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Abstract. Mec hanised reasoning systems and computer algebra systems ha v e dif-

feren t ob jectiv es. Their in tegration is highly desirable, since formal pro ofs often

in v olv e b oth of the t w o di�eren t tasks, pro ving and calculating. Ev en more imp or-

tan tly , pro of and computation are often in terw o v en and not easily separable.

In this con tribution w e adv o cate an in tegration of computer algebra in to mec h-

anised reasoning systems at the pro of plan lev el. This approac h allo ws to view the

computer algebra algorithms as metho ds , that is, declarativ e represen tations of the

problem solving kno wledge sp eci�c to a certain mathematical domain. Automation

can b e ac hiev ed in man y cases b y searc hing for a hierarc hic pr o of plan at the metho d-

lev el using suitable domain-sp eci�c con trol kno wledge ab out the mathematical algo-

rithms. In other w ords, the uniform framew ork of pro of planning allo ws to solv e a

large class of problems that are not automatically solv able b y separate systems.

Our approac h also giv es an answ er to the correctness problems inheren t in suc h

an in tegration. W e adv o cate an approac h where the computer algebra system pro-

duces high-lev el proto col information that can b e pro cessed b y an in terface to deriv e

pro of plans. Suc h a pro of plan in turn can b e expanded to pro ofs at di�eren t lev els

of abstraction, so the approac h is w ell-suited for pro ducing a high-lev el v erbalised

explication as w ell as for a lo w-lev el mac hine c hec k able calculus-lev el pro of.

W e presen t an implemen tation of our ideas and exemplify them using an auto-

matically solv ed example.

Changes in the criterion of `rigour of

the pro of ' engender ma jor rev olutions

in mathematics.

H. P oincar � e, 1905

Key w ords: mec hanised reasoning, computer algebra, hierarc hical pro of planning,

pro of c hec king.

1. In tro duction

The computer and the dev elopmen t of high-lev el programming lan-

guages made p ossible the mec hanisation of logic as w ell as the realisa-
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tion of mec hanical sym b olic calculations, w e could witness in the last

fort y y ears. This has lead to t w o rather disjoin t academic �elds: mec ha-

nised reasoning and computer algebra, whic h eac h ha v e their o wn meth-

o ds, in terests and traditions, ev en though they share common ro ots:

none of the t w o �elds is imaginable without the underlying foundation

of mathematical logic or the mathematical study of sym b olic calcula-

tions (leading to suc h algorithms and metho ds as the determination of

the GCD or the Gau�ian elimination). Only in the last decade w e ha v e

seen a mo v e to w ards an in tegration of the �elds driv en b y the insigh t

that real-w orld formal problems often in v olv e a mixture of b oth com-

putation and reasoning, hence an in tegration of mec hanised reasoning

systems and computer algebra systems is highly desirable (cf. [Buc85]).

This is the case in particular, since deduction systems are v ery w eak,

when it comes to computation with mathematical ob jects, and com-

puter algebra systems manipulate highly optimised represen tations of

these ob jects, but do not yield an y formally c hec k able pro of information

(if they giv e an y explanation at all).

In the remainder of this in tro duction w e brie
y summarise k ey p oin ts

of mec hanised reasoning systems as w ell as of computer algebra systems

and then giv e a short preview on the in tegration approac h adv o cated

in this pap er. By its nature, suc h a short description has to abstract

from man y details and to simplify considerably .

1.1. Mechanised Reasoning Systems

Mec hanised reasoning systems (for short MRS in the follo wing) are

built with v arious purp oses in mind. One goal is the construction of an

autonomous theorem pro v er, whose strength ac hiev es or ev en surpass-

es the abilit y of h uman mathematicians. Another is to build a system

where the user deriv es the pro of, with the system guaran teeing its cor-

rectness. A third purp ose consists in mo delling h uman problem-solving

b eha viour on a mac hine, that is, cognitiv e asp ects are the fo cus.

Adv anced theorem pro ving systems often try to com bine the di�er-

en t goals, since they can complemen t eac h other in an ideal w a y . Let us

roughly divide existing theorem-pro ving systems in to three categories:

mac hine-orien ted theorem pro v ers, pro of c hec k ers, and h uman-orien ted

(plan-based) theorem pro v ers.

Normally all these systems do not exist in a pure form an ymore, and

in some systems lik e our o wn 
 mega system [BCF

+

97] it is explicitly

tried to com bine the reasoning p o w er of automated theorem pro v ers as

logic engines, the sp ecialised problem solving kno wledge of the pro of

planning mec hanism, and the in teractiv e supp ort of tactic-based pro of

dev elopmen t en vironmen ts. W e think that the com bination of these

KeKoSo.tex; 23/03/1998; 14:00; no v.; p.2



INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 3

complemen tary approac hes inherits more adv an tages than dra wbac ks,

b ecause for most tasks domain-sp eci�c as w ell as domain-indep enden t

problem-solving kno w-ho w is required and for di�cult tasks more often

than not an explicit user-in teraction should b e pro vided. While suc h an

approac h seems to b e general enough to cop e with an y kinds of logic-

lev el pro ofs, it neglects the fact that for man y mathematical �elds,

the ev eryda y w ork of mathematicians only partially consists in pro ving

or v erifying theorems. Calculation pla ys an equally imp ortan t r^ ole. In

some cases the tasks of pro ving theorems and calculating simpli�ca-

tions of certain terms can b e separated from eac h other, but v ery often

the tasks are in terw o v en and inseparable. In suc h cases an in teractiv e

theorem pro ving en vironmen t will only pro vide rather p o or supp ort to

a user. Although theoretically an y computation can b e reduced to the-

orem pro ving, this is not practical for non-trivial cases, since the searc h

spaces are in tractable. F or man y of these tasks, ho w ev er, no searc h is

necessary at all, since there are n umerical or algebraic algorithms that

can b e used. If w e think of Ko w alski's equation \Algorithm = Logic

+ Con trol" [Ko w79], general purp ose pro cedures do not (and cannot)

pro vide the con trol for doing a concrete computation.

1.2. Computer Algebra Systems

Early computer algebra systems (CAS for short) dev elop ed from col-

lections of algorithms and data structures for the manipulation of alge-

braic expressions lik e the m ultiplication of p olynomials, or the deriv a-

tion and in tegration of functions [Hea95]. Abstractly sp ok en, the main

ob jectiv e of a CAS can b e view ed in the simpli�cation of an algebraic

expression or the determination of a normal form. T o da y there is a

broad range of suc h systems, ranging from v ery generally applicable

systems to a m ultitude of systems designed for sp eci�c applications.

Unlik e MRS, CAS are used b y man y mathematicians as a to ol in their

ev eryda y w ork, they are ev en widely applied in sciences, engineering

and economics. Their high academic and practical standard re
ects the

fact that the study of sym b olic calculation has long b een an established

and fruitful sub�eld of mathematics that has dev elop ed the mathemat-

ical theory and to ols.

Most mo dern systems [W ol96, CGG

+

92, JS92] ha v e in common that

the algebraic algorithms are in tegrated in a v ery comfortable graphical

user in terface that includes form ula editing, visualisation of mathemat-

ical ob jects and ev en an in terface to programming languages. As in the

case of MRS the represen tation languages of CAS di�er from system

to system, whic h complicates the in tegration of suc h systems as w ell

as the co op eration b et w een them. This de�ciency has b een attac k ed in
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the Op enMath initiativ e [AvLS96], whic h striv es for a standard CAS

comm unication proto col. Curren tly the main emphasis is laid on stan-

dardising the syn tax and the computational b eha viour of the mathe-

matical ob jects, while their prop erties or seman tics are not considered.

That means there is no explicit represen tation format for theorems,

lemmata and pro ofs. Some sp eci�c systems allo w to sp ecify mathemat-

ical domains and theories. F or instance in systems lik e MuP ad [F uc96]

or Axiom [JS92], computational b eha viour can b e sp eci�ed b y attac h-

ing t yp es and axiomatisations to mathematical ob jects; but this also

falls short of a comprehensiv e represen tation of all relev an t mathemat-

ics. F urthermore, almost all CAS fail to giv e an explanation or pro of of

their solution to the problem at hand, ev en though some mathematical

theories lik e that of Gr• obner bases can b e successfully applied to the-

orem pro ving in elemen tary geometry [Cho88, Kap88, CGZ94, W u94].

1.3. Contributions of this P aper

Not only the fact that a m utual sim ulation of the tasks of an MRS and

a CAS can b e quite ine�cien t, but more that the daily w ork of math-

ematicians is ab out pro ving and calculating p oin ts to the in tegration

of suc h systems, since mathematicians w an t to ha v e supp ort in b oth of

their main activities. Indeed t w o indep enden t systems can hardly co v er

their needs, since in man y cases the tasks of pro ving and calculating are

hardly separable. As p oin ted out b y Buc h b erger [Buc96a] the in tegra-

tion problem is still unsolv ed, but it can b e exp ected that a successful

com bination of these systems will lead to \a drastic impro v emen t of

the in telligence lev el" of suc h supp ort systems.

Our pap er addresses t w o immediate questions o ccurring in the in te-

gration of automated reasoning and computation systems.

� Ho w can the algorithms b e in tegrated, so that the underlying

mathematical kno wledge is m utually resp ected and a synergy e�ect

is ac hiev ed?

� Ho w can the correctness problem inheren t in an y suc h com bination

b e addressed? In particular, ho w can results from the CAS b e

in tegrated in to a pro of without ha ving to completely trust the

CAS?

W e adv o cate an in tegration of computer algebra in to mec hanised rea-

soning systems using the pro of planning paradigm. This approac h

allo ws to encapsulate the computer algebra algorithms in to meth-

o ds , that is, declarativ e represen tations of the problem solving kno wl-

edge sp eci�c to a certain mathematical domain. The pro of planning

paradigm enables a user to guide a pro of or to fully hand o v er the con-
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trol to a planner, whic h in turn can use computer algebra systems, if

the sp eci�cations for the corresp onding algorithms are met. The use of

hierarc hic pr o of plans at the metho d-lev el giv es a suitable gran ularit y

of in tegration, since it allo ws to directly use existing (h uman) con trol

kno wledge ab out the in terpla y of computation and reasoning.

A prop er in tegration in to the pro of planning approac h answ ers the

question ab out the correctness automatically , since the corresp onding

questions are solv ed for pro of planning. In this area a pro of plan can

either b e rejected (the tactics are not executable, hence the plan can-

not b e used to build a pro of ) or executed. The later results either in a

further planning phase to �ll in p ossible gaps or in an accepted mac hine-

c hec k able pro of. Hence a prop er in tegration requires that the computer

algebra system pro duces high-lev el proto col information that can b e

pro cessed b y an in terface to deriv e pro of plans whic h themselv es can

b e seamlessly in tegrated in to the o v erall pro of plan generated in the

problem solving attempt. Since this can b e expanded in to an explicit,

c hec k able pro of in order to obtain a correctness guaran tee for the com-

bined solution, w e ha v e also giv en a principled answ er to the correctness

problem.

The feasibilit y of the approac h adv o cated in the sequel has b een

v eri�ed b y in tegrating a simple CAS in to the 
 mega pro of planning

system. Therefore, w e organise the pap er around this exp erimen t and

describ e the relev an t features with a system p ersp ectiv e. Our approac h

requires a mo de of the CAS that generates information from whic h it

is p ossible to generate a pro of plan. F or that reason the in tegration of

a standard CAS mak es ma jor adaptations una v oidable (in particular it

is necessary to c hange the source co de of these systems). Our approac h

is not committed to the particular systems in v olv ed, in particular, the

w ork rep orted here should b e understo o d rather as a pro of of principle

than as the dev elopmen t of a state-of-the-art in tegrated system.

Moreo v er, w e will mak e the details of the approac h more concrete b y

explaining them b y means of an example that cannot easily b e solv ed

b y either a mec hanised reasoning system or a computer algebra system

alone, but that needs the com bined e�orts of systems of eac h kind.

2. Related W ork

W e giv e a short description of some of the exp erimen ts to com bine MRS

and CAS and roughly categorise them in to three classes with resp ect

to the treatmen t of pro ofs that is adopted, that is, with resp ect to the

correctness issue. In doing so w e only describ e in detail the approac hes

of in tegrating CAS in to MRS, that is, essen tially the MRS is the master
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and the CAS the sla v e, since our approac h is also of this kind. With

the same righ t, one can of course follo w the con v erse direction, namely

to approac h the in tegration from the p oin t of the CAS and indeed suc h

approac hes are also successfully undertak en (see e.g. [CZ92, Buc96]).

The question ab out the gran ularit y of in tegration is treated uni-

formly b y all these exp erimen ts. The application of the CAS is treated

as another (deriv ed) rule of inference at the lev el of the (tactic) calcu-

lus, so the gran ularit y of in tegration dep ends on the gran ularit y of the

calculus or the tactics in v olv ed.

In the �rst category of attempts (see e.g. [HT93b, BHC95]) one

essen tially trusts that the CAS prop erly w ork, hence their results are

directly incorp orated in to the pro of. All these exp erimen ts are at least

partly motiv ated b y ac hieving a broader applicabilit y range of formal

metho ds and this ob jectiv e is de�nitiv ely ac hiev ed, since the range of

mathematical theorems that can b e formally pro v ed b y the system com-

binations is m uc h greater than that pro v able b y MRS alone. Ho w ev er,

CAS are v ery complex programs and therefore only trust w orth y to a

limited exten t, so that the correctness of pro ofs in suc h a h ybrid system

can b e questioned. This is not only a minor tec hnical problem, but will

remain unsolv ed for the foreseeable future since the complexit y (not

only the co de complexit y , but also the mathematical complexit y) of a

CAS do es not p ermit a v eri�cation of the program itself with curren tly

a v ailable program v eri�cation metho ds. Conceptually , the main con tri-

bution of suc h an in tegration is the solution of the soft w are-engineering

problem ho w to pass the con trol b et w een the programs and translating

results forth and bac k. While this is an imp ortan t subproblem, it do es

not seem to co v er the full complexit y of the in teraction of reasoning and

computation found in mathematical theorem pro ving. In an alternativ e

approac h that formally resp ects correctness, but essen tially trusts CAS,

an additional assumption standing for the CAS is in tro duced, so that

essen tially form ulae are deriv ed that are pro v ed mo dulo the correctness

of the computer algebra system at hand (see e.g. [HT93b]).

The second category (for whic h [HT93a] is paradigmatic) is more

conscious ab out the r^ ole of pro ofs, and only uses the CAS as an oracle,

receiving a result, whose correctness can then b e c hec k ed deductiv ely .

While this certainly solv es the correctness problem, this approac h only

has a limited co v erage, since ev en c hec king the correctness of a calcula-

tion ma y b e out of scop e of most MRS, when they don't ha v e additional

information. Indeed from the p oin t of applicabilit y , the results of the

CAS help only in cases, where the v eri�cation of a result is simpler

than its disco v ery , suc h as prime factorisations, solving equations, or

sym b olic in tegration. F or other calculations, suc h as sym b olic addition

or m ultiplication of p olynomials and di�eren tiation, the v eri�cation is

just as complex as the calculation itself, so that emplo ying the CAS

KeKoSo.tex; 23/03/1998; 14:00; no v.; p.6



INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 7

do es not sp eed up the pro of construction pro cess. T ypically in longer

calculations, b oth t yp es of sub-calculations are con tained.

A third approac h of in tegrating computer algebra systems in to a

particular kind of mec hanised reasoning system, consists in the meta-

theoretic extension of the reasoning system as prop osed for instance

in [BM81, Ho w88] and b een realised in Nuprl [Con86]. In this approac h

a constructiv e mec hanised reasoning system is basically used as its

o wn meta-system, the constructiv e features are exploited to syn thesise

a correct computer algebra system and due to bridge rules b et w een

ground and meta-system it is p ossible to in tegrate the so-built CAS

that it can b e directly used as a comp onen t. The theoretical prop erties

of the meta-theoretic extension guaran tee that if the original system

w as correct then the extended system is correct to o. This metho d is

the most app ealing one from the viewp oin t of correctness, although

the assumption that the original (also rather complex) system m ust b e

correct can hardly b e exp ected to b e self-eviden t for an y non-trivial

system. A disadv an tage compared to the other t w o approac hes is that

it is not p ossible to emplo y an existing CAS, but that it is necessary to

(re)implemen t one in the strictly formal system giv en b y the basic MRS.

Of course this is sub ject to the limitations p osed b y the (mathematical

and soft w are engineering) complexities men tioned ab o v e.

The main problem of in tegrating CAS in to MRS without violating

correctness requiremen ts is that CAS are generally highly optimised

to w ards maximal sp eed of computation but not to w ards generating

explanations of the computations in v olv ed. In most cases, this is dealt

with b y meta-theoretic considerations wh y the algorithms are adequate.

This lac k of explanation mak es it not only imp ossible for the a v erage

user to understand or con vince himself of the correctness of the com-

putation, but lea v es an y MRS essen tially without an y information wh y

t w o terms should b e equal. This is problematic, since computation-

al errors ha v e b een rep orted ev en for w ell-tested and w ell-established

CAS. F rom the rep orted categories of approac hes only the last one

seriously addresses this problem.

3. 
 mega as an Op en System for In tegrating Computation


 mega is a pro of dev elopmen t system, based on the pro of planning

paradigm. In this section w e describ e its arc hitecture and comp onen ts

and sho w ho w this supp orts the in tegration of computer algebra sys-

tems. Since the goal of this pap er is not to presen t a system description

of 
 mega , but to do cumen t the in tegration of computer algebra in to

it, w e try to b e as concise as p ossible and in tro duce the relev an t parts
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only , the general arc hitecture, the pro of planner, and the in tegration

p ossibilities for external reasoners.

3.1. The Pr oof Development Envir onment 
mega

The en tire pro cess of theorem pro ving in 
 mega can b e view ed as

an in terlea ving pro cess of pro of planning, execution and v eri�cation

cen tred around a hierarc hical pro of plan data structure.

Sev eral in tegrated to ols supp ort the user in in teracting with the

system. Some of them are also a v ailable to the pro of planner.

The ory Datab ase

Since metho ds and con trol kno wledge used in pro of planning are most-

ly domain-sp eci�c, 
 mega organises the mathematical kno wledge in a

hierarc h y of theories. Theories represen t signature extensions, axioms,

de�nitions, and metho ds that mak e up t ypical established mathemati-

cal domains. Eac h theorem has its home theory and therefore has access

to the theory's signature extensions, axioms, de�nitions, and lemmata

without explicitly in tro ducing them. A simple inheritance mec hanism

allo ws to incremen tally build larger theories from smaller parts.

W e giv e an o v erview of the part of 
 mega 's theory database that

is necessary for solving our extended example in Figure 1.

Pr o of Explanation

Pro of presen tation is one imp ortan t feature of a mathematical assis-

tan t that has b een neglected b y traditional deduction systems. 
 mega

emplo ys an extension of the Pr o verb system [HF96] dev elop ed b y our

group that allo ws for presen ting pro ofs and pro of plans in natural lan-

guage. In order to pro duce coheren t texts that resem ble those found in

mathematical textb o oks, Pr o verb emplo ys state-of-the-art tec hniques

of natural language pro cessing.

Due to the p ossibly hierarc hical nature of 
 mega pro ofs, these can

b e v erbalised at more than one lev el of abstraction, whic h can b e select-

ed b y the user.

T o summarise our view of pro ofs, for ev ery theorem an explicit pro of

has to b e constructed so that on the one hand it can b e c hec k ed b y

a pro of c hec k er, on the other hand the system pro vides supp ort to

represen t this pro of in a high-lev el form that is easily readable b y

h umans [HF96]. Neither the pro cess of generating pro ofs nor that of

c hec king them is fully replaced b y the mac hine but only supp orted. If

a h uman mathematician w an ts to see a pro of, he/she can do so at an

appropriate lev el of abstraction.
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3.2. Pr oof Planning

The cen tral data structure for the o v erall pro cess is the Pr o of plan Data

Structur e ( P D S ). This is a hierarc hical data structure that represen ts

a (partial) pro of at di�eren t lev els of abstraction (called pr o of plans ). It

is represen ted as a directed acyclic graph, where the no des are justi�ed

b y (LCF-st yle) tactic applications. Conceptually , eac h suc h justi�cation

represen ts a pro of plan (the exp ansion of the justi�cation) at a lo w er

lev el of abstraction that is computed when the tactic is executed

1

. In


 mega , w e explicitly k eep the original pro of plan in an expansion hier-

arc h y . Th us the P D S mak es the hierarc hical structure of pro of plans

explicit and retains it for further applications suc h as pro of explanation

or analogical transfer of plans.

Once a pro of plan is completed, its justi�cations can successiv ely

b e expanded to v erify the w ell-formedness of the corresp onding P D S .

This v eri�cation phase is necessary , since the correctness of the dif-

feren t comp onen ts (in particular, that of external ones lik e automated

theorem pro v ers or computer algebra systems) cannot b e guaran teed.

When the expansion pro cess is carried out do wn to the underlying

ND-calculus (natural deduction), the soundness of the o v erall system

relies solely on the correctness of the v eri�er and of ND. This also

pro vides a basis for the con trolled in tegration of external reasoning

comp onen ts if eac h reasoner's results can (on demand) b e transformed

in to a sub- P D S . The lev el to whic h the pro ofs ha v e to b e expanded

dep ends on the sophistication of the pro of c hec k er. As p oin ted out b y

Barendregt [Bar96], a more complex pro of-c hec k er that accepts pro ofs

in a more expressiv e formalism ma y drastically reduce the length of the

comm unicated pro ofs. If the high-lev el justi�cations are not expanded

but accepted as they are, our approac h reduces to one in whic h the com-

puter algebra system is fully trusted. In short, the hierarc hical nature

of the P D S supp orts the full sp ectrum of user preferences, from total

trust in the CAS, o v er partial trust in certain lev els to full expansion

of the pro ofs in a detailed calculus lev el description that is mac hine

c hec k able.

A P D S can b e constructed b y automated or mixed-initiativ e plan-

ning, or pure user in teraction that can mak e use of the in tegrated to ols.

In particular, new pieces of P D S can b e added b y directly calling tac-

tics, b y inserting facts from a database, or b y calling some external rea-

soner (cf. Section 3.3) suc h as an automated theorem pro v er or a com-

puter algebra system. Automated pro of planning is only adequate for

1

This pro of plan can b e recursiv ely expanded, un til w e ha v e reac hed a pro of plan

that is in fact a fully explicit pro of, since all no des are justi�ed b y the inference rules

of a higher-order v arian t of Gen tzen's calculus of natural deduction (ND).
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problem classes for whic h metho ds and con trol kno wledge ha v e already

b een established.

The goal of pro of planning is to �ll gaps in a giv en P D S b y forw ard

and bac kw ard reasoning [HKKR94] (pro of plans w ere �rst in tro duced

b y Bundy , see [Bun88, BSvH

+

93]). Th us from an abstract p oin t of

view the planning pro cess is the pro cess of exploring the searc h space

of planning states that is generated b y the plan op er ators in order to

�nd a complete plan from a giv en initial state to a terminal state .


 mega 's pro of planner is an extension of the w ell-kno wn STRIPS

algorithm that can b e ev ok ed to construct a pro of plan for a no de

g (the go al no de ) from a set I of supp orting no des (the initial state)

using a set O ps of pro of planning op erators, here called metho ds. A

metho d is a (partial) sp eci�cation of a tactic in a meta-lev el language.

In 
 mega planning is com bined with hierarc hical expansion of metho ds

and precondition abstraction. The plans found b y this pro cedure are

directly incorp orated in to the P D S as a separate lev el of abstraction.

In this mo del, the actual reasoning comp etence of the planner and

the user builds up on the a v ailabilit y of appropriate metho ds togeth-

er with meta-lev el con trol kno wledge that guides the planning. A t the

momen t, 
 mega pro vides user-de�ned metho d ratings as a means of

con trol and can use analogy as a con trol strategy of the planner. Tw o

examples of metho ds are displa y ed in the section on the extended exam-

ple, Section 3.4.

3.3. Integra tion of Computer Algebra Systems as

External Reasoners

According to the di�eren t mo des of 
 mega there are di�eren t lev els

on whic h an external reasoning system, RSys , can b e in tegrated:

� In teractiv e calls , RSys is represen ted as a command call- RSys

that in v ok es the reasoner on a particular subproblem and returns

the result,

� Pro of planning , RSys is represen ted as a metho d whose sp eci-

�cation con tains kno wledge ab out the problem solving b eha viour

and option settings for RSys .

� Justi�cations , RSys can serv e as a justi�cation of a declarativ ely

giv en subgoal that is left to b e pro v ed b y RSys .

In an y case, the pro of found b y RSys m ust ev en tually b e transformed

in to a P D S , since this is the pro of-theoretic basis of 
 mega . F or auto-

mated theorem pro v ers lik e Otter [McC94], w e describ ed the in te-

gration in [HKK

+

94] and the necessary pro of transformation to P D S

in [HF96], so w e will not pursue this matter here. The in tegration of
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INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 11

CAS follo ws the same paradigm and is the main topic of this pap er,

so w e will dev elop the paradigm for the case of external computations

in 
 mega . W e will see examples for the three di�eren t lev els of in te-

grations of a CAS in to 
 mega in the example in the next section, so

w e will not go in to that here. This lea v es us with the question of the

transformation of the CAS results in to P D S .

If w e tak e the idea of generating explicit P D S seriously also for

computations w e can neither just tak e existing systems nor follo w the

approac h of meta-theoretic extensions, since 
 mega is a classical pro of

system and do es not use constructiv e logic. On the other hand w e can-

not forgo using them ev en in cases, where the v eri�cation of a cal-

culation is m uc h easier than the calculation itself (e.g., in tegration

of functions); the computation needed for v erifying alone is in man y

cases still m uc h to o complicated to b e automatically c hec k ed without

an y guidance. F or instance ev en the pro of for the binomial form ula

( x + y )

2

= x

2

+ 2 xy + y

2

(a trivial problem for an y computer alge-

bra system) needs more then 70 single steps in the natural deduction

calculus

2

. Th us using theorem pro v ers or rewriting systems to �nd suc h

pro ofs can pro duce unnecessarily large searc h spaces and th us absorb

v aluable resources. On the other hand suc h pro ofs sho w a remark able

resem blance to algebraic calculations themselv es and suggest the use of

the CAS not only to instan tly compute the result of the giv en problem,

but also to guide a pro of in the w a y of exploiting the implicit kno wledge

of the algorithms. W e prop ose to do this extraction of information not

b y trying to reconstruct the computation in the MRS after the result

is generated { as w e ha v e seen, ev en in case of a trivial example for a

CAS this ma y turn out to b e a v ery hard task for an MRS { but rather

to extend the CAS algorithm itself so that it pro duces some logically

usable output alongside the actual computation. Surely in most cases

a user w ould not lik e to see pro ofs at a lev el where the binomial form u-

la is explained (although a no vice migh t w an t to). This means that a

hierarc hical approac h to pro of generation is appropriate, in whic h the

abstraction lev el of the pro of presen tation can b e c hosen b y the user.

Our approac h is to use the mathematical kno wledge implicit in the

CAS to extract pro of plans that corresp ond to the mathematical com-

putation in the CAS. So essen tially the output of a CAS should b e

transferable in to a sequence of tactics, whic h presen ts a high-lev el

description for the pro of of correctness of the computation the CAS

has p erformed. Note that this do es not pro v e general correctness of

the algorithms in v olv ed, instead it only giv es a pro of for a particular

instance of computation. The high-lev el description can then b e used to

2

Pro ofs of this length are among the hardest ev er found b y totally automatic

theorem pro v ers without domain-sp eci�c kno wledge.
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12 M. KERBER, M. K OHLHASE, V. SOR GE.

pro duce a readable explanation or further expanded to a lev el that can

b e automatically c hec k ed b y pro of c hec k ers. The lev el of abstraction

on whic h the c hec king can tak e place, dep ends on the lev el of sophisti-

cation of the pro of c hec k er. F or a naiv e pro of c hec k er, the pro of m ust

b e expanded to an explicit calculus lev el. The decision to extract pro of

plans rather than concrete pro ofs from the CAS is essen tial to the goal

of b eing v erb ose without transmitting to o m uc h detail.

F or our purp ose, w e need di�eren t mo des, in whic h w e can use the

CAS. Normally , during a pro of searc h, w e are only in terested in the

result of a computation, since the assumption that the computation

is correct is normally justi�ed for established CAS. When w e w an t to

understand the computation { in particular, in a successful pro of { w e

need a mo de of the CAS that giv es enough information to generate a

high-lev el description of the computation in terms of the mathemat-

ics in v olv ed. This is is describ ed in the next section in detail. Before

doing so w e describ e ho w the in tegrated system automatically solv es

an extended example from an economics examination.

3.4. Extended Example

The concrete task at hand is to minimise the costs for running a

mac hine while pro ducing a certain pro duct.

Problem: The output of a machine c an r ange over a c ertain interval,

the interval I = [1 ; 7] . The c ost of the pr o duct pr o d is determine d by

the c osts of water and ele ctricity for pr o ducing pr o d , which ar e given

by the functions

� r

1

= (0 : 5 d

2

+ 3)

m

3

pr o d

� r

2

= (4 d

2

� 24 d + 6)

kWh

pr o d

and the pric es for water and ele ctricity

� p

1

= 2

DM

m

3

� p

2

= 0 : 5

DM

kWh

Determine the output d in I of the machine such that the total c osts

ar e minimal.

This example serv es our purp oses for sev eral reasons. Firstly , it

allo ws us to sho w the in teraction of pro of planning with sym b olic com-

putation and the extraction of pro of plans from calculations. Secondly ,

the mathematics in v olv ed is simple enough to b e fully explained (only

simple p olynomial manipulations are necessary). Thirdly , it is not an

example w e created, but the problem is a sligh tly v aried v ersion of a
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INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 13

minimisation problem from a masters examination in economics at the

Univ ersit• at des Saarlandes, Saarbr • uc k en [WiW89].

In order to solv e problems lik e this, w e ha v e in tegrated a simple CAS

in to 
 mega , called � - Cas

3

.

The � - Cas -system is v ery simple and can at the momen t only p er-

form basic p olynomial manipulations and di�eren tiation, but it su�ces

for automatically solving the example at hand. Clearly , for a practi-

cal system for mathematical reasoning, a m uc h more dev elop ed system

lik e Maple [CGG

+

92], Reduce [Hea95], Axiom [JS92], or Mathemat-

ica [W ol96] has to b e in tegrated. The tec hnicalities of the in tegration

will b e describ ed in Section 4.

F or the formalisation of the example, w e use the theory mec ha-

nism of 
 mega to create a theory economy (see Figure 1) that con-

tains the domain-sp eci�c kno wledge (b oth the factual and the metho d

kno wledge) needed for the problem solution. Ob viously , w e need a

bac kground theory of c osts in economics (that handles b oth n umer-

ical parts and denomination of cost functions) and one of minimisation

of real functions, therefore, our theory inherits material from the theo-

ries costs and calculus . The calculus theory is pro vided b y 
 mega

and con tains relev an t parts of the kno wledge of an elemen tary calculus

textb o ok: F or instance, the r e al numb ers are in tro duced as a complete,

dense arc himedian �eld (based on elemen tary algebraic notions suc h

as gr oups and rings de�ned in the resp ectiv e theories). The set of real

n um b ers (sho wing the existence of suc h a complete, dense arc himedian

�eld) are constructed as the quotien t �eld of the ring of sequences of

r ational n um b ers o v er the ideal of n ull-sequences. The rational n um-

b ers in turn are constructed as signed fractions of natural n um b ers

that are de�ned from the P eano axioms in theory natural . All of these

mathematical theories are based on the theories function , set , and

relation , that sp ecify naiv e (simply t yp ed) set theory and the prop-

erties of functions and relations on suc h sets. Finally , the whole hier-

arc h y builds on the theory base, whic h declares the underlying logic

b y pro viding the logical connectiv es and quan ti�ers and the basic ND

inference rules.

The theory economy pro vides a t yp e � of units that co v ers the dif-

feren t units of denominations { in our example m

3

(for v olume), kWh

(for w ork), pr o d (for pro duct) and DM (for the price). W e then for-

malise prices as triples consisting of one real n um b er and t w o units

and cost functions as a real function together with t w o units (read as

input/output units). Note, that just as in the real w orld, addition ( � )

3

The � - Cas system is part of the standard distribution of 
 mega whic h can

b e obtained from http://www.ags.uni-sb.de/sof twar e/ded ukti on/om ega . The

example is accessible as WiWi-Exam in the theory economy .
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base

function set relation

struct

orderedtopology

ordered-ring

ordered-field

metric-space

natural

rational

sequences

integer

semigroup

group

ring

field

monoid

real

calculus

economy

costs

Figur e 1 . Theory hierarc h y in 
 mega 's kno wledge base

m ultiplication ( 
 ) and comparison of costs and cost functions is de�ned

as that of their real parts with resp ect to the denominations. F or these

calculations w e ha v e the axioms CF1 and CF2. If t w o denominations

di�er, w e can relate them b y their prices, for this purp ose w e use axiom

Pr.

CF1 cf ( f ; u; v ) � cf ( g ; u; v ) = cf ( f + g ; u; v )

CF2 cf ( f ; u; v ) 
 cf ( g ; v ; w ) = cf ( f � g ; u; w )

Pr pric e ( f ; u; v ) ) cf ( g ; v ; w ) = cf ( f � g ; u; w )
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INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 15

Optimisation in economy is formalised b y a predicate O pt on a cost

function cf ( f ; DM ; pr o d ) and an in terv al I that is true, whenev er f

has a total minim um

4

on I .

O O pt ( cf ( f ; DM ; pr o d ) ; I ) , 9 x T otMin ( x; f ; I )

Th us w e can state the problem as the follo wing form ula

5

THM H ` O pt ([ cf ( �d 0 : 5 d

2

+ 3 ; m

3

; pr o d ) �

cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

where H is a set of h yp otheses that are needed for the complete pro of,

for instance the price axioms

P

m

3
pric e (2 ; DM ; m

3

)

P

kWh

pric e (0 : 5 ; DM ; kWh )

The planner solv es the problem b y generating a high-lev el pro of

plan consisting of metho ds from its domain sp eci�c metho d base on

economics exam questions

6

.

W e are going to outline this pro cess b y describing its ma jor steps.

In particular, w e will demonstrate ho w the pro of planner of 
 mega

and the � - Cas -system in teract, and mak e explicit, on whic h en tries of

a mathematical database this in teraction dep ends. The planner �nds

the follo wing simple pro of plan:

4

The predicate T otMin and the problem solving kno wledge related to it is inher-

ited from the theory calculus .

5

Actually the formalisation of the problem is not fully correct, since the examiner

is not only in terested in the pro of that there exists suc h an x , but he/she w an ts to

kno w the v alue of x as w ell as a pro of that this v alue �ts the requiremen ts. Ob viously ,

suc h an answ er cannot b e obtained from the form ula here, but only from a pro of

that is constructiv e for the v ariable x , where w e can extract a witness term. This

is no problem for a CAS nor for an MRS based on constructiv e logic, but for a

traditional MRS based on classical logic, the pro of construction pro cess has to b e

re�ned to guaran tee constructivit y for x . Note that the argumen ts, wh y the witness

for x meets the requiremen ts can still b e classical and non-constructiv e. F or 
 mega

this means that the pro of planner ma y only use metho ds in our pro of plan that are

constructiv e to get the w an ted answ er as presen ted here and not a non-constructiv e

abstract argumen t. Finally note that this phenomenon is another argumen t in fa v our

manipulating explicit pro ofs. Without this, one ma y �nd oneself in the p osition, that

one is con vinced (b y meta-theoretic argumen ts) of the existence of a (constructiv e)

pro of, but in fact without one from whic h to extract a term witness to answ er the

exam question.

6

Questions for certain standard exams are a go o d example for a v ery restricted

mathematical domain, since the pro ofs and calculations in v olv ed are highly stan-

dardised. Therefore �nding the pro of plan in this example is not a big problem for


 mega .
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1 Mult-b y-Price

2 Mult-b y-Price

3 Add-b y-Denom

4 Optimise

5 T otMin-Rolle

where the �rst three metho ds compute the actual cost function b y

adjusting the denominations and adding. Metho d 4 uses Axiom O for

optimisation. As the example only con tains p olynomials of degree t w o,

the planner selects a metho d TotMin-Rolle (cf. Figure 3) for �nd-

ing total minima that mak es implicit use of Rolle's theorem from the

calculus theory:

L et f b e a p olynomial of de gr e e two, then f has a total minimum at

x 2 [ a; b ] , i� f has a minimum at x and f ( a ) � f ( x ) � f ( b ) .

F ormally w e get the follo wing equiv alence:

T otMin T otMin( x; f ; [ a; b ]) , x 2 [ a; b ] ^ Min ( x; f ) ^

f ( x ) � f ( a ) ^ f ( x ) � f ( b )

Note that Rolle's theorem is accessible in the curren t theory and, to

ensure correctness, the database has to con tain its formal pro of.

No w let us tak e a closer lo ok at some of the metho ds in order to get a

feeling of ho w this initial pro of plan can b e expanded. In Figures 2 and 3

w e ha v e giv en sligh tly simpli�ed presen tations of the Mult-by-Price

and TotMin-Rolle metho d

7

.

The declaration slot of the metho d simply de�nes the meta-v ariables

used in the b o dy of the metho d. The premises, conclusions, and the

constrain t describ e the applicabilit y of the metho d. In the example of

Mult-by-Price , for instance, line L

4

has to b e presen t and to b e an

op en subgoal, while L

1

and L

3

are lines that can b e used in order to

infer L

4

. L

1

has to b e giv en already , whereas L

3

is generated b y the

application of the metho d (indicated b y the � ). Since the metho d is

in tended to pro v e L

4

, after the application of the metho d, this line can

b e deleted from the curren t planning state (w e indicate this b y the 	 ).

In the constrain t slot further applicabilit y criteria are describ ed, whic h

cannot b e form ulated in terms of pro of line sc hemata. Declarations,

premises, constrain ts, and conclusions form the sp eci�cation part of

the metho d. In order to b e able to mec hanically adapt metho ds the

tactic part is further sub divided in to the declarativ e con ten t and the

pro cedural con ten t. (Ho w ev er, this particular feature is not imp ortan t

for the purp ose of this pap er.) In our examples the pro cedural con ten t

7

W e ha v e esp ecially adjusted the syn tax of the constrain t in a w a y that is more

comprehensiv e for the reader.
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Metho d : Mult-by-Price

D e c l a r a t i o n s

L

1

; L

2

; L

3

; L

4

: p rln

H

1

; H

2

; H

3

: list ( p rln ) J

1

: just

f ; g ; v ; w ; �; �

0

;  ;  

0

: va riable

Premises

L

1

; � L

3

Constrain t

  ( 2nda rg ( termo cc ( cf ; � )) 6= DM ! termo cc ( cf ; � ))

g  1sta rg (  ) v  2nda rg (  ) w  3rda rg (  )

 

0

 cf ( g � f ; DM ; w )

�

0

 replace (  

0

;  ; � )

Conclusions

	 L

4

Declarativ e

Con ten t

( L

1

) H

2

` pric e ( f ; DM ; v ) ( J

1

)

( L

2

) H

1

; H

2

` cf ( g ; v ; w ) =  

0

(Pr L

1

)

( L

3

) H

3

` �

0

(Call-CAS)

( L

4

) H

1

; H

2

; H

3

` � (=subst L

3

L

2

)

Pro cedural

Con ten t

schema � interpreter

Figur e 2 . The Mult-by-Price metho d from theory cost .

consists of a schema-interpreter , whic h essen tially inserts the declar-

ativ e con ten t (using the bindings made in the planning phase) at the

correct place in the curren t partial pro of tree. In the concrete example

the lines L

1

through L

4

are inserted (Note that w e adopted a linearised

v ersion of ND pro ofs as in tro duced in [And80]).

In order to understand to whic h piece of actual pro of these metho ds

ev aluate, w e ha v e to examine the declarativ e con ten t and the bind-

ings p erformed in particular in the constrain t. The constrain t of the

Mult-by-Price -metho d states a rather simple computation: if there is

a cost function in the giv en op en line whic h has a denomination other

than DM, it is m ultiplied with the appropriate price. The m ultiplication

of the real parts is carried out b y the CAS and the corresp onding cost

function is constructed. As this p oin t is crucial for understanding the

w orking sc heme of a metho d w e will view the bindings in the constrain t

step b y step: When applied to the curren t plan the metho d is matc hed

with the op en goals of the planning state. The �rst pass of the planner

yields that L

4

can b e matc hed with our theorem THM. Th us its form ula

O pt ([ cf ( �d 0 : 5 d

2

+ 3 ; m

3

; pr o d ) � cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

is b ound to the meta-v ariable � . It is then examined to �nd an o ccur-

rence of a cost function. If suc h a subterm exists its argumen ts are

b ound to g ; v ; w and b y matc hing line L

1

w e receiv e the n umerical part

of pric e in f (if the appropriate price is not pro vided the application of

the metho d w ould fail here). Afterw ards the new cost function is com-
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puted (according to axiom Pr) in  

0

and �nally �

0

con tains the result

of replacing the old cost function in � b y  

0

. Hence in the �rst plan

step the optimisation form ula stored in �

0

con tains the cost function

cf ( �d 1 d

2

+ 6 ; DM ; pr o d ) as a subterm.

With all these meta-v ariables instan tiated the subpro of con tribut-

ed b y the Mult-by-Price -metho d consists of lines L

2

and L

3

in the

declarativ e con ten t. Here w e observ e that L

2

results from applying the

price-axiom Pr (whic h is fetc hed from the database) to line L

1

. F ur-

thermore note that in L

3

w e ha v e a call to the CAS as a justifying

metho d for the line. This means that at this p oin t in the pro of plan-

ning pro cedure, the CAS is called in order to compute the pro duct of

price and original cost function. The line resulting from this calculation

is then used as the new op en subgoal in the planning state.

Summarising the e�ects of the metho d Mult-by-Price can b e

observ ed in t w o steps. First the goal line THM is justi�ed with the

metho d yielding the follo wing subpro of:

L

1

H ` O pt ([ cf ( �d 1 d

2

+ 6 ; DM ; pr o d ) � (Op en )

cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

THM H ` O pt ([ cf ( �d 0 : 5 d

2

+ 3 ; m

3

; pr o d ) � (MbP L

1

)

cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

Then the metho d in the justi�cation of line THM (whic h has b een

abbreviated due to a lac k of space) could b e expanded thereb y inserting

the in termediate steps as describ ed ab o v e b y instan tiating the macro

steps of the metho d. Note that the follo wing expanded subpro of is at

a more detailed lev el of abstraction in the P D S . In particular, the

justi�cation of THM itself is di�eren t at this lev el.

P

m

3
P

m

3
` pric e (2 ; DM ; m

3

) (HYP )

L

2

H ` cf ( �d 0 : 5 d

2

+ 3 ; m

3

; pr o d ) =

cf ( �d 1 d

2

+ 6 ; DM ; pr o d )

(Pr P

m

3
)

L

1

H ` O pt ([ cf ( �d 1 d

2

+ 6 ; DM ; pr o d ) �

cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

(Op en )

THM H ` O pt ([ cf ( �d 0 : 5 d

2

+ 3 ; m

3

; pr o d ) �

cf ( �d 4 d

2

� 24 d + 6 ; kWh ; pr o d )] ; [1 ; 7])

(=subst L

1

L

2

)

In the pro of of THM, the metho d Mult-by-Price is applied t wice

in order to normalise b oth summands. T o preserv e space w e will

not presen t the next t w o metho ds of our pro of plan as extensiv e-

ly as the Mult-by-Price -metho d. Add-by-Denom is v ery similar to

Mult-by-Price and applies axiom CF1 inside the optimisation function

O pt to compute the �nal cost function. In its course the CAS is called

once to p erform a p olynomial addition. Then the Optimise -metho d

simply in tro duces the de�nition for the O pt function of axiom O.
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Metho d : TotMin-Rolle

D e c l a r a t i o n s

L

1

; L

2

; L

3

; L

4

; L

5

; L

6

; L

7
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Figur e 3 . The TotMin-Rolle metho d from theory calculus .

F ar more in teresting than these t w o metho ds is the TotMin-Rolle -

metho d as it con tains a di�eren t example for the use of a CAS in


 mega . Again the presen tation of the metho d in Figure 3 is simpli�ed.

The TotMin-Rolle metho d is applied at a stage of the pro of where

the actual minim um of the cost function has to b e in tro duced. This task

is ful�lled within the constrain t of the metho d. The compute with CAS

statemen t actually calls the CAS in quiet mo de to compute the min-

im um of the function � and store it in the meta-v ariable y . A t this

stage, the CAS is used as an oracle here, just as in [HT93a]. In our

example the minim um of the cost function is at y = 2 and the ND-line

of the form

9 x T otMin( x; �x (3 x

2

+ ( � 12 x + 9)) ; [1 ; 7])

will b e transformed b y eliminating the existen tially quan ti�ed v ariable:

T otMin(2 ; �x (3 x

2

+ ( � 12 x + 9)) ; [1 ; 7])
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The rest of the pro of plan is dev oted to pro ving that the result is actu-

ally a total minim um. This is done b y using the de�nition for T otMin

from the database and furthermore b y using the de�nitions for mini-

m um and in terv al whic h corresp ond to line L

1

and L

2

in the metho d

TotMin-Rolle . These de�nitions are in tro duced in lines L

9

through L

11

b y applying them to the correct assertions giv en in lines L

3

through

L

8

. This is expressed b y the justi�cations in the corresp onding lines; for

instance, the justi�cation of line L

10

states that w e can infer y 2 [ �; � ]

from the lines L

5

and L

6

with the de�nition of in terv al in line L

2

.

A closer lo ok at the justi�cations of lines L

3

through L

8

rev eals that

these con tain metho ds themselv es. Lines L

3

and L

4

again dep end on

calculations of the CAS whic h computes the �rst and second deriv ativ e

of our cost function. The justi�cations Simplify corresp ond to a metho d

p erforming basic arithmetic simpli�cations and comparisons.

Consisting of only 5 metho ds the ab o v e pro of plan giv es the impres-

sion of a small pro of and on an abstract lev el it is indeed; an exp erienced

mathematician migh t not w an t to see more. But expanding the plan

in to a partially grounded ND pro of giv es it a length of 90 lines, con-

taining lines justi�ed b y the CAS. The pro of on this lev el ma y roughly

corresp ond to a pro of that a no vice w ould lik e to see and that w ould

form a reasonable solution of the exam problem once it is presen ted in

natural language b y the Pr o verb system. By rerunning the CAS in a

pro of plan generating mo de on the CAS-justi�cations and extracting

pro of plans, the pro of can b e expanded to a more detailed pro of plan

con taining an accoun t of the mathematics b ehind the calculations. This

pro of plan already con tains 135 plan steps and { if the user do es not

feel comfortable with the lev el of detail y et { can then b e expanded

to a calculus-lev el ND pro of of length 354. Note that ev en this pro of

is not a stand-alone pro of of the minimisation theorem, but dep ends

on the pro ofs of a n um b er of lemmata from a database. F urthermore,

in these pro ofs the simpli�cation of ground arithmetic expressions is

not expanded, for instance, in to a represen tation in v olving zero and

the successor function either, whic h w ould b e necessary to obtain a

detailed logic-lev el pro of.

4. In tegrating Computations in to Explicit Pro ofs

In this section w e describ e Sapper ( S ystem for A lgorithmic P ro of

P lan E xtraction and R easoning), whic h generates pro of plans from

CAS output. As men tioned in Section 3.3, for the in tended in tegration
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INTEGRA TING COMPUTER ALGEBRA INTO PR OOF PLANNING 21

it is necessary to augmen t the CAS with mathematical information for a

pr o of plan gener ating mo de in order to ac hiev e the prop osed in tegration

at the lev el of pro ofs. F or the � - Cas system, whic h w e ha v e dev elop ed

to demonstrate the feasibilit y of the approac h, this w as rather simple, as

w e will demonstrate b elo w. Enric hing a state of the art CAS with suc h

a mo de for pro ducing the necessary additional proto col information,

w ould of course require a considerable amoun t of w ork.

4.1. Ar chitecture

The Sapper system can b e seen as a generic in terface for connecting


 mega (or another pro of plan-based mec hanised reasoning system)

with one or sev eral computer algebra systems (see Figure 4). An incor-

p orated CAS is treated as a sla v e to 
 mega whic h means that only

the latter can call the �rst one and not vice v ersa. F rom the soft w are

engineering p oin t of view, 
 mega and the CAS are t w o indep enden t

pro cesses while the in terface is a pro cess pro viding a bridge for com-

m unication. Its r^ ole is to automate the broadcasting of messages b y

transforming output of one system in to data that can b e pro cessed b y

the other

8

.

Unlik e other approac hes (see [HC95, GPT96] for example) w e do

not w an t to c hange the logic inside our MRS. In the same line, w e

do not w an t to c hange the computational b eha viour of the computer

algebra algorithms. In order to ac hiev e this goal the trace output of the

algorithm is k ept as short as p ossible. In fact most of the computations

for constructing a pro of plan is left to the in terface. The pro of plans

can directly b e imp orted in to 
 mega .

This mak es the in tegration indep enden t of the particular systems,

and indeed all the results b elo w are indep enden t of the CAS emplo y ed

and mak e only some general assumptions ab out the MRS (suc h as b eing

pro of plan-based). Moreo v er, the in terface approac h helps us to k eep

the CAS free of an y logical computation, for whic h suc h a system is not

in tended an yw a y . Finally , the in terface minimises the required c hanges

to an existing CAS, while main taining the p ossibilit y of using the CAS

stand-alone. The only requiremen t w e mak e for in tegrating a particular

CAS is that it has to pro duce enough proto col information so that a

pro of plan can b e generated from this information. The pro of plan in

turn can b e expanded b y the MRS in to a pro of v erifying the concrete

computation.

The in terface itself can b e roughly divided in to t w o parts; the tr ans-

lation p art and the plan gener ator . The �rst p erforms syn tax transla-

tions b et w een 
 mega and a CAS in b oth directions while the latter

8

This is an adaptation of the general approac h on com bining systems in [CMP91].
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Figur e 4 . In terface b et w een 
 mega and computer algebra systems

only transforms v erb ose output of the CAS to 
 mega pro of plans.

Clearly only the translation part dep ends on the particular CAS that

is in v ok ed.

F or the translations a collection of data structures { called abstr act

CAS

9

{ is pro vided eac h one referring to a particular connected CAS

(or just parts of one). The main purp ose of these structures is to sp ecify

function mappings, relating a particular function of 
 mega to a cor-

resp onding CAS-function and the t yp e of its argumen ts. F urthermore

it pro vides functionalit y to con v ert the giv en argumen ts of the mapp ed


 mega function to CAS input. In the same fashion it transforms results

of algebraic computations bac k in to data that can b e further pro cessed

b y 
 mega . The functionalit y in this part of our in terface o�ers us the

p ossibilit y of connecting an y CAS as a blac k b o x system, as in the �rst

approac h w e ha v e describ ed in Section 2. F or instance, w e ma y w an t to

use a v ery e�cien t system without a mo de for generating pro of plans in

9

In a reimplemen tation of Sapper w e w ould probably use the Op enMath pro-

to col [AvLS96] as a lingua franca on the CAS side.
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pro of searc h as blac k b o x system, and then another less e�cien t system

with suc h a mo de for the actual pro of construction, once it is clear what

the pro of should lo ok lik e. This corresp onds to recen t tec hniques used

in kno wledge based systems, where the explanation comp onen t is not

just a trace of the rules applied during the searc h, but the explanation

is reconstructed b y an indep enden t comp onen t.

The plan generator solely pro vides the mac hinery for our main goal,

the pro of plan extraction. Equipp ed with supplemen tary information

on the pro of b y 
 mega it records the output pro duced b y the par-

ticular algebraic algorithm and con v erts it in to a pro of plan. Here the

requiremen ts of k eeping the CAS side free of logical considerations and

on the other hand of k eeping the in terface generic seem con
icting at

the �rst glance. Ho w ev er, this con
ict can b e solv ed b y giving b oth sides

of the in terface access to a database of mathematical facts formalising

the mathematics b ehind the particular CAS algorithms. Conceptually ,

this database together with the mappings go v erning the access, pro vides

the seman tics of the in tegration of 
 mega with a particular CAS. Th us

expanding the plan generator is simply done b y expanding the theory

database b y adding new tactics.

While 
 mega itself can access the complete database, Sapper 's

plan generator in the in terface is only able to use tactics and lo okup

h yp otheses of a theory (cf. Figure 4). The CAS do es not in teract with

the database at all: it only has to kno w ab out it and references the

logical ob jects (metho ds, tactics, theorems, or de�nitions) in the pro of

plan generating mo de. Th us kno wledge ab out the database is compiled

a priori in to the algebraic algorithms in order to do cumen t their calcu-

lations.

4.2. Pr oof Plan Extra ction

Let us no w tak e a closer lo ok at the implemen tation of the pro of plan

generation in � - Cas and at the expansion pro cess of its output. This

should demonstrate ho w pro ofs can b e extracted from computer alge-

bra calculation and pro vide an in tuition on the requiremen ts that our

approac h p oses on the CAS side.

As an example w e will consider a p olynomial addition from the

example ab o v e. Normally , an exp erienced mathematician w ould not

lik e to see an y pro of at all for that, while a high-sc ho ol studen t

w ould lik e to. As w e ha v e seen in our example, the main purp ose

of the Add-by-Demon -metho d is to compute the �nal cost function

cf ( �d (3 d

2

� 12 d + 9) ; DM ; pr o d ). This is done in � - Cas b y adding

the t w o p olynomials �d d

2

+ 6 and �d 2 d

2

� 12 d + 3. In the remain-

der of this subsection w e will expand this addition in sev eral steps and

thereb y obtain a calculus lev el pro of for the computation.
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Before examining this example in detail, let us consider the gener-

al sc heme of the pro of plan generation inside the p olynomial addition

algorithm of � - Cas . W e �rst tak e a lo ok at the di�eren t represen tations

of a p olynomial p in the v ariables x

1

; : : : ; x

r

: p =

n

P

i =1

�

i

x

e

1

i

1

� � � x

e

r

i

r

. The

logical language of 
 mega is a v arian t of the simply t yp ed � -calculus

(indeed w e use a stronger t yp e system, but here w e w an t to k eep things

as simple as p ossible), so the p olynomials are represen ted as p olyno-

mial functions, that is, as � -expression where the formal parameters

x

1

; : : : ; x

r

are � -abstracted (mathematically , p is a function of r argu-

men ts):

p : �x

1

� � � �x

r

(+ ( � �

n

( � ( " x

1

e

1

n

) � � � )) � � � ( � �

1

( � ( " x

1

e

1

1

) � � � )) ;

F or the notation, w e use a pre�x notation; the sym b ols +, � and "

denote binary functions for addition, m ultiplication and exp onen tiation

on the reals. In this represen tation, w e can use � -reduction for the

ev aluation of p olynomials.

In � - Cas , w e use a v ariable dense, expanded represen tation as an

in ternal data structure for p olynomials (as describ ed in [Zip93], for

instance). Th us ev ery monomial is represen ted as a list con taining its

co e�cien t together with the exp onen ts of eac h v ariable. Hence w e get

the follo wing represen tation for p :

p : (( �

n

e

1

n

� � � e

r

n

) � � � ( �

1

e

1

1

� � � e

r

1

))

Let us no w turn to the actual � - Cas algorithm for p olynomi-

al addition. This simple algorithm adds p olynomials p and q b y a

case analysis on the exp onen ts

10

with recursiv e calls to itself. So let

p =

n

P

i =1

�

i

x

e

1

i

1

� � � x

e

r

i

r

and q =

m

P

i =1

�

i

x

f

1

i

1

� � � x

f

r

i

r

. W e ha v e presen ted the

algorithm in the j th comp onen t of p and the k th comp onen t of q in a

Lisp -lik e pseudo-co de in Figure 5. In tuitiv ely , the algorithm pro ceeds

b y ordering the monomials, adv ancing the leading monomial either of

the �rst or the second argumen ts; in the case of equal exp onen ts, the

co e�cien ts of the monomials are added.

Ob viously , the only expansions of the original algorithm needed for

the pro of plan generation are the additional (tactic...) statemen ts

11

.

10

W e assume a lexicographic monomial order and emplo y it for ordering the

exp onen ts. Th us w e mak e use of the op erators > , < , and = in an in tuitiv e sense.

F urthermore w e can de�ne the rank of a monomial as the v ector giv en b y its exp o-

nen ts and the rank of a p olynomial as the maxim um rank of its monomials with

resp ect to the lexicographic monomial order.

11

Observ e that in this case, the called tactics do not need an y additional argu-

men ts, since our plan generator in the in terface k eeps trac k of the p osition in the
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(poly-add (p q)

(= ( e

1

j

� � � e

r

j

)( f

1

k

� � � f

r

k

))

(tactic "mono-add")

(cons-poly ( �

j

+ �

k

) x

e

1

j

1

� � � x

e

r

j

r

(poly-add

n

P

i = j +1

�

i

x

e

1

i

1

� � � x

e

r

i

r

m

P

i = k +1

�

i

x

f

1

i

1

� � � x

f

r

i

r

))

( > ( e

1

j

� � � e

r

j

)( f

1

k

� � � f

r

k

))

(tactic "pop-first")

(cons-poly �

j

x

e

1

j

1

� � � x

e

r

j

r

(poly-add

n

P

i = j +1

�

i

x

e

1

i

1

� � � x

e

r

i

r

m

P

i = k

�

i

x

f

1

i

1

� � � x

f

r

i

r

))

( < ( e

1

j

� � � e

r

j

)( f

1

k

� � � f

r

k

))

(tactic "pop-second")

(cons-poly �

k

x

f

1

k

1

� � � x

f

r

k

r

(poly-add

n

P

i = j

�

i

x

e

1

i

1

� � � x

e

r

i

r

m

P

i = k +1

�

i

x

f

1

i

1

� � � x

f

r

i

r

)))

Figur e 5 . P olynomial addition in � - Cas .

They just pro duce the additional output b y returning k eyw ords of tac-

tic names to the plan generator and do not ha v e an y side e�ects. In

particular, the computational b eha viour of the algorithm do es not ha v e

to b e c hanged at all.

If w e no w apply this algorithm to the t w o p olynomials

p := x

2

+ 6 q := 2 x

2

� 12 x + 3

w e obtain the follo wing pro of plan:

(mono-add, pop-second, mono-add)

First the t w o quadratic monomials from p and q are added, then the

linear term of q (the second argumen t) is raised, since it only app ears

in one argumen t, and �nally the remaining monomials are added up.

In the case of the p olynomial addition, eac h of the metho ds (pro of

plan op erators) directly corresp onds to a tactic with the same name,

that is, the list of the three metho ds ab o v e directly represen ts a concrete

pro of plan for p olynomial addition of the concrete p olynomials p and

pro of and th us kno ws on whic h monomials the algorithm w orks when returning a

tactic. This w a y w e need not to b e concerned whic h form a monomial actually has

during the course of the algorithm.
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q . (In the follo wing represen tation w e omitted the con text in whic h the

p olynomials are em b edded in the actual pro ofs.)

(( x

2

+ 6) + (2 x

2

� 12 x + 3))

(3 x

2

+ (6 + ( � 12 x + 3))) ( mono-add )

(3 x

2

� 12 x + (6 + 3)) ( pop-second )

(3 x

2

� 12 x + 9) ( mono-add )

These four lines corresp ond to a step-b y-step v ersion of the basic

High Sc ho ol algorithm. So far the expansion of the call-cas -metho d

has b een exclusiv ely done b y � - Cas pro of plan generation mo de. But

at this stage � - Cas cannot pro vide us with an y more details ab out the

computation and the subsequen t expansion of the next hierarc hic lev el

can b e ac hiev ed without further use of a CAS.

Let us for instance tak e a lo ok at the pop-second tactic to under-

stand its logical con ten t. The tactic itself describ es a reordering in a

sum that lo oks in the general case as follo ws:

( a + ( b + c )) = ( b + ( a + c )) (1)

F or the curren t example w e can view a and c as arbitrary p olynomials

and b as a monomial of rank greater than that of the p olynomial a .

It is no w ob vious that the b eha viour of pop-second is determined b y

the pattern of the sum it is applied to. If in equation (1) the p oly-

nomial c do es not exist, pop-second is equiv alen t to a single applica-

tion of the la w of comm utativit y . Otherwise, lik e in our example, the

tactic p erforms a series of comm utativit y and asso ciativit y steps. The

pop-second step ab o v e can th us b e expanded in a plan whic h re
ects

the single step applications of the la ws of comm utativit y and asso cia-

tivit y .

(3 x

2

+ (6 + ( � 12 x + 3)))

(3 x

2

+ ((6 � 12 x ) + 3)) ( associativity )

(3 x

2

+ (( � 12 x + 6) + 3)) ( commutativity )

(3 x

2

� 12 x + (6 + 3)) ( associativity )

Assuming w e ha v e expanded the t w o mono-add tactics as w ell, w e

ha v e constructed a represen tation of the pro of at a lev el where it only

needs the axioms in the p olynomial ring. T o �nally expand this to a ful-

ly explicit calculus lev el pro of, w e further expand all three justi�cations

of the ab o v e lines. This leads to a sequence of eliminations of univ er-

sally quan ti�ed v ariables in the corresp onding h yp othesis, the axioms

of comm utativit y and asso ciativit y . In our example the comm utativit y

axiom w ould b e transformed in the follo wing fashion:
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8 a 8 b ( a + b ) = ( b + a ) (THM)

8 b (6 + b ) = ( b + 6) ( 8 E 6 )

(6 � 12 x ) = ( � 12 x + 6) ( 8 E � 12 x )

Here, the justi�cation (THM) in the �rst pro of line indicates that

the comm utativit y of + w as imp orted from the theory real in 
 mega s

mathematical database, where it w as established as a theorem. The

remaining lines are natural deduction inferences: univ ersal eliminations

that instan tiate a with the n um b er 6 and b with the term � 12 x .

Altogether this single application of the pop-second -tactic is equiv-

alen t to a calculus-lev el pro of of 11 inference steps. The length of the

subpro of for this trivial p olynomial addition is 43 single steps. This

example sho ws ho w it is p ossible to mec hanically construct a pro of

v erifying the correctness of an y particular CAS computation without

v erifying the CAS algorithm (or their implemen tation) in the general

case.

Ho w ev er, the calculus lev el pro ofs for the computations are v ery long

and rather b oring and therefore hardly an y h uman user migh t actually

w an t to see m uc h less read them. Therefore the Pr o verb pro of expla-

nation system in 
 mega pro vides a more realistic alternativ e, since it

giv es the user access to represen tations of the parts of the pro of on

v arious lev els of abstractions making use of the hierarc hical structure

of the underlying P D S . F or instance, it is then p ossible to presen t

the computations with some in termediate steps, as it is customary in

textb o oks. F or example, w e could include the three steps of the High

Sc ho ol algorithm men tioned ab o v e, to illustrate the p olynomial addi-

tion. (The decision whic h steps should b e included and whic h omitted,

dep ends of course on the exp ertise of readers for whic h a particular

pro of presen tation is in tended.)

Despite all these abstractions in b oth dev eloping and presen ting the

pro of, w e can still use an y pro of c hec k er for ND-calculus to v erify all

steps including computations. F urthermore, if w e assume w e ha v e a

more sophisticated pro of c hec k er, for example one that w orks mo dulo

the axioms of p olynomial rings, it is also p ossible to c hec k the pro of

on an abstract lev el. As already men tioned, the more sophisticated the

pro of c hec k er is, the more concise the comm unicated pro ofs can b e.

W e ha v e tested pro of plan extraction from simple recursiv e and iter-

ativ e CAS algorithms, where it w orks quite w ell, since these algorithms

closely corresp ond to the mathematical de�nitions of the corresp onding

concepts. Ho w ev er, more complicated sc hemes lik e divide-and-conquer

algorithms (for instance, the p olynomial m ultiplication of Karatsuba

and Ofman [K O63]) cannot b e adapted to our approac h so easily with-

out extending the mathematical kno wledge base b y corresp onding lem-

mata.

KeKoSo.tex; 23/03/1998; 14:00; no v.; p.27



28 M. KERBER, M. K OHLHASE, V. SOR GE.

The example of the p olynomial addition is surely a trivial one, w e

ha v e c hosen it solely for presen tation reasons. In particular it is v ery

lik ely to b e correct in an y real-w orld implemen tation, since it is w ell

tested and do es not dep end on sophisticated mathematical theorems

for whic h fuzzy b oundary cases m ust b e considered. F or the sak e of

argumen t, let us assume an error in the implemen tation, for instance,

in the second case of the p olynomial addition algorithm in Figure 5

the cons-poly statemen t w as forgotten, so that the algorithm has the

follo wing (incorrect) form

( > ( e

1

j

� � � e

r

j

)( f

1

k

� � � f

r

k

))

(tactic "pop-first")

(poly-add

n

P

i = j +1

�

i

x

e

1

i

1

� � � x

e

r

i

r

m

P

i = k

�

i

x

f

1

i

1

� � � x

f

r

i

r

)

In the computation of (( x

2

+ 6) + (2 x

2

� 12 x + 3)) that w e ha v e discussed

ab o v e, the second case is nev er used, and the computation w ould b e

correct although the program is not.

If w e no w c hange the order of addition of our p olynomials p and q to

q + p w e get the follo wing incorrect result from the c hanged algorithm:

(( x

2

+ 6) + (2 x

2

� 12 x + 3)) = (3 x

2

+ 9)

Inserting the pro of plan generated b y the fault y algorithm then yields

((2 x

2

� 12 x + 3) + ( x

2

+ 6))

(3 x

2

+ (( � 12 x + 3) + 6)) ( mono-add )

(3 x

2

+ (3 + 6)) ( pop-first )

(3 x

2

+ 9) ( mono-add )

In c hec king, the pro of c hec k er w ould see that the pop-first step is

not justi�ed, since the expansion corresp onds to the application of the

la w of asso ciativit y . This w ould yield (( � 12 x + 3) + 6) = ( � 12 x + (3 + 6))

and th us w ould not b e applicable during the expansion. Th us the pro of

plan and consequen tly the calculation w ould b e rejected b y 
 mega .

Note that in a large system with literally millions of p ossible cases,

the correctness of a calculation lik e ( x

2

+6)+(2 x

2

� 12 x +3) dep ends only

on a tin y subset of the whole program. It is a strength of our approac h,

that only the calculations that are necessary for a giv en pro of w ould b e

c hec k ed. This has the adv an tage that errors on di�eren t lev els can b e

detected (in particular, on the lev els of algorithms, of compilers, and

of pro cessors). Of course, for v ery long computations c hec king can b e

prett y exp ensiv e. Moreo v er, highly elab orated and e�cien t algorithms

in state of the art CAS migh t b e hard to augmen t with pro of plan
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generation mo des. As w e ha v e seen in the example ab o v e, the math-

ematical kno wledge in the database has to re
ect the mathematical

kno wledge in the algorithm in order to easily decorate the algorithms

b y a pro of plan generation mo de. Ho w ev er, to extend and pro v e cor-

resp onding lemmata is not a trivial task for sophisticated algorithms.

In particular suc h an approac h w ould go v ery m uc h in the direction of

program v eri�cation.

Ev en if it pro v es practically imp ossible to extract the information

that is v aluable at the conceptual, mathematical lev el, it is alw a ys p os-

sible to reserv e these elab orated tec hniques for the quiet mo de used in

pro of disco v ery , and use more basic algorithms, for whic h the mathe-

matics is easier and that are more easily decorated b y a pro of plan gen-

eration mo de, for the pro of extraction phase. Systems lik e Axiom [JS92]

or MuP AD [F uc96] seem to come closest among standard CAS to the

needs for a pro of plan generation, since one can already attac h axioma-

tisations to algorithms.

5. Conclusion

In this w ork w e ha v e rep orted on an exp erimen t of in tegrating a com-

puter algebra system in to the in teractiv e pro of dev elopmen t en viron-

men t 
 mega , not only at the system lev el, but also at the lev el of

pr o ofs . The motiv ation for suc h an in tegration is the need for supp ort

of a h uman user when his/her pro ofs con tain non-trivial computations.

W e ha v e sho wn that the pro of planning paradigm in general and the


 mega system in particular pro vide an op en en vironmen t for suc h an

extended in tegration that supp orts di�eren t in tegration lev els.

In our approac h it is not p ossible to use a standard CAS for the

in tegration as it is, since suc h a system pro vides answ ers, but no directly

usable justi�cations from whic h pro of plans can b e extracted. This,

ho w ev er, turned out to b e essen tial in an en vironmen t that is built to

construct comm unicable and c hec k able pro ofs.

In order to ac hiev e a solution that is compatible with suc h a strong

requiremen t, w e ha v e adopted a generic approac h, where the only

requiremen t for the CAS is that it has a pro of plan generation mo de for

the generation of comm unicable and c hec k able pro ofs. Since w e w an t to

ac hiev e the t w o goals sim ultaneously , namely to ha v e high-lev el descrip-

tions of the calculations of the CAS for comm unicating them to h uman

users as w ell as lo w-lev el ones for mec hanical c hec king, w e represen t

the proto col information in form of high-lev el hierarc hical pro of plans,

whic h can b e expanded to the desired detail. F ully expanded pro of

plans corresp ond to natural deduction pro ofs whic h can b e mec hani-
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cally c hec k ed b y a simple pro of c hec k er. In the case that the CAS has

made a mistak e the pro of c hec k er will detect it.

The general idea and the fundamen tals of the in tegration of a CAS

in to an MRS are indep enden t from the concrete pro of dev elopmen t

en vironmen t 
 mega and the concrete computer algebra system � - Cas .

It can b e realised in an y plan-based theorem pro v er. Pro of extraction

can ev en b e realised on an y tactic-based system and with an y CAS

that can proto col its calculations in form of tactics. Axiom [JS92] and

MuP AD [F uc96] seem to b e b est suited for a corresp onding extension

since one can already attac h axiomatisations to algorithms. If in addi-

tion the algorithms could b e enric hed in a w a y that they pro duce pro-

to col information in ev ery computation step, that is, state whic h of the

attac hed axioms are used and what the particular instan tiations are,

the system w ould probably �t in with our approac h prett y w ell.

A useful extension of our approac h w ould consist in the usage of

v arious algorithms for the same computation, for instance, one as a

fast and e�cien t algorithm that is not suitable for kno wledge extraction

while searc hing for a pro of. Afterw ards, when actually do cumen ting the

whole pro of a less e�cien t algorithm, whic h is optimised to �nd short

pro ofs, can pro vide a complete pro of plan.

Although the correctness issue can b e ac hiev ed b y a tactic-based

approac h as w ell and do es not need the sp eci�cations that are used in

pro of planning, the full strength of an in tegration where considerable

automated supp ort is pro vided cannot b e ac hiev ed on this lev el, since

it is not p ossible to p erform mec hanical reasoning ab out the tactics.

Suc h an automation can, ho w ev er, b e ac hiev ed b y the pro of planning

approac h, where the pro of planner can automatically call a CAS pro-

cedure, when the conditions in the corresp onding metho d are met. The

usefulness of an in tegration on this lev el can already b e seen in the case

of our simple � - Cas : After the in tegration w e are able to pro v e optimi-

sation problems whic h w ere out of reac h without suc h a supp ort. On

the other hand, the system is able to giv e explanations of the in v olv ed

computations at v arious lev els of abstraction. A feature that is missing

from to da ys CAS.

F rom our exp erimen ts w e exp ect that the successful in tegration of

an y p o w erful computer algebra systems w ould considerably enhance

the reasoning p o w er of an y mec hanised reasoning system.
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