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Abstract. The in tro duction of sorts to �rst-order automated deduction

has brough t greater conciseness of represen tation and a considerable gain

in e�ciency b y reducing searc h spaces. This suggests that sort infor-

mation can b e emplo y ed in higher-order theorem pro ving with similar

results. This pap er dev elops a sorted � -calculus suitable for automatic

theorem pro ving applications. It extends the simply t yp ed � -calculus b y a

higher-order sort concept that includes term declarations and functional

base sorts. The term declaration mec hanism studied here is p o w erful

enough to subsume subsorting as a deriv ed notion and therefore giv es a

justi�cation for the sp ecial form of subsort inference. W e presen t a set of

transformations for sorted (pre-) uni�cation and pro v e the nondetermin-

istic completeness of the algorithm induced b y these transformations.

1 In tro duction

In the quest for calculi b est suited for automating logic on computers, the in-

tro duction of sorts has b een one of the most imp ortan t con tributions. Sort tec h-

niques consist in syn tactically distinguishing b et w een ob jects of di�eren t classes

and then assigning sorts (sp ecifying the mem b ership in some class) to ob jects

and restricting the range of v ariables to particular sorts. Since a go o d part of the

set mem b ership and subset information can b e co ded in to the sorted signature,

sorted logics lead to a more concise represen tation of problems and pro ofs than

the unsorted v arian ts. The exploitation of this information during pro of searc h

can dramatically reduce the searc h space asso ciated with theorem-pro ving and

mak e the resulting sorted calculi m uc h more e�cien t. In the con text of �rst-

order logic sort information has b een successfully emplo y ed b y C. W alther [21],

M. Sc hmidt-Sc hau� [19], A. Cohn [6], C. W eiden bac h [22] and others.

On the other hand there is an increasing in terest in deduction systems for

higher-order logic, since man y problems in mathematics are inheren tly higher-

order. Curren t automated deduction systems for higher-order logic lik e TPS [2]

are rather w eak on the �rst-order fragmen t, whic h is in part due to the fact that

man y of the adv ances of �rst-order deduction (lik e sorted calculi) ha v e not y et

b een transp orted to higher-order logic. Th us the question ab out the b eha vior of
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higher-order logic under the constrain ts of a full sorted t yp e structure is a natu-

ral one to ask, in particular since calculi in this system promise the dev elopmen t

of more p o w erful deduction systems for real mathematics. G. Huet prop osed the

study of a sorted v ersion of higher-order logic in an app endix to [7]. The uni�ca-

tion problem in extensions of this system ha v e since b een studied b y Nipk o w and

Qian [16] and b y Pfenning and the author [14]. F urthermore t yp ed � -calculi with

order-sorted t yp e structures ha v e b een of in terest in the programming language

comm unit y as a theoretical basis for ob ject-orien ted programming and for more

expressiv e formalisms for higher-order algebraic sp eci�cations [18, 4, 3, 17].

Here w e presen t a � -calculus � H O L that di�ers from the ab o v emen tioned

in that w e do not consider function restriction as a \built-in" of the system,

since w e tak e the mathematical in tuition that functions ha v e uniquely sp eci-

�ed domains seriously . Consequen tly our subsort relation is not co v arian t in the

domain sort (this principle seman tically corresp onds to implicit function restric-

tion). F urthermore the term declaration mec hanism is m uc h more p o w erful than

the declaration sc hemas prop osed in those logical systems. This pap er is an ex-

tension of the results presen ted in [8, 9]. This subsystem of � H O L only allo ws

signatures consisting of constan t declarations and th us treats the in teraction of

functional base sorts and extensionalit y in isolation. In con trast to this subsystem

the p o w erful mec hanism of term declarations in � H O L allo ws a straigh tforw ard

sp eci�cation of man y mathematical concepts (cf. Example 28). This pap er also

corrects an earlier attempt [11] to solv e the problem. W e ha v e corrected the rel-

ev an t de�nitions of [11] and with these w ere able to pro v e all the results claimed

there. F or details and pro ofs w e refer the reader to [12].

In the follo wing w e will shortly motiv ate the primary features of � H O L . In

unsorted logics the only w a y to express the kno wledge that an ob ject is a mem-

b er of a certain class of ob jects is through the use of unary predicates, suc h

as the predicate N

� ! o

in the form ulae ( N 2

�

), i.e. \2 is a natural n um b er", or

: ( N P eter

�

), i.e. \P eter is not a natural n um b er". This leads to a m ultitude of

unit clauses ( S

� ! o

A ) in the deduction that only carry the sort information for

A . Since quan ti�cation is unrestricted in unsorted logics, the restricted quan-

ti�cation has to b e sim ulated b y form ulae lik e 8 X

�

( N X

�

) ) ( �

� ! � ! o

X

�

0

�

).

This approac h is unsatisfactory b ecause in ter alia the deriv ation of the nonsen-

sical form ula ( N P eter ) ) ( � P eter 0) is p ermitted, ev en though ( � P eter 0) can

nev er b e deriv ed b ecause of : ( N P eter ). Sorted logics remedy this situation b y

assigning sorts to constan ts and v ariables and b y restricting quan ti�cation to

sorts. F urthermore form ulae ha v e to meet certain (sort) restrictions to denote

meaningful ob jects.

In t yp ed � -calculi the idea of declaring sort information is v ery natural,

as all ob jects are already t yp ed, whic h amoun ts to a { v ery coarse { division

of the univ erse in to classes. The t yp e system is merely re�ned b y considering

the sorts as additional base t yp es. F or example the last form ula ab o v e w ould

read 8 X

N

( � X 0), where � is a binary relation on N and 0 is of sort N in

the signature. Sorting the univ erse of individuals giv es rise to new classes of

functions, namely functions, where domains and co domains are just the sorts. In



addition to this essen tially �rst-order w a y of sorting the function univ erses, the

classes of functions de�ned b y domains and co domains can b e further divided

in to sub classes that w e represen t b y base sorts of functional t yp e. As an example

for the sort restrictions on form ulae consider the application ( AB ). Here, there

m ust b e sorts A and B , suc h that A is of sort A , B is of sort B and B is a subsort

of the domain sort of A . The sort of the application ( AB ) is de�ned to b e the

co domain sort of A .

In � H O L w e relax the implicit condition that only the sorts of constan ts and

v ariables can b e declared, and allo w declarations of the form [ 8 � A : : A ] called

term declarations, where A can b e an arbitrary form ula of appropriate t yp e

and � is a v ariable con text. The idea of term declarations is that there can b e

sort information within the structure of a term, if the term matc hes a certain

sc hematic term (a term declaration).

Consider for instance the addition function, whic h w e (seman tically) w ould

lik e to ha v e the sort N � N ! N where N is the sort of natural n um b ers. If

w e also ha v e a sort for the ev en n um b ers E , then w e migh t w an t to sp ecify

that the expression [+ aa ] is an ev en n um b er, ev en if a is not. This information

can b e formalized b y declaring the term [+ X

N

X

N

] to b e of sort E using a term

declaration. W e migh t also w an t to giv e the addition function the sort E � E ! E ,

ho w ev er since w e insist that terms ha v e unique domain sorts, w e cannot declare

this directly in the signature. Closer insp ection of the seman tics b ehind our

example rev eals that it is consisten t with our program to declare the restriction

of the addition function to the ev en n um b ers has co domain in the ev ens, whic h

w e can legally do with a term declaration [ 8 [ X : : E ] ; [ Y : : E ] + X Y : : E ].

In this expressiv e system term declarations of the form [ 8 [ X : : A ] X : : B ] en tail

that A is a subsort of B and induce the in tended subsort ordering on the set of

sorts.

2 Sorted � -Calculus

W e assume the reader to b e familiar with the syn tax and seman tics of simply

t yp ed � -calculus (�

!

) [5, 1]. The set T of typ es ( �; � ; 
 : : : ) is built up from a

set B T of b ase typ es b y closure under ! . W e assume a set of t yp ed constan ts

� : =

S

� 2T

�

�

and a coun tably in�nite set V

�

of v ariables for eac h t yp e � 2 T .

W ell-formed form ulae are built up from v ariables and constan ts as applic ations

and � -abstr actions in the usual w a y .

Another mathematical notion whic h will pla y a great role in this pap er is

that of a p artial function �: A � ! B . With this w e will mean a relation � �

A � B , suc h that for all pairs ( a; b ) and ( c; d ) in � w e ha v e a 6= c . F or partial

functions that can b e presen ted b y a �nite set of pairs (e.g. substitutions or

v ariable con texts), w e will often use a notation lik e � : = [ b

1

=a

1

] ; : : : ; [ b

n

=a

n

] if

� = f ( a

1

; b

1

) ; : : : ; ( a

n

; b

n

) g . F urthermore, if 	 is that partial function, suc h that

	( a ) = b but 	( c ) = �( c ) for all c 6= a , then w e will denote 	 b y � ; [ b=a ]. If the

restrictions of � and 	 to Dom (�) \ Dom (	) are iden tical, then w e sa y that

they agr e e (�

�

�

�

�

	). In this case � [ 	 is again a partial function.



De�nition 21 (Sort System) A sort system is a quin tuple ( S ; B S ; r ; d ; � ), where

B S is a �nite set of sym b ols, called b ase sorts and the set of sorts S is the

closure of B S under ! . W e will denote sorts with sym b ols lik e A , B , C , D

and ha v e B ! A 2 S , whenev er A ; B 2 S . The functions r ; d and � sp ec-

ify the sorts of the c o domain , domain and the typ e of a sort and w e require

that � ( A ) = � ( d ( A ) ) ! � ( r ( A ) ) for all sorts A 2 S . The t yp e � ( A ) 2 T is

called the typ e of the sort A . W e will denote the set of sorts of t yp e � with

S

�

, call a sort A 2 S

� ! �

a functional sort and denote the set of functional

sorts b y S

f

(non-functional sorts b y S

nf

). Note that the sets B S and S

nf

are

in general distinct (see example 28). F urthermore let ln ( A ) : = 0, i� A 2 B S and

ln ( A ! B ) : = 1 + ln ( B ) . W e will use the shorthands r

i

( A ) and r

i

( A ) de�ned b y

r

0

( A ) = A r

i +1

( A ) = r ( r

i

( A ) ) d

0

( A ) = A d

i +1

( A ) = d ( r

i

( A ) )

It will b e imp ortan t that the signatures o v er whic h our w ell-sorted terms are

built \resp ect function domains,", i.e. that for an y term A and an y sorts A and

B of A , the iden tit y d ( A ) = d ( B ) holds. The pro of that signatures indeed satisfy

this prop ert y dep ends on the consistency conditions for v alid signatures, giv en in

terms of the equiv alence relation Rdom , where A Rdom B , i� d

i

( A ) = d

i

( B )

for all i � k , suc h that r

k

( A ) and r

k

( B ) are of the same base t yp e.

Next, w e will in tro duce the concept of w ell-sortedness for form ulae. A term

A will b e called wel l-sorte d with resp ect to a signature � and a con text �,

if the judgmen t � `

�

A : : A is deriv able in the inference system � H O L . Here

the con text giv es lo cal sort information for the v ariables, whereas the signature

con tains sort information giv en b y term sc hemata (the term declarations). One

of the di�culties in devising a formal system with term declarations is that

the signature needed for de�ning w ell-sortedness in itself con tains terms that

ha v e to b e w ell sorted. Therefore w e need to com bine the inference systems

for the judgmen t `

sig

� (� is a a v alid signature) and that for w ell-sortedness

(� `

�

A : : A ) in to one large system � H O L . Another di�cult y is that w e also ha v e

to treat a sorted � � -con v ersion judgmen t � `

�

A =

� �

B in � H O L , since w e w an t

� � -con v ersion to b e sort preserving.

De�nition 22 (V ariable Con text) Let X

�

b e a v ariable and A a sort, then

w e call a pair [ X : : A ] a variable de clar ation for X , i� � ( A ) = � . W e call a �nite

set of v ariable declarations a (variable) c ontext ( `

ctx

�), if it is a partial function

i.e. � � V

�

� S

�

. Note that with our con v en tion for partial functions w e ha v e

�( X ) = A for � : = �

0

; [ X : : A ], ev en if �

0

( X ) = B .

De�nition 23 (W ell-Sorted F orm ulae and V alid Signatures) F or a �xed

signature � and a con text � w e sa y that a form ula A is of sort A , i� the judgmen t



� `

�

A : : A is deriv able in the follo wing inference system.

`

sig

� `

ctx

� �( X ) = A

� `

�

X : : A

[ 8 � A : : A ] 2 � `

sig

� � � �

� `

�

A : : A

� `

�

A : : A � `

�

B : : d ( A ) �

�

�

�

�

�

� [ � `

�

( AB ): : r ( A )

� ; X : : B `

�

A : : A

� `

�

( �X

B

A ): : B ! A

� `

�

A : : A � `

�

B : : B � `

�

A =

� �

B

� `

�

B : : A

The follo wing inference rules de�ne the the judgmen t `

sig

� b y sp ecifying that

it is legal to add term declarations to v alid signatures, if either they are the �rst

declarations for new constan ts, or if the form ula A is w ell-sorted and the new

sort A resp ects function domains.

`

sig

� c =2 � c 2 �

�

A 2 S � ( A ) = �

`

sig

� ; [ c : : A ]

`

sig

;

� `

�

A : : A � ` A Rdom B

`

sig

� ; [ 8 � A : : B ]

Finally let � `

�

A =

� �

B b e the congruence judgmen t induced b y the reduction

judgmen t.

� `

�

A : : A

� `

�

( �X

d ( A )

A X ) !

�

A

� ; [ X : : B ] `

�

A : : A � `

�

B : : B �

�

�

�

�

�

� [ � `

�

( �X

B

A ) B !

�

[ B =X ] A

In the de�nition of sorted � -reduction w e ha v e tak en care to iden tify the sup-

p orting sort d ( A ) of A (whic h will turn out to b e unique in theorem 24), since

the form ula ( �X

B

A X ) denotes the restriction of the function A to sort B , if B

is a subsort of d ( A ) and can therefore not b e equal to A .

It is easy to see that the judgmen ts de�ned ab o v e resp ect w ell-t yp edness, i.e.

that the information describ ed b y � H O L merely re�nes the t yp e information. In

particular sorted � � -con v ersion is a sub-relation of t yp ed con v ersion. As a direct

consequence sorted � � -reduction is terminating. The con
uence result dep ends

on the follo wing theorem



Theorem 24 If � `

�

A : : A and � `

�

A : : B , then A Rdom B .

In fact the formal system � H O L is designed to capture informal mathematical

practice, where functions ha v e unique domains asso ciated with them.

If w e only ha v e one base sort p er base t yp e, then the set of w ell-sorted

form ulae is isomorphic to the set of w ell-t yp ed form ulae, therefore � H O L is a

generalization of �

!

. It is an imp ortan t prop ert y of our system, that an y v alid

signature is subterm-close d , that is eac h subterm of a w ell-sorted term is again

w ell-sorted. This fact is natural, since it do es not mak e sense to allo w ill-formed

sub expressions in w ell-formed expressions.

De�nition 25 Let � and � b e v ariable con texts, then w e call a substitution �

a � -substitution ( � 2 wsSub (� ; ! )), i� the judgmen t � `

�

� : :� is deriv able

in the follo wing inference system.

; `

�

; : : ;

� `

�

� : :� �

0

`

�

A : : A �

�

�

�

�

�

0

X =2 Dom (�)

� `

�

� ; [ A =X ]: :� ; [ X : : A ]

Let � `

�

� : :�. W e can sho w that if � [ � `

�

A : : A , then � [ � `

�

� ( A ): : A

and furthermore Dom (�) = Dom ( � ) and Dom (�) \ Dom (�) = ; . Th us �-

substitutions are idemp oten t and their application conserv es sets of sorts. As a

consequence w e can sho w that if � `

�

A =

� �

B , then A and B ha v e the same

set of sorts. Th us the fundamen tal op erations of sorted higher-order deduction

systems do not allo w the formation of ill-sorted terms from w ell-sorted ones.

This will ensure that suc h systems nev er ha v e to handle ill-sorted terms, ev en

in termediately .

Let � `

�

X : : B but �( X ) = A (w e abbreviate this b y � `

�

A �

�

B ), then

for all form ulae � `

�

A : : A w e also ha v e � `

�

A : : B , since � `

�

[ A =X ] X : : B .

This is just the situation that is captured with the notion of sort inclusion

in traditional sorted logics, where the subsort relation is the smallest partial

ordering that con tains a set of subsort declarations. The subsort relation pla ys

suc h a cen tral role in these systems that they are collectiv ely called \order-

sorted". Since subsorting is a deriv ed relation in � H O L (cf. theorem 27), w e do

not ha v e to treat it in our meta-logical dev elopmen t. On the ob ject lev el (and for

computation) ho w ev er it is a useful notion to emplo y , since it allo ws to sp ecify

taxonomic hierarc hies of sorts, whic h pla y a great role in in tuitiv e mathematics.

In con trast to the �rst-order systems the subsort relation is not �nite, ev en

with a �nite set of base sorts. Th us the relation cannot b e pre-computed in

adv ance. On the other hand it is not clear, whether the sort-c hec king problem

is decidable (in fact this problem can b e seen to b e equiv alen t to the higher-

order matc hing problem, where decidabilit y is kno wn only for restricted classes

of form ulae), whic h is another reason for limited practical usefulness of the full

subsorting relation. One w a y out of this situation is to appro ximate the subsort

relation b y a sub-relation computed from a �nite set of subsort declarations with

certain induction principles.



De�nition 26 (Sort Inclusion) Let R b e a binary relation on sorts, suc h that

[ X : : A ] `

�

X : : B , whenev er R ( A ; B ), then w e call R an appr oximation of the

subsort r elation in �. W e will call term declarations of the form [ 8 X

A

X : : B ]

subsort de clar ations and abbreviate them with [ A � B ]. The follo wing inference

system is called the � H O L subsort infer enc e system for R

R ( A ; B ) `

sig

�

� ` A �

R

B

`

sig

�

� ` A �

R

A

`

sig

�

� ` A �

R

d ( A ) ! r ( A )

� ` A �

R

B � ` B �

R

C

� ` A �

R

C

� ` A �

R

B

� ` C ! A �

R

C ! B

W e will call the relation R

�

de�ned b y R

�

( A ; B ), i� � ` A �

R

B is the or dering

r elation for R . F or a giv en, v alid signature � w e will denote subsorting judgmen t

for the subsort declarations simply with � ` A � B .

Theorem 27 If R is an appr oximation of the subsort r elation of � , then the

r elation R

�

is also an appr oximation.

The subsort judgmen t in teracts with w ell-sorted form ulae b y the classical we ak-

ening rule , whic h allo ws to w eak en the sort information.

� `

�

A : : A � ` A �

R

B

� `

�

A : : B

As a consequence of Theorem 27 w e can see that if R is an appro ximation

of the subsort relation in �, then the w eak ening rule is admissible in � H O L .

F urthermore w e ha v e A Rdom B whenev er � ` A �

R

B . In particular � ( A ) =

� ( B ) in this situation and therefore, the sets f A 2 S

�

�

� ( A ) = � g are m utually

incomparable.

Example 28 Let B S : = f R ; C ; D ; P g where the in tended meaning of R is the

set of real n um b ers, that of C and D the sets of con tin uous and di�eren tiable

functions and �nally that of P the set of p olynomials. Therefore the t yp es ha v e

to b e � ( R ) = � , � ( C ) = � ( D ) = � ( P ) = � ! � and r ( C ) = d ( C ) = R ; : : : In

this example w e w an t to mo del a taxonom y for elemen tary calculus, so let �

b e the set con taining the subsort declarations [ P � D ] ; [ D � C ], and the term

declarations

[ �X

R

X : : P ] ; [ �X

R

Y

R

: : P ] ; [ �X

R

+ ( F

P

X )( G

P

X ): : P )] ; [ �X

R

� ( F

P

X )( G

P

X ): : P ]

for p olynomials and furthermore [ @ : : D ! C ] ; [ @ : : P ! P ] for the di�eren tiation

op erator @ , then it is easy to c hec k that � is a v alid signature. W e can see that



w e ha v e co ded a great deal of information ab out p olynomials and di�eren tiation

in to the term declarations of �. Note that up to (elemen tary arithmetic) an y

p olynomial is indeed of sort P . The practical adv an tage of this formalization of

elemen tary algebra is that this can b e used in the uni�cation during pro of searc h

in refutation calculi and th us considerably reduce the searc h for pro ofs.

3 Structure Theorem and General Bindings

The k ey to ol for the in v estigation of w ell-sorted form ulae will b e the structure

theorem whic h w e are ab out to pro v e. The principal di�cult y of � H O L is that

the prop ert y of w ell-sortedness is highly non-structural, whic h mak es the classi-

cal deduction metho ds, suc h as uni�cation that analyze the structure of form ulae

di�cult. The structure theorem reco v ers structural prop erties of w ell-sorted for-

m ulae b y linking the sort information (the existence of certain term declarations)

with structural information ab out normal forms.

Theorem 31 (Structure Theorem) L et A b e a wel l-sorte d formula with long

he ad normal form [ � X

k

h U

n

] and � `

�

A : : A . F urthermor e let �

j

b e the variable

c ontext [ X

1

: : d ( A ) ] ; : : : ; [ X

j

: : d

j

( A ) ] and l = ln ( A ) , then

1. h is a variable with � ; �

k

( h ) = B , such that r

n

( B ) = r

k

( A ) , � ; �

k

`

�

U

i

: : d

i

( B ) for 1 � i � n .

2. ther e is a term de clar ation [ 8 � B : : B ] 2 � , a � -substitution � and wel l-sorte d

formulae D

i

, such that

(a) � `

�

A =

� �

( � X

l

d

l

( A )

� ( B ) D

m

) , wher e m : = l + ln ( � ( B ) ) � ln ( � ( A ) ) � 0 .

(b) � ; �

l

`

�

� : :� , � ; �

l

`

�

D

i

: : d

i

( B ) for al l i � m and r

m

( B ) = r

l

( A ) .

(c) If h is a c onstant, then head ( B ) = Z 2 Dom ( � ) and head ( � ( Z )) = h

or else head ( B ) = h .

(d) dp ( D

i

) < dp ( h U

n

) and dp ( � ) < dp ( h U

n

) .

Her e the depth of a substitution � is the maximum of the dp ( � ( X )) for al l X 2

Dom ( � ) and the depth of a formula is the depth of the c orr esp onding tr e e.

One of the k ey steps in sort computation and uni�cation is solving the follo wing

problem: giv en a sort A and an atom C , �nd the most general w ell-sorted form ula

of sort A that has head C . Suc h form ulae are called general bindings of sort A for

the head C . In � H O L , this problem requires a more careful in v estigation than

in �

!

. F or instance consider a con text �, suc h that �( Z ) = B ! B , �( X ) =

�( Y ) = B and �( W ) = A and � consists of the follo wing term declarations [ A �

B ] ; [ a : : A ] ; [ b : : B ] ; [ f : :( B ! B ! B )] ; [ 8 [ X : : B ] ( f aX ): : A ] ; [ 8 [ X : : B ] ( f X b ): : A ] then the

most general form ulae with the head f and sort B is f X Y , of sort A are f aX

and f X b and �nally of sort ( B ! A ) are �X

B

f a ( Z X ) and �X

B

f ( Z X ) b . In �

!

these general bindings are unique and consist only of the head and of v ariables.

In order-sorted t yp e-theory eac h term declaration, that has the appropriate head

and meets certain conditions will con tribute a general binding.



De�nition 32 (General Binding) F or the de�nitions of general bindings w e

ha v e t w o p ossibilities, corresp onding to the t w o cases of the structure theorem.

The �rst (classical) one obtains the sort information from the head v ariable,

whereas the second one obtains the sort information from a term declaration.

Let � b e a con text and A and B b e sorts, suc h that

1. l = ln ( A ) and m = l + ln ( � ( A ) ) � ln ( � ( B ) ) � 0

2. r

m

( B ) = r

l

( A )

3. V

i

= ( H

i

X

1

: : : X

l

), where H

i

are v ariables not in Dom (�)

4. H : = [ H

1

: : d

l

( A ) ! d

1

( B ) ] ; : : : ; [ H

m

: : d

l

( A ) ! d

m

( B ) ],

then the form ula G : = ( �X

1

d

1

( A )

: : : X

l

d

l

( A )

h V

1

: : : V

m

) is called a gener al binding

of sort A and he ad h if h = X

j

or h 2 Dom (�) and �( h ) = B . W e call H the

c ontext of variables intr o duc e d for G .

Let [ 8 [ Y

t

: : C

n

] B : : B ] 2 � and A , B and V

i

as ab o v e and furthermore

5. W

i

: = ( K

i

X

1

: : : X

l

), where K

i

are v ariables not in � [ H

6. K : = [ K

1

: : d

l

( A ) ! C

1

] ; : : : ; [ K

t

: : d

l

( A ) ! C

t

]

7. B

0

= [ W

t

= Y

n

] B and h : = head ( B

0

)

then the form ula G : = ( �X

1

d

1

( A )

: : : X

l

d

l

( A )

B

0

V

1

: : : V

m

) is called a gener al bind-

ing of sort A and he ad h . In this case the con text of v ariables in tro duced for G is

H [ K . No w w e de�ne the set G

h

A

(� ; � ; C ) to b e the set of all general bindings of

sort A and head h and in tro duced con text C . If the head of G is b ound, then w e

call G a pr oje ction binding , if h is a v ariable in Dom (�) or a constan t imitation

binding and if h 2 Dom ( K ) ( G is induced b y a 
exible term declaration in this

case), then w e call G a gener al we akening binding of sort A . W e will denote the

set of all suc h bindings with W

A

(� ; � ; C ).

It is easily v eri�ed that � ; C `

�

G : : A and head ( G ) = h , pro vided that G 2

G

h

A

(� ; � ; C ), whic h explains the naming in the de�nition ab o v e. The follo wing

theorem is a consequence of the structure theorem and the basis of the uni�cation

transformations giv en b elo w.

Theorem 33 (General Binding Theorem) L et A = � X

k

h U

n

b e a long

� � -normal form with � `

�

A : : A , then ther e exists a gener al binding G 2

G

h

A

(� ; � ; C ) [ W

A

(� ; � ; C ) and a � -substitution � 2 wsSub ( C ! � ; �) , such

that dp ( � ) < dp ( A ) and C ; � `

�

� ( G )=

� �

A .

4 Uni�cation

Building up on the notion of general bindings w e giv e a set of transformations

for (pre-)uni�cation, whic h w e will pro v e correct and complete with the metho ds

of [20].



De�nition 41 (Uni�cation Problem) A uni�c ation pr oblem is a form ula in

the language E ::= A

:

= B j 9 [ X : : A ] E j 8 [ X : : A ] E j E

1

^ E

2

j > . In order

to simplify the presen tation of the algorithm, w e assume that all uni�cation

form ulae are in 98 -form E : = 9 � 8 � E

0

. Eac h form ula is equiv alen t to one in this

form b y raising [15]. W e call a �-substitution � , suc h that � `

�

� : :� and � `

�

� ( A )=

� �

� ( B ) for all pairs A

:

= B in E

0

a �-uni�er for E and w e will denote the set

of �-uni�ers of E with wsU (� ; E ). W e call a subset 	 � wsU (� ; E ) a c omplete

set of � -uni�ers of E , i� for all � 2 wsU (� ; E ) there is a � 2 	 that is more

general than � , i.e. there is a �-substitution � , suc h that � `

�

� ( X )=

� �

� ( � ( X ))

for all X 2 Dom (�) = Dom ( � ). If the singleton set f � g is a complete set of

uni�ers of E , then w e call � a most gener al uni�er for E .

Note that �-uni�abilit y do es not en tail that b oth form ulae of a pair ha v e iden-

tical sets of sorts, since these sets ma y gro w as more term declarations b ecome

applicable with instan tiation. Nev ertheless �-uni�able pairs m ust ha v e the same

t yp es and furthermore the sorts m ust ob ey the Rdom relation.

De�nition 42 ( � -Solv ed F orm) A uni�cation problem E : = 9 � 8 � E

0

is in � -

solve d form if all of its pairs are in solv ed form, i.e. of the form X

:

= A , suc h

that �( X ) = A , � `

�

A : : A , neither X nor an y Y 2 Dom (�) is free in A ,

and X is not free elsewhere in E . These conditions are su�cien t to ensure that

�

E

= [ A

1

=X

1

; : : : ; A

n

=X

n

] is a most general uni�er for E pro vided that E is in

solv ed form with matrix X

1

:

= A

1

^ : : : ^ X

n

:

= A

n

De�nition 43 ( S I M : Simpli�cation of � -Uni�cation Problems)

9 � 8 � ( �X

A

A )

:

= ( �Y

A

B )

9 � 8 � ; [ X : : A ] A

:

= [ X= Y ] B

9 � 8 � ( �X

A

A )

:

= B � `

�

B : : B d ( B ) = A

9 � 8 � ; [ X : : A ] A

:

= ( B X )

W e apply these rules with the understanding that the op erators ^ and

:

= are

comm utativ e and asso ciativ e, that trivial pairs ma y b e dropp ed and that v acuous

quan ti�cations can b e eliminated from the pre�x. It is easy to see that these

simpli�cations conserv e the sets of �-uni�ers.

De�nition 44 ( � U T : T ransformations for � -Uni�cation)

Let � U T b e the system S I M augmen ted b y the follo wing inference rules

9 � 8 � h U

n

:

= h V

n

^ E h 2 � [ Dom (�) [ Dom (�)

9 � 8 � U

1

:

= V

1

^ : : : ^ U

n

:

= V

n

^ E



together with the follo wing rules where G is a general binding of sort A in

G

h

(� ; � ; C ) [ G

j

(� ; � ; C ) [ G

w

(� ; � ; C )

9 � 8 � F U

:

= h V ^ E �( F ) = A

�

9 � [ C 8 � F

:

= G ^ [ G =f ]( F U

:

= h V ^ E )

9 � 8 � F U

:

= h V ^ E �( F ) = A �( h ) = B

��

9 � [ C 8 � F

:

= G ^ [ G =F ]( F U

:

= h V ^ E )

Just as in S I M lea v e the asso ciativit y and comm utativit y of ^ and

:

= implicit.

Note that the concept of a w eak ening transformation for uni�cation is new to

��

!

, where w e use term declarations to mo del subsorting. W e ha v e com bined

it with the classical imitation ( G has head h ) and pro jection ( G is a pro jection

binding) transformations (see [20]) in to � . This set of rules is used with the

con v en tion that all form ulae are eagerly reduced to � -normal form.

Since w e ha v e captured the relev an t features of � H O L in the structure and

general binding theorems (b oth of whic h are nearly trivial in �

!

), w e can no w

use the standard tec hniques (cf. [20, 9]) to soundness and completeness.

Theorem 45 (Completeness Theorem for � U T ) F or any wel l-sorte d uni-

�c ation pr oblem E and any � 2 wsU (� ; E ) , ther e is a se quenc e of tr ansfor-

mations in � U T , such that E `

�

U T E

0

, wher e E

0

is in � -solve d form and

�

E

0

�

� �

� [ F ree ( E )] .

As for uni�cation in �

!

, the rule �� giv es rise to a serious explosion of the

searc h space for uni�ers. Huet's solution to this problem w as to rede�ne the

higher-order uni�cation problem to a form su�cien t for refutation purp oses: F or

the pre-uni�cation problem 
ex-
ex pairs are considered already solv ed, since

they can alw a ys b e trivially solv ed b y binding the head v ariables to sp ecial

constan t functions that iden tify the form ulae b y absorbing their argumen ts.

Ho w ev er in � H O L the solution to the 
ex-
ex problem is not as simple as

in the unsorted case, since the heads of 
ex-
ex pairs can b e v ariables of func-

tional base sorts A . In this case 
ex-
ex-pairs are not solv able indep enden tly

of their argumen ts, since in general the constan t functions needed for absorb-

ing the argumen ts are not of sort A . Our solution to this problem is to mo dify

the de�nition of pre-solv ed pairs and to k eep the guess rule, but restrict its ap-

plication to the problematic 
ex-
ex cases. F urthermore �-pre-uni�cation only

mak es sense for regular signatures, where form ulae ha v e a unique least sort

(with resp ect to the full subsort relation). Consider the non-regular signature

giv en b y S : = f A ; B g , � ( A ) = � ( B ) = � , � : = f c

�

g and � : = f [ c : : A ] ; [ c : : B ] g . The

�-substitution [ c=X ] ; [ c= Y ] is a �-uni�er of the pair 9 [ X : : A ] ; [ Y : : B ] X

:

= Y , but

it can only b e found b y applying some kind of �� transformation. Therefore w e

will only consider regular signatures for pre-uni�cation.



De�nition 46 Let A b e a 
exible form ula with � � -normal form � X F U

n

and

�( F ) = A

n

! B , then w e call A functional ly 
exible with tar get sort B . Let =

p

b e the least congruence relation on w ell-sorted form ulae that con tains =

� �

and

all functional 
exible pairs. Let E : = 9 � 8 � E

0

b e an equational system, then a

�-substitution � is called a �-pre-uni�er of the pair A

:

= B 2 E

0

, i� � `

�

� : :�

and � `

�

� ( A ) =

p

� ( B ). W e denote the set of �-pre-uni�ers b y wsPU (� ; E ).

De�nition 47 (Pre-Solv ed F orm) Let E : = 9 � 8 � E

0

b e an equational sys-

tem, then w e call a form ula F U

k

Y functional ly 
exible in E with tar get sort B ,

i� �( F ) = A

k

! B and Y

i

2 Dom (�). A pair in E

0

is in � -pr e-solve d form in

E , i� it is in solv ed form, or if it is a pair of functionally 
exible form ulae with

iden tical target sorts.

This de�nition is tailored to guaran tee that �-pre-uni�ers can alw a ys b e ex-

tended to �-uni�ers b y �nding trivial uni�ers for the 
exible pairs and that

equational problems in �-pre-solv ed form alw a ys ha v e most general uni�ers.

Therefore an equational system E is �-pre-uni�able, i� it is �-uni�able.

De�nition 48 ( � P T :T ransformations for � -Pre-Uni�cation) W e de�ne the

set � P T of tr ansformations for wel l-sorte d pr e-uni�c ation b y mo difying the

� U T rules for decomp osition and the rule � b y requiring that they ma y not

b e p erformed on a pair A

:

= B , if head ( A ) 2 F ree ( A ), and restricting �� to

the case, where the v ariable it acts on is the head of a 
exible pair that is not

functionally 
exible.

With these de�nitions w e obtain a completeness result for � P T similar to 45

with the same metho ds, since most of the tec hnical di�culties are encapsulated

in the general binding theorem. In fact these metho ds can also b e extended to

yield a �-uni�cation algorithm for higher-order patterns (cf. [12]).

5 Conclusion and F urther W ork

W e ha v e presen ted a sorted v ersion � H O L of �

!

that incorp orates the notions

of functional base sorts and term declarations, whic h is a a go o d basis for the

dev elopmen t of higher-order automated theorem pro v ers, since it greatly en-

hances the practical expressiv e p o w er of �

!

as a logic system. W e ha v e studied

the subtle in teractions of functional base sorts, function restriction and exten-

sionalit y , and of term declarations with sorted � -con v ersion. W e ha v e presen ted

correct and complete sets of transformations for uni�cation and pre-uni�cation

in � H O L , whic h form the basis of a sorted higher-order resolution calculus de-

scrib ed in [13].

In �rst-order predicate logic, the in tro duction of term declarations has b een a

ma jor step to the dev elopmen t of dynamic sorted logics [22], where v ariables are

restricted to sorts, but where the sorts can also b e treated as unary predicates

in the logic; th us the signature is no longer �xed across the deduction, as sort

information can app ear in the deduction pro cess. Extensions of these ideas ha v e



b een utilized to formalize and mec hanize a general �rst-order Kleene logic for

partial functions [10]. In b oth systems the resolution rule alw a ys uses sorted

uni�cation with resp ect to the signature sp eci�ed b y the curren t state of the

pro of. Since predicates are primary ob jects of t yp e theory , a generalization of the

metho ds in [22, 10] ma y yield v ery p o w erful calculi for mec hanizing mathematics

and in particular analysis, whic h w as the original motiv ation for the researc h

rep orted in this pap er.
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