all �-mo dels.

In fact the tautologies in the !-free fragmen t of S K L

3

, i.e., v alid consequen ts of

the form ; j = A , where A do es not con tain an y !, are v ery limited. The only atoms

that are de�ned in an empt y con text are of the form t< � �. Therefore the set of

tautologies can b e generated b y adding disturbances to classical prop ositional

tautologies, where the prop ositional v ariables ha v e b een replaced b y suc h atoms,

for instance ( t< � � ) t< � �) _ A for arbitrary form ulae A .

No w w e can come bac k to the example from the exp osition. The assertion

is not a theorem of S K L

3

, since the instance 1 =

1

0

) 1 = 0 � 1 is not a v alid

form ula (in an y reasonable axiomatisation of elemen tary arithmetic). While the

an teceden t of the implication ev aluates to u , the succeden t ev aluates to f , hence

the whole expression to u .

Example 2 (Extended Example). W e will formalise an extended example

from elemen tary algebra that sho ws the basic features of S K L

3

. Here the sort I R

�

denotes the real n um b ers without zero. Note that w e use the sort information to

enco de de�nedness information for in v ersion:

1

x

is de�ned for all x 2 I R

�

, since

the form ula A2 is tak en as an axiom. Naturally , w e giv e only a reduced formali-

sation of real n um b er arithmetic that is su�cien t for our example. Consider the

consequen t f A1 ; A2 ; A3 ; A4 ; A5 g j = T with

A1 8 x

I R

x 6= 0 ) x< � I R

�

A2 8 x

I R

�

1

x

< � I R

�

A3 8 x

I R

�

x

2

> 0

A4 8 x

I R

8 y

I R

x � y < � I R

A5 8 x

I R

8 y

I R

x � y = 0 ) x = y

T 8 x

I R

8 y

I R

x 6= y )

�

1

x � y

�

2

> 0

In an informal mathematical argumen tation wh y T is en tailed b y f A1 ; : : : ; A5 g ,

the Ai are assumed to b e true, that is, neither false nor unde�ned. Let x and

y b e arbitrary elemen ts of I R . If x = y , the premise of T is false, hence the

whole expression true (in this case the conclusion ev aluates to u ). F or x 6= y the

conclusion

�

1

x � y

�

2

> 0 can b e deriv ed from A1 through A5.

3 T ableau

In our tableau calculus, a lab eled form ula A

�

means that A has the truth v alue � .

F or the purp oses of this pap er, it is essen tial to mak e use of m ulti-indices [H• ah94 ]

(seman tically A

��

is equiv alen t to A

�

_ A

�

, ho w ev er syn tactically , on the calculus

lev el it is treated sp ecially .). This not only giv es us notational conciseness, but

also drastically impro v es our calculus o v er a single-index v arian t, since w e can

in tro duce sp ecial rules for their treatmen t. So in general w e think of the lab els �

5



as truth v alue sets, whic h ma y b e singletons. Note that w e normally do not ha v e

to treat triple-indices as in A

f ut

, since that w ould corresp ond to a three-v alued

tautology , whic h cannot con tribute to a refutation.

De�nition 3 (T ableau Rules). The tableau rules consist of the traditional

tableau rules for the prop ositional connectiv es, augmen ted b y the case of the

lab el u .

( A _ B )

t

A

t

�

�

B

t

( A _ B )

u

A

f u

B

f u

A

u

�

�

B

u

( A _ B )

f

A

f

B

f

( A _ B )

u t

A

ut

�

�

B

ut

( A _ B )

fu

A

fu

B

f u

The negation rules just 
ip the lab els in the in tuitiv e w a y .

( : A )

t

A

f

( : A )

u

A

u

( : A )

f

A

t

( : A )

ut

A

f u

( : A )

f u

A

ut

The ! rule for the u case closes the branc h (w e use an explicit sym b ol � for that),

since (! A )

u

is unsatis�able in S K L

3

.

(! A )

t

A

ft

(! A )

u

�

(! A )

f

A

u

(! A )

u t

A

ft

(! A )

f u

A

u

A

ft

A

f

�

�

A

t

The last rule is a splitting

iii

rule re
ecting the de�nition of m ulti-index f t as

a disjunction. W e only need this one splitting rule, since w e ha v e treated the

m ulti-indices ut and f u explicitly in the rules.

The quan ti�er rules for the classical truth v alues and m ulti-indices are v ery

similar to the standard rules ( f x

S

; y

1

; : : : ; y

n

g are the free v ariables of A and f is

a new function sym b ol of arit y n ), with the exception that the sort of the Sk olem

function has to b e sp eci�ed. The rule for the case u has a mixed existen tial and

univ ersal c haracter: for y

S

the v alue of A is unde�ned or true (that is there is

no instance, whic h mak es the form ula false) and there is at least one de�ned

witness for the unde�nedness.

( 8 x

S

A )

t

[ y

S

=x

S

] A

t

( 8 x

S

A )

u

[ f ( y

1

; : : : ; y

n

) =x

S

] A

u

( f ( y

1

; : : : ; y

n

) < � S )

t

[ y

S

=x

S

] A

ut

( 8 x

S

A )

f

[ f ( y

1

; : : : ; y

n

) =x

S

] A

f

( f ( y

1

; : : : ; y

n

) < � S )

t

( 8 x

S

A )

u t

[ y

S

=x

S

] A

ut

( 8 x

S

A )

f u

[ f ( y

1

; : : : ; y

n

) =x

S

] A

fu

( f ( y

1

; : : : ; y

n

) < � S )

t

iii

Note that the in v erse rule that merges literals A

�

and A

�

in to a m ulti-literal A

� [ �

is not presen t in the calculus and merging is also not carried out implicitly .

6



The rules for connectiv es and quan ti�ers ab o v e can no w b e used to reduce com-

plex lab eled form ulae to literals.

No w w e only need tableau closure

iv

rules: Unde�ned de�nedness literals can

b e used to close the tableau due to the fact that the predicate � is de�ned

ev erywhere. In the rules total , cut and strict

( t< � �)

u �

( t< � �)

�

A

�

B

�

A

� \ �

�

�

S C ( � )

�

C




( t< � �)

f

�

�

�

S C ( � )

�

w e require that 
 � f f t g and � = [ t

1

=x

1

S

1

] ; : : : ; [ t

n

=x

n

S

n

] is the most general

uni�er of A and B or the most general uni�er of the term t and a subterm s of

C , resp ectiv ely . Note that the cut rule is only non-redundan t if � \ � is a prop er

subset of b oth � and � ; w e will assume this in the follo wing.

In b oth cases the sort c onstr aint S C ( � ) = (( t

1

< � S

1

) ^ : : : ^ ( t

n

< � S

n

))

f u

insures

the correctness of the instan tiations. W e ha v e emplo y ed the notation of writing

the substitution � next to the tableau sc hema, to indicate that the whole tableau

is instan tiated b y � during the application of the rule.

A tableau is built up b y constructing a tree with the tableau rules starting

with an initial tree without branc hings. W e call a tableau close d i� all of its

branc hes end in � . Note that the disjunct � in the succeden t of the rules ab o v e

is only needed if the set of sort constrain ts is empt y . Then this rule closes the

branc h without residuating.

De�nition 4 (T ableau Pro of ). A table au pr o of for a formula A is a closed

tableau constructed from the initial tree consisting of the lab eled form ula A

f u

.

A table au pr o of for a c onse quent � j = A is a closed tableau constructed from

�

t

[

�

A

fu

	

.

The tableau pro of of a consequen t � j = A essen tially refutes the p ossibilit y that

A can b e unde�ned or false under the assumption that all form ulae in � are

true. By the quartum non datur rule, w e can then conclude that A is en tailed

b y �. The soundness of the T P F

3

rules can b e v eri�ed b y a tedious recourse

to the seman tics of the quan ti�ers and connectiv es. Completeness is pro v ed b y

the standard argumen t using a mo del existence theorem for S K L

3

. F or details

see [KK96 ].

Example 5 (con tin uing Example 2). T aking the ab o v e example w e giv e a

pro of for f A1 ; A2 ; A3 ; A4 ; A5 g j = T using the ab o v e tableau rules. The pro of

is sho wn in Fig. 1. Applying the closure rule in the case of non-empt y sort

constrain ts, w e omit the � branc h for simplicit y reasons. Note that the unsorted

uni�ers [ c � d=u

I R

], [ c=x

I R

], and [ d=y

I R

] ha v e to b e applied to the whole tableau.

F or displa y reasons, ho w ev er, w e only add the relev an t form ulae to the tableau

instead of replacing them, that is, correctly (F8) and (F13) ha v e to replace (F3)

and (F9) resp ectiv ely .

iv

W e de�ne that a literal A

;

closes a branc h of the tableau and denote it with � .
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The pro of in Fig. 1 sho ws an in teresting feature, namely it corresp onds in

length and structure to a pro of of the theorem in a t w o-v alued v arian t of T P F

3

.

This observ ation has a more general bac kground: [H• ah94 ] sho ws that for so-

called regular truth functional logics (all our connectiv es and quan ti�ers except

for ! are regular), the sets-of-signs metho d allo ws a presen tation of the tableau

system in Sm ully an's univ ersal notation, v arying only the closure conditions, i.e.,

the structure is isomorphic to the classical tableau system. Ho w ev er, this result

is not directly applicable, since S K L

3

is not truth-functional (w e ha v e to consider

b ounded quan ti�ers) and w e assume strictness.

De�nition 6 ( T P F

2

). F ormally this pro of system (w e will call it T P F

2

) can

b e obtained from T P F

3

b y remo ving all inference rules for the ! connectiv e, the

total rule and all connectiv e and quan ti�er rules that con tain the lab el u . This

is essen tially a tableau v arian t of [W O90 ] in the st yle of [W ei95 ].

r

(A1) 8 x

I R

x 6= 0 ) x< � I R

�

)

t

.

.

.

r

(A5) ( 8 x

I R

8 y

I R

x � y = 0 ) x = y )

t

r

(T) ( 8 x

I R

8 y

I R

x 6= y )

�

1

x � y

�

2

> 0)

f u

r

(A1

0

) ( u

I R

6= 0 ) u

I R

< � I R

�

)

t

8

t

(A1)

r

(A2

0

) (

1

v

I R

�

< � I R

�

)

t

8

t

(A2)

r

(A3

0

) ( w

2

I R

�
> 0)

t

8

t

(A3)

r

(A4

0

) ( s

I R

� t

I R

< � I R )

t

8

t

(A4) (2 times)

r

(A5

0

) ( x

I R

� y

I R

= 0 ) x

I R

= y

I R

)

t

8

t

(A5) (2 times)

r

(T1) ( c< � I R )

t

8

fu

(T) (2 times)

r

(T2) ( d< � I R )

t

8

fu

(T) (2 times)

r

(T3) ( c = d _

�

1

c � d

�

2

> 0)

fu

8

fu

(T) (2 times)

r

(T3

0

) ( c = d )

fu

_

f u

(T3)

r

(T3

00

) (

�

1

c � d

�

2

> 0)

fu

_

f u

(T3)

r

(F1) (

1

c � d

< � I R

�

)

f u

� (T3

00

,A3

0

)

r

H

H

(F2) ( c � d< � I R

�

)

fu

� (F1,A2

0

)

r

(F3) ( u

I R

= 0)

t

r

(F4) ( u

I R

< � I R

�

)

t

_

t

(A1

0

)

r

�

�

�

�

�

@

@

(F5) (( c � d ) < � I R )

fu

� (F4,F2)

r

r

(F6) ( c< � I R )

fu

� (F5,A4

0

)

�

r

r

� � (F6,T1), � (F7,T2)

(F7) ( d< � I R )

fu

� (F5,A4

0

)

r

H

H

(F8) ( c � d = 0)

t

� (F3,[ c � d=u ])

r

(F9) ( x

I R

� y

I R

= 0)

f

(F10) ( x

I R

= y

I R

)

t

_

t

(A5

0

)

r

�

�

�

�

�

@

@

(F11)( c< � I R )

f u

(F12) ( d< � I R )

f u

� (F10,T3

0

)

r r

r r

� � � (F11,T1), � (F12,T2)

r

r

(F13) ( c � d = 0)

f

� (F9,[ c=x ] ; [ d=y ])

� � (F13,F8)

Fig. 1 T ableau pro of sk etc h
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The corresp ondence men tioned ab o v e can b e realised b y replacing all m ulti-

indices f u in T P F

3

b y the truth v alue f in T P F

2

. The formal reason that this

is p ossible, lies in the fact that in T P F

3

the tableau rules for R

�

and R

� u

ha v e

exactly the same structure for � 2 f f ; t g and R 2 f_ ; : ; 8g .

In other w ords the simple measure of using rules for truth-v alue sets pro vides

pro ofs that are as short as in the t w o-v alued case. If, ho w ev er, truth-v alue sets

are not used, certain parts of the pro ofs m ust b e duplicated. This relationship

can only hold for so-called normal pr oblems of course, that is, problems whic h do

not con tain an y ! connectiv e, since form ulae con taining a ! do not mak e an y sense

in classical t w o-v alued logic. Let no w S F L

2

b e a t w o-v alued sorted logic, that is,

the same logic as S K L

3

with t w o truth v alues and without the ! connectiv e.

Theorem 7 (Conserv ativit y). Each T P F

3

-table au pr o of for a normal pr ob-

lem � j = A in S K L

3

c an b e tr ansforme d into a T P F

2

-table au pr o of in S F L

2

.

Remark 8. Ob viously , the con v erse of the ab o v e theorem do es not hold. Not

eac h T P F

2

pro of can b e transformed in to an T P F

3

pro of ev en if there is a T P F

3

pro of. Consider for example the relation f A g j = A _ ( B _ : B ) whic h holds in

S K L

3

as w ell as in S F L

2

. An T P F

2

-pro of is giv en in Fig. 2.

r

(A) ( A )

t

r

(T) ( A _ ( B _ : B ))

f

r

(F1) ( A )

f

_

f

(T)

r

(F2) ( B _ : B )

f

_

f

(T)

r

(F3) ( B )

f

_

f

(F2)

r

(F4) ( : B )

f

_

f

(F2)

r

(F5) ( B )

t

:

f

(F4)

r

� � (F5,F3)

Fig. 2. Coun terexample to the con v erse conserv ativit y

This pro of cannot b e transferred since in S K L

3

(T), (F1), (F2), (F3), (F4), and

(F5) are lab eled b y the truth v alue u in addition, hence applying the closure

to (F5) and (F3) lea v es a lab el u in S K L

3

and do es not lead to � . This comes

from the fact that B _ : B is not a tautology in S K L

3

. Ho w ev er, the other

straigh tforw ard closure of the tableau b y applying the closure rule to (A) and

(F1) can b e applied in S F L

2

as w ell as in S K L

3

.

Certainly it w ould b e nice to ha v e the prop ert y that for eac h classical S F L

2

pro of there exists an S K L

3

pro of whic h is as short as the classical (of course only

if the classical theorem is also an S K L

3

theorem). The example ab o v e sho ws that

this prop ert y do es not hold in general, for instance, replace the assumption set

f A g b y a set from whic h A can b e deriv ed in 20 steps only . On the other hand

this example is rather arti�cial insofar as the theorem w ould normally not b e

stated in this form in mathematics, b ecause mathematical theorems are normally

not redundan t in the w a y that t w o true statemen ts are link ed b y an \ _ ", on the

con trary usual mathematical theorems emplo y preconditions as w eak as p ossible

and consequences as strong as p ossible. F or instance, in a mathematical con text
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w e w ould exp ect theorems lik e A , B _ : B , A ^ ( B _ : B ). While a pro of for the

�rst (from the assumptions A ) can b e transferred from S F L

2

to S K L

3

, the latter

t w o are not theorems in S K L

3

. Hence w e exp ect that for usual mathematical

theorems the pro of e�ort in S K L

3

will not b e bigger then in S F L

2

.

If w e lo ok again at the coun terexample ab o v e, w e see a general principle,

ho w it is p ossible to generate a classical pro of that cannot b e lifted to a T P F

3

pro of, essen tially closing the tableau b y t w o complemen tary form ulae, whic h b oth

stem from the theorem. In suc h a case the branc h can b e closed on t w o form ulae,

lab eled t and f in the t w o-v alued setting, but in the three-v alued setting they

are lab eled b y tu and u f , so the closure results in a form ula lab eled b y u only .

In the follo wing, w e w an t to giv e a formal de�nition of a con trol strategy

for T P F

3

that a v oids these pitfalls. F or this, w e mark theorem no des with U

and lea v e assumption no des unmark ed. Marking the no des generated b y the

application of a T P F

3

rule � is carried out as follo ws: Add the truth v alue u

to the lab els of the premises and apply �, then mark the new no des with U , i�

their form ulae con tain the truth v alue u . It is a simple exercise to c hec k, that the

lab eling of a no de in a T P F

3

tableau only dep ends on its origin (i.e., whether it

descends from the theorem or not).

De�nition 9 ( U

3

-Strategy). The applicabilit y of all rules except cut remains

unrestricted b y U

3

, while the cut rule is restricted to the case, where at most

one of the paren t no des is in U .

Lemma 10 (Completeness of U

3

). U

3

is a c omplete str ate gy for T P F

3

on

the normal fr agment of S K L

3

.

Note that in U

3

-tableaux no no de can ha v e the singleton lab el u , and that

hence the connectiv e and quan ti�er rules for that lab el are redundan t in T P F

3

for the normal fragmen t of S K L

3

.

Since, the T P F

3

and T P F

2

rules are iden tical in structure, and the marks

U only dep end on the origin of form ulae, they can also b e computed for T P F

2

-

tableaux, if w e lea v e form ulae of the form t< � � unmark ed, irresp ectiv e of their

origin. This mo v e imitates an application of the total rule that do es not exist in

T P F

2

. Let U

2

b e that strategy for T P F

2

-tableaux that forbids cut on form ulae

mark ed with U .

Theorem 11 (Lifting). Each U

2

-table au c an b e lifte d to an isomorphic U

3

-

table au.

Ob viously , the strategy U

2

is not complete for S F L

2

, and indeed w e do not

w an t it to b e, since S K L

3

w as dev elop ed to eliminate form ulae from the set of

form ulae that are pro v able in S F L

2

and th us in classical �rst-order logic, but that

are generally not considered as mathematic al theorems (lik e 1 = 0 = 0 _ 1 = 0 6= 0).

Actually , w e sho w the adequacy of U

2

-tableau for the normal fragmen t of

S K L

3

. T o see that U

2

is sound let T b e a closed U

2

-tableau for a consequen t

� j = A , then it can b e lifted to a closed U

3

-tableau b y Theorem 11, b y the

soundness of T P F

3

the consequen t m ust b e unsatis�able. The completeness of

U

3

-tableau, Lemma 10, for the normal fragmen t of S K L

3

, directly en tails the
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completeness of U

2

with resp ect to the three-v alued (mathematical) seman tics

b y conserv ativit y , Theorem 7.

Theorem 12. The T P F

2

c alculus with the U

2

r estriction str ate gy is an ade quate

c alculus for the normal fr agment of S K L

3

.

No w, w e can ask, what is lost b y restricting ourselv es to the normal fragmen t

of S K L

3

. It is not that w e cannot sp ecify de�nedness assumptions for the math-

ematical ob jects. This is alw a ys p ossible in the assumption part of consequen ts,

ev en without an explicit !-connectiv e since (! A )

t

is equiv alen t to ( A _ : A )

t

. In

the theorem part, this is not p ossible, since the presence of the lab el u blo c ks the

equiv alence. Th us it is not p ossible to pro v e theorems ab out the unde�nedness

of form ulae suc h as 1 = 0 6< � � j = : ! P (1 = 0). Note that w e can still pro v e assertions

ab out the de�nedness of terms, lik e in 1 = 0 6< � � j = f (1 = 0) 6< � �. So in fact S F L

2

with U

2

-tableau is a v ery go o d appro ximation of S K L

3

.

As discussed in Remark 8 pro ofs in S K L

3

ma y b e inevitably longer than

pro ofs in S F L

2

. This, ho w ev er, do es not mean that short pro ofs are excluded b y

the U

2

-strategy if they exist in the three-v alued calculus, since the truth v alue

set tf in T P F

3

pro ofs do es not o ccur for the normal fragmen t of S K L

3

.

In the resolution calculus R P F

3

[KK94 ], w e ha v e a similar conserv ativit y

and strategy result. One reason for that is that the clause normal form trans-

formations directly corresp ond to the analytic tableau rules for connectiv es and

quan ti�ers. F or details see [KK97 ].

4 Conclusion

In this pap er w e ha v e refuted the common assumption, that a three-v alued treat-

men t of partial functions follo wing the ideas of Kleene is impractical, since it

requires a fundamen tal redesign of the curren t theorem pro ving tec hnology . This

tacit assumption has led to a practical preference of the simpler (but less ade-

quate) t w o-v alued treatmen t of partial functions. The results in this pap er sho w

a simple w a y to w ards a practical implemen tation: In an existing theorem pro v er

for dynamic sorts lik e SP ASS [W GR96 ], only the strategy U

2

has to b e imp osed

v

.

As w e ha v e stated in Remark 8, for most mathematical theorems, this do es

not ev en result in a loss of e�ciency (pro of length). Ho w ev er, the exp erimen t

in SP ASS should not b e regarded as a full-blo wn implemen tation of the normal

fragmen t of S K L

3

, since the in teraction with equalit y and the in teraction of the

U

3

-strategy with the other strategies (e.g. reduction) has not b een addressed in

this pap er. W e lea v e this problem to future w ork.

F rom another p ersp ectiv e, the U

3

strategy can b e seen as a substitute (that

is easier to implemen t) for the third truth v alue, whose presence is adequately

represen ted b y marking a t w o-v alued literal b y U . Note that this underlines the

in tuition, that strong Kleene logic is a v arian t of classical �rst-order logic that

only adds a de�nedness c hec k for the application of partial functions to the logic

without c hanging the logic prop er. In particular, it is plausible that results as

those presen ted in this pap er will not in general hold for m ulti-v alued logics.

v

Christoph W eiden bac h has added the necessary extensions to the pure resolution

part of SP ASS [W GR96 ] in a matter of a few hours.
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Note that it is essen tial for the theorem pro v er to b e able to treat dynamic

sorts, for the conserv ativit y results break do wn with most relativisation tec h-

niques. The only coun terexample is the tec hnique of term relativisation [Sti86],

where in the case of static tree-ordered sorts a conserv ativit y theorem holds.

If this could b e extended to dynamic sorts, then an y existing theorem pro v er

could (without loss of e�ciency) b e augmen ted b y partial functions b y a term

relativisation pre-pro cess and U

2

.
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