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Abstract. In this pap er w e presen t an extension OMDoc to the Open-

Ma th standard that allo ws the represen tation of the seman tics and struc-

ture of v arious kinds of mathematical do cumen ts, including articles, text-

b o oks, in teractiv e b o oks, courses. It can serv e as the con ten t language

for agen t comm unication of mathematical services on a mathematical

soft w are bus.

1 In tro duction

It is plausible to exp ect that the w a y w e do (conceiv e, dev elop, comm unicate

ab out, and publish) mathematics will c hange considerably in the next ten y ears.

The In ternet pla ys an ev er-increasing role in our ev eryda y life, and most of

the mathematical activities will b e supp orted b y mathematical soft w are sys-

tems (w e will call them mathematic al servic es ) connected b y a commonly ac-

cepted distribution arc hitecture, whic h w e will call the mathematic al softwar e

bus . W e ha v e argued for the need of suc h an arc hitecture in [SHS98 ,FHJ

+

99 ],

and w e ha v e in the mean time gained exp eriences with the Ma thWeb system

that pro vides a general distribution arc hitecture (see [FK99b ]); other groups

ha v e conducted similar exp erimen ts [DCN

+

00 ,AZ00 ] based on other implemen-

tation tec hnologies, but with the same vision of creating a w orld wide w eb of

co op erating mathematical services. In order to a v oid fragmen tation, double in-

v en tions and to foster ease of access it is necessary to de�ne in terface standards

for Ma thWeb

1

. In [FHJ

+

99 ], w e ha v e already prop osed a proto col based on the

agen t comm unication language K qml [FF94 ] and the emerging In ternet standard

OpenMa th [AvLS96 ,CC98 ] as a con ten t language (see Fig. 1). This la y ered ar-

c hitecture whic h re�nes the unsp eci�c \application la y er" of the OSI proto col

stac k is inspired b y the results from agen t-orien ted programming [Sho90 ], and is

based on the in tuition, that all agen ts (not only mathematical services) should

understand the agen t comm unication language, ev en if they do not understand

1

W e will for the purp oses of this pap er subsume all of the implemen tations b y the

term Ma thWeb , since the comm unication proto cols presen ted in this pap er will

mak e the constructions of bridges b et w een the particular implemen tations simple,

so that that the com bined systems app ear to the outside as one homogenous w eb.
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Performative Layer, e.g. KQML

Network Layer, e.g. IP

Link Layer, e.g. X.21

Physical Layer, e.g. Ethernet

Transport Layer, e.g. TCP

Session Layer, e.g. LU6.2

Presentation Layer, e.g. XML (DTD)

Application Layer
= OMDoc

OpenMath + CASL
Content Layer: 

Fig. 1. Arti�cial Comm unication: K qml and the OSI Reference Mo del

the con ten t language, whic h is used to transp ort the actual mathematical con-

ten t. The agen t comm unication language is used to establish agen t iden tit y ,

reference and { in general { mo del the comm unication proto cols (see [AK00 ] for

details in the case of mathematical services). Th us w e can concen trate on the

con ten t language in this pap er.

The exp erience with Ma thWeb in general, and with the 
 mega system { a

mathematical assistan t system based on sev eral Ma thWeb services (see [BCF

+

97 ])

{ in particular ha v e sho wn that it is not su�cien t to b e able to comm unicate

mathematic al obje cts , but also mathematic al know le dge in general. Supp ort for

the comm unication of mathematical ob jects is already pro vided b y OpenMa th ,

whic h is

[. . . ] a standard for represen ting mathematical ob jects, allo wing them

to b e exc hanged b et w een computer programs, stored in databases, or

published on the w orldwide w eb. [. . . ] [CC98 ]

This is su�cien t for sym b olic computation services lik e computer algebra sys-

tems, whic h manipulate (simplify) or compute ob jects lik e equations or groups.

Ev en though the logical form ulae constructed or manipulated b y reasoning sys-

tems lik e the 
 mega system can b e expressed as OpenMa th ob jects, mathe-

matical services lik e reasoners or presen tation systems need more information

e.g.:

1. is this form ula an axiom, a de�nition, or a theorem to b e pro v en?

2. what is a go o d strategy to pro ceed with the pro of in this domain?

3. is this constan t basic, or de�ned (so that it can b e expanded to a form ula

in v olving simpler concepts)?

4. what is the common name of this concept (and its grammatical category)?

Unfortunately , OpenMa th ful�lls this goal only partially , since it deals exclu-

siv ely with the represen tation of the mathematical ob jects prop er. Of course it

w ould b e p ossible to c haracterize an axiom b y applying a predicate \axiom" to
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a form ula or using a sp ecial v arian t of the equalit y relation for de�nitions, but

this w ould only solv e item 1 ab o v e.

This pap er is concerned with the question of a comm unication standard for

mathematic al know le dge . W e prop ose an extension OMDoc of the OpenMa th

standard to alleviate this p erceiv ed limitation. W e will use mathematical do c-

umen ts as a guiding in tuition for mathematical kno wledge, since almost all of

mathematics is curren tly comm unicated in this form (publications, letters, e-

mails, talks,. . . ). T o ensure widespread applicabilit y , w e will use the term do cu-

men t in an inclusiv e, rather than exclusiv e w a y (including pap ers, letters, in ter-

activ e b o oks, e-mails, talks, comm unication b et w een mathematical services (see

for instance [FK99b ,FHJ

+

99 ]) on the In ternet,. . . ), claiming that all of these can

b e �tted in to a common represen tation. Since suc h do cumen ts normallly ha v e a

complex structure of their o wn, the sp eci�c task to b e ac hiev ed in the extension

to OpenMa th is to pro vide a standardized infrastructure for this as w ell. As w e

will use the In ternet standard Xml [BPSM97 ] (see section 2) as a basis for this,

w e can consider the syn tax problem for comm unication in Ma thWeb as solv ed

b y the imminen t wider acceptance of Xml ( OpenMa th is based on Xml and

w e ha v e de�ned an Xml represen tation for K qml in [FK99a ]).

Another piece of infrastructure whic h will pla y a role for understanding OM-

Doc is the MBase system [FK00 ,KF00 ], a Ma thWeb service that acts as a

distributed mathematical kno wledge base system that can answ er questions suc h

as the ones sho wn ab o v e. OMDoc serv es as a input output language for MBase ,

so that MBase can b e used as a and as do cumen t preparation language. Th us

the system o�ers a service that allo ws storage and (
exibly) repro duction of

(parts of ) OMDoc do cumen ts. As OMDoc can b e transformed directly to e.g.

L

A

T

E

X, external input to MBase can b e published directly .

T o ev aluate the scop e of OMDoc , let us lo ok at a few p ossible applications.

OMDoc can serv e as

{ a c ommunic ation standar d b et w een mec hanized reasoning systems, e.g. the

Clam - Hol in teraction [BSBG98 ], or the 
 mega - TPS [BBS99 ] in tegration.

{ a data format that supp orts the c ontr ol le d r e�nement from informal presen-

tation to formal sp eci�cation of mathematical ob jects and theories. Basi-

cally , an informal textual presen tation can �rst b e mark ed up, b y making

its discourse structure

2

explicit, and then formalizing the textually giv en

mathematical kno wledge in logical form ulae (b y adding FMP elemen ts; see

sections 5 and 2).

{ a basis for individualize d (inter active) b o oks . OMDoc do cumen ts can b e

generated from MBase making use of the discourse structure information

enco ded in MBase .

{ an in terface for pr o of pr esentation [HF97,Fie99 ]: since the pro of part of OM-

Doc allo ws small-grained in terlea ving of formal ( FMP ) and textual ( CMP )

presen tations.

2

classifying text fragmen ts as de�nitions, theorems, pro ofs, linking text, and their

relations; w e follo w the terminology from computational linguistics here.



4

These and similar applications are pursued in the 
 mega pro ject at the Saarland

Univ ersit y , Saarbr • uc k en (see http://www.ags. uni - s b.d e/ ~om eg a ) in co op era-

tion with the RIA CA pro ject at Eindho v en.

In the next section w e will review the In ternet standards and their arc hitec-

ture that are the basis b efore w e come to the de�nition of OMDoc prop er.

2 Markup, Xml , OpenMa th , Ma thMl , and OMDoc

Mathematical (and other) texts are often written on text pro cessors (whic h are

often WYSIWYG t yp e). Man y authors consisten tly confuse information and do c-

umen t structure with presen tation b y asso ciating formatting c haracteristics with

v arious textual do cumen t comp onen ts. Ev en in L

A

T

E

X, one can mix structural

markup lik e \chapter{Title} or

\begin{Definitio n}[ Ti tle ] . . . \end{Definition}

with presen tation markup, suc h as fon t size information, or using

{\bf proof}: . . . \hfill\Box

to indicate the exten t of a pro of.

The problem with presen tation markup is that it is sp eci�ed for h uman con-

sumption, and although it is machine-r e adable , the data presen ted in the do cu-

men t is not machine-understandable . Generally , it is v ery hard to automate an y-

thing for do cumen ts, when their structure is sp eci�ed b y presen tation markup.

With the adv en t of the In ternet, whic h is quic kly b ecoming the w orld's fastest

gro wing rep ository of mathematical do cumen ts, it is not p ossible to manage all

the a v ailable kno wledge man ually , b ecause of the v olume of information dis-

tributed o v er the W eb.

The generally accepted solution is to use lo gic al or generic markup, i.e. to

describ e the structure of the data con tained in the do cumen ts. In this markup

sc heme, the logical function of all do cumen t elemen ts { title, section, paragraphs,

�gures, tables, bibliographic references, or mathematical equations or de�nitions

{ m ust b e clearly de�ned in a mac hine-understandable w a y .

This motiv ation has led to the dev elopmen t of the \Simple Generalized

Markup Language" SGML , and more recen tly to the \eXtensible Markup Lan-

guage" Xml [BPSM97 ] family of markup languages. Xml w as designed as a sim-

pli�ed subset of SGML that can serv e as a rational reconstruction of the \Hyp er-

text Markup Language" HtML [RHJ98 ], whic h carries most of the markup on

the In ternet to da y . F rom SGML , Xml inherits the concept of a \do cumen t t yp e

de�nition" (DTD), i.e. a grammar that de�nes the set of w ell-formed do cumen ts

in a giv en Xml language and in particular, allo ws do cumen ts to b e v alidated b y

generic to ols (parsers). Moreo v er, presen tation markup for the data sp eci�ed in

an Xml do cumen t can b e 
exibly generated b y using the Xsl st yle sheet mec h-

anism [Dea99 ]. In particular, it is p ossible to use more than one Xsl st yle sheet

for a giv en do cumen t to generate sp ecialized presen tations (e.g. p ersonalized to

the tastes of a sp eci�c reader) of con tained data using the con ten t markup in

the do cumen t.

Th us the \con ten t markup" paradigm giv es impro v ed presen tation (for h u-

man consumption) and impro v ed mac hine readabilit y at the same time. This
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has led to considerable activit y in dev eloping sp ecialized markup sc hemes for

sp eci�c application areas. (This pap er is an instance of this activit y).

OpenMa th is a con ten t markup language for comm unicating mathematical

ob jects realized as an Xml language. Its syn tax (giv en b y a DTD) and seman tics

are sp eci�ed in the ev olving OpenMa th standard [CC98 ]. The cen tral construct

of OpenMa th is that of an OpenMa th ob ject ( OMOBJ ), whic h has a tree-lik e

represen tation made up of applications ( OMA ), binding structures ( OMBIND using

OMBVAR to tag the b ound v ariables), v ariables ( OMV ) and sym b ols ( OMS ).

Fig. 2 sho ws an OpenMa th represen tation of the la w of comm utativit y for

addition on the reals (the logical form ula 8 a; b:a 2 R ^ b 2 R ! a + b = b + a ).

The mathematical meaning of a sym b ols (that of applications and bindings is

<OMOBJ id="commutativity-formula">

<OMBIND>

<OMS cd="quant1" name="forall"/>

<OMBVAR>

<OMV name="a"/>

<OMV name="b"/>

</OMBVAR>

<OMA><OMS cd="logic1" name="implies"/>

<OMA><OMS cd="logic1" name="and"/>

<OMA><OMS cd="set1" name="in"/><OMV name="a"/><OMS cd="barshe" name="real"/></OMA>

<OMA><OMS cd="set1" name="in"/><OMV name="b"/><OMS cd="barshe" name="real"/></OMA>

</OMA>

<OMA><OMS cd="relation" name="eq"/>

<OMA><OMS cd="barshe" name="plus-real"/><OMV name="a"/><OMV name="b"/></OMA>

<OMA><OMS cd="barshe" name="plus-real"/><OMV name="b"/><OMV name="a"/></OMA>

</OMA>

</OMA>

</OMBIND>

</OMOBJ>

Fig. 2. An OpenMa th represen tation of 8 a; b:a + b = b + a .

kno wn from the folklore) is sp eci�ed in a so-called con ten t dictionary , whic h

con tain formal ( FMP \formal mathematical prop ert y") or informal ( CMP \com-

men ted mathematical prop ert y") sp eci�cations of the mathematical prop erties

of the sym b ols. F or instance, the sp eci�cation

<CDDefinition>

<Name>plus</Name>

<Description>Addition on real numbers</Description>

<CMP>Addition is commutative</CMP>

<FMP><OMOBJ xref="commutativity-formula"/>< /FMP >

</CDDefinition>

could b e part of the con ten t dictionary

3

barshe.cd for elemen tary prop erties of

real n um b ers (cf. section 4.2 for the relation of con ten t dictionaries with OMDoc

do cumen ts).

3

In fact the reference <OMOBJ xref="commutativity-formula"/> p oin ting to the

OMOBJ with the id attribute commutativity-formula uses an extension of OMDoc

to OpenMa th that allo ws us to represen t form ulae as directed acyclic graphs pre-

v en ting exp onen tial blo wup. It is licensed b y the OpenMa th standard, since pure

OpenMa th trees can b e generated automatically from it.
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Ma thMl [IM98 ] is another Xml -based markup sc heme for mathematics. In

con trast to OpenMa th , it is more concerned with presen tation markup (trying

to reac h L

A

T

E

X qualit y on the w eb) than with logical markup. Moreo v er, it is

mainly concerned with the K-12 fragmen t of mathematics (Kindergarten to 12

th

grade). OpenMa th is w ell-in tegrated with Ma thMl :

{ the basic con ten t dictionaries of OpenMa th mirror the Ma thMl con-

structs, and there are con v erters b et w een the t w o formats.

{ Ma thMl supp orts the semantics elemen t that can b e used to annotate

Ma thMl presen tations of mathematical ob jects with their OpenMa th en-

co ding, and OpenMa th supp orts the presentation attribute that can b e

used for annotating with Ma thMl presen tation.

{ OpenMa th is the designated extension mec hanism for Ma thMl b ey ond

K-12 mathematics.

Therefore, it is not a limitation of the presen tational capabilities to use Open-

Ma th for marking up mathematical ob jects. As Ma thMl can b e view ed b y the

WebEQ plug-in and is going to b e nativ ely supp orted b y the primary bro wsers

MS Internet Explorer and Netscape Na viga tor in v ersion 6 (see http:

//www.mozilla.or g for Mozilla , the op en source v ersion), Ma thMl will b e

the primary presen tation language for OMDoc .

Since OMDoc is an extension of OpenMa th , it inherits its connections

to Xml and Ma thMl . The structure of OMDoc do cumen ts is de�ned in the

OMDoc do cumen t t yp e de�nition DTD (cf. [Koh00b ] or http://www.mathw eb .

org/ilo/omdoc , where y ou can also �nd w ork ed examples (including part of a

mathematical textb o ok [BS82 ] and an in teractiv e b o ok [CCS99 ] (ID A))).

An OMDoc do cumen t is brac k eted b y the Xml tags <omdoc> and </omdoc> ,

and consists of a sequence of OMDoc elemen ts, whic h con tain sp ecialized rep-

resen tations for text, assertions, theories, de�nitions,. . . (see b elo w). In con trast

to markup languages lik e L

A

T

E

X, OMDoc do es not partition the do cumen ts in to

sp eci�c units lik e c hapters, sections, paragraphs, b y tags and nesting informa-

tion, but mak es these do cumen t relations explicit with omgroup elemen ts (see

section 7.3). This c hoice is motiv ated b y the generalit y of the do cumen t classes

and the fact that the relativ e p osition of OpenMa th do cumen ts can b e de-

termined in the presen tation phase. In particular, since OpenMa th do cumen ts

can b e h yp ertext do cumen ts, or generated from a database, it can b e imp ossi-

ble to determine the structure of a do cumen t in adv ance, therefore w e consider

do cumen t structure information as presen tation information and describ e it in

section 7.3.

The general pattern \de�nition, theorem, pro of " has long b een considered

paradigmatic of mathematical do cumen ts lik e textb o oks and pap ers. T o supp ort

this structure, OMDoc pro vides elemen ts for mathematical items and theory

items whic h w e will describ e in sections 4 and 5. Since pro ofs ha v e a more

complex in ternal structure, w e will defer them to section 6. Before w e come to

these, w e will describ e the structure of in termediate explanatory text (section 3).

Finally , w e will reserv e section 7 for auxiliary items lik e exercises, applets, etc.
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3 T ext Elemen ts

The OMDoc text elemen ts are Xml elemen ts that can b e used to accommo date

and classify the explanatory text parts in mathematical do cumen ts. W e ha v e t w o

kinds of them:

CMP These text elemen ts are used for commen ts and describing mathematical

prop erties inside other OMDoc elemen ts. They ha v e an xml:lang attribute

that sp eci�es the language they are written in; th us using groups of CMPs with

di�eren t languages can promote OMDoc in ternationalization. Conforming

with the Xml recommendation, w e use the ISO 639 t w o-letter coun try co des

( en b= English, de b= German, fr b= F renc h, nl b= Dutc h. . . ).

CMP s ma y con tain arbitrary text in tersp ersed with OpenMa th ob jects ( OMOBJ

elemen ts) (see the OpenMa th standard [CC98 ] for details), omlets (see

section 7) and h yp erlinks (see b elo w). No other elemen ts are allo w ed. In

particular, presen tation elemen ts lik e paragraphs, emphases, itemizes,. . . are

forbidden, since OMDoc is concerned with c ontent markup . Generating pre-

sen tation markup from this is the dut y of sp ecialized presen tation comp o-

nen ts, e.g. Xsl st yle sheets, whic h can base their decisions on presen tation

information (see section 7.3) and the rsrelation information describ ed in

this section.

ref elemen ts are used to sp ecify h yp erlinks via the XLink / XPointer sp eci�-

cation (see http://www.w3c. org TR /{ xli nk /xp tr } ). If the reference ob ject

is de�ned in the same do cumen t, then it is su�cien t to sp ecify its id at-

tribute in the xlink:href attribute, otherwise, it m ust include the relev an t

URL or xpointer material.

omtext OMDoc text elemen ts can app ear on the top lev el (inside omdoc ele-

men ts). They ha v e an id attribute, so that they can b e cross-referenced, an

(optional) rsrelation attributes sp ecifying the rhetorical structure relation

of the text to other OMDoc elemen ts and con tain

1. an (optional) metadata declaration (w e use the w ell-kno wn Dublin Core

sc hema, cf. http://purl.org/ dc/ or see [Koh00b ])

2. a non-empt y set of CMP elemen ts that con tain the text prop er.

The rsrelation attributes allo w us to markup the discourse structure of a

do cumen t in form of so-called discourse relations follo wing the the w ell-kno wn

\Rhetorical Structure Theory" RST [MT83,Hor98 ] con ten t mo del, whic h mo dels

a text as a tree whose lea v es are the sen tences (or phrases) and whose in ternal

no des mo del the relations b et w een their daugh ters. This generalizes markup

sc hemes of text fragmen ts o�ered e.g. b y L

A

T

E

X in to categories lik e \In tro duc-

tion", \Remark", or \Conclusion". This is su�cien t for simple markup of existing

mathematical texts and to repla y them v erbatim in a bro wser, but is insu�cien t

e.g. for generating individualized, presen tations at m ultiple lev els of abstractions

from the represen tation. The OMDoc text mo del { if tak en to its extreme { can

b e used to pinp oin t the resp ectiv e role and con tributions of smaller text units,

ev en do wn to the sub-sen tence lev el, and can mak e the structure of mathematical

texts \mac hine understandable".
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Concretely , the rsrelation attributes sp eci�es the relation t yp e in a type at-

tribute and the RST tree daugh ters in attributes for (for the head daugh ter) and

from for the others. A t the momen t OMDoc uses a v arian t of the RST [MT83 ]

con ten t mo del that supp orts the relation t yp es introduction , conclusion ,

thesis , antithesis , elaboration , motivation , evidence , linkage with the

ob vious meanings, motiv ated b y the application to mathematical argumen tativ e

texts (see also [Hor98 ]). The relation t yp e also determines the default presen ta-

tion.

4 Theory Elemen ts

T raditionally , mathematical kno wledge has b een partitioned in to so-called the-

ories , often cen tered ab out certain mathematical ob jects lik e groups, �elds, or

v ector spaces. Theories ha v e b een formalized as collections of

{ signature declarations (the sym b ols used in a particular theory , together with

optional t yping information).

{ axioms (the logical la ws of the theory).

{ theorems; these are in fact logically redundan t, since they are en tailed b y

the axioms.

In soft w are engineering a closely related concept is kno wn under the lab el of

an (algebraic) sp eci�cation, whic h is used to sp ecify the in tended b eha vior of

programs. There, the concept of a theory (sp eci�cation) is m uc h more elab orated

to supp ort the structured dev elopmen t of sp eci�cations. Without this structure,

real w orld sp eci�cations b ecome un wieldy and unmanageable.

In OMDoc , w e supp ort this structured sp eci�cation of theories; w e build

up on the tec hnical notion of a dev elopmen t graph [Hut99], since this supplies a

simple set of primitiv es for structured sp eci�cations and also supp orts man-

agemen t of theory c hange. F urthermore, it is logically equiv alen t to a large

fragmen t of the emerging Casl standard [CoF98 ] for algebraic sp eci�cation

(see [AHMS00 ]).

Theories are sp eci�ed b y the theory elemen t in OMDoc . Since signature

and axiom information is particular to a giv en theory , the symbol , definition ,

axiom elemen ts m ust b e con tained in a theory as sub-elemen ts.

<theory id="monoid-thy"> : : :

<symbol id="monoid">

<commonname xml:lang="en">monoid</commonn ame>

<commonname xml:lang="de">Monoid</commonn ame>

<commonname xml:lang="it">monoide</common name >

<type system="simply-typed">

set[any] -> (any -> any -> any) -> any -> bool

</type>

</symbol> : : :

</theory>

Fig. 3. An OMDoc sym b ol declaration
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symbol This elemen t sp eci�es the sym b ols for mathematical concepts, suc h as 1

for the natural n um b er \one", + for addition, = for equalit y , or group for the

prop ert y of b eing a group. The symbol elemen t has an id attribute whic h

uniquely iden ti�es it. This information is su�cien t to allo w referring bac k to

this sym b ol as an OpenMa th sym b ol. F or instance the sym b ol declaration

in Fig. 3 giv es rise to an OpenMa th sym b ol that can b e referenced as <OMS

cd="monoid" name="monoid"/> . If the do cumen t con taining this symbol

elemen t w ere stored in a data base system, the OpenMa th sym b ol could

b e lo ok ed up b y its common name. The t yp e information sp eci�ed in the

signature elemen t c haracterizes a monoid as a three-place predicate (taking

as argumen ts the base set, the op eration and a neutral elemen t).

definition De�nitions giv e meanings to (groups of ) sym b ols (declared in a

symbol elemen t elsewhere) in terms of already de�ned ones. F or example

the n um b er 1 can b e de�ned as the successor of 0 (sp eci�ed b y the P eano

axioms). Addition is usually de�ned recursiv ely , etc.

The OMDoc definition elemen t supp orts sev eral kinds of de�nition mec h-

anisms sp eci�ed in the type attribute curren tly:

The FMP (see section 5) con tains an OpenMa th represen tation of a logi-

cal form ula that can b e substituted for the sym b ol sp eci�ed in the for

attribute of the de�nition.

The formal part is giv en b y a set of recursiv e equations whose left and

righ t hand sides are sp eci�ed b y the pattern and value elemen ts in

requation elemen ts. The termination pro of necessary for the w ell-de�-

nedness of the de�nition can b e sp eci�ed in the just-by attribute of the

de�nition.

Here, the FMP elemen ts con tain a set of logical form ulae that uniquely de-

termines the v alue of the sym b ols that are sp eci�ed in the for slot of the

de�nition. Again, the necessary pro of of unique existence can b e sp eci�ed

in the just-by attribute.

This can b e used to directly giv e the concept de�ned here as an OpenMa th

ob ject, e.g. as a group represen tation generated b y a computer algebra

system.

Fig. 4 giv es an example a (simple) de�nition of a monoid.

F or a description of abstract data t yp es see [Koh00b ]

<definition id="mon.d1" for="monoid" type="simple">

<CMP>

A structure ( M ; � ; e ) , in which ( M ; � ) is a semi-group

with unit e is called a monoid.

</CMP>

</definition>

Fig. 4. A De�nition of a monoid

4.1 Complex Theories and Inheritance

Not all de�nitions and axioms need to b e explicitly stated in a theory; they can

b e inherited from other theories, p ossibly transp orted b y signature morphism.

The inheritance information is stated in an imports elemen t.
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imports This elemen t has a from attribute, whic h sp eci�es the theory whic h

exp orts the form ulae.

F or instance, giv en a theory of monoids using the sym b ols set , op , neut

(and axiom elemen ts stating the asso ciativit y , closure, and neutral-elemen t

axioms of monoids), a theory of groups can b e giv en b y the theory de�nition

using import in Fig. 5.

<theory id="group">

<imports id="group.import" from="monoid" type="global"/>

<axiom><CMP> Every object in

<OMOBJ><OMS cd="monoid" name="set"/></OMOBJ> has an inverse.

</CMP></axiom>

</theory>

Fig. 5. A theory of groups based on that of monoids

morphism The morphism is a recursiv ely de�ned function (it is giv en as a set of

recursiv e equations using the requation elemen t, describ ed ab o v e). It allo ws

to imp ort sp eci�cations mo dulo a certain renaming. With this, w e can e.g.

de�ne a theory of rings, where a ring is giv en as a tuple ( R ; + ; 0 ; � ; � ; 1) b y

imp orting from a group ( M ; � ; e; i ) via the morphism f M 7! R ; � 7! + ; e 7!

0 ; i 7! �g and from a monoid ( M ; � ; e ) via the f M 7! R

�

; � 7! � ; e 7! 1 g ,

where R

�

is R without 0 (as de�ned in the theory of monoids).

inclusion This elemen t can b e used to sp ecify applicabilit y conditions on the

imp ort construction. Consider for instance the situation giv en in Fig. 6,

where the theory of lists of natural n um b ers is built up b y imp orting from

the theories of natural n um b ers and lists (of arbitrary elemen ts). The lat-

ter imp orts the elemen t sp eci�cation from the parameter theory of elemen ts,

th us to mak e the actualization of lists to lists of natural n um b ers, all the sym-

b ols and axioms of the parameter theory m ust b e resp ected b y the natural

n um b ers. F or instance if the parameter theory sp eci�es an ordering relation

on elemen ts, this m ust also b e presen t in theory Nat , and ha v e the same

prop erties there. These requiremen ts can b e sp eci�ed in the inclusion ele-

men t of OMDoc . Due to lac k of space, w e will not elab orate this and refer

the reader to [Hut99,Koh00b ].

Nat Param

List

Enrichment

Satisfies-Relation

Nat-List

Actualization

Enrichment

Fig. 6. A Structured Sp eci�cation of Lists
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4.2 OMDoc Theories and OpenMa th Con ten t Dictionaries

In the examples w e ha v e already seen that OMDoc do cumen ts con tain def-

initions of mathematical concepts, whic h need to b e referred to using Open-

Ma th sym b ols. In particular, do cumen ts describing theories lik e barshe.omdoc

or ida.omdoc ev en reference OpenMa th sym b ols they de�ne themselv es. Th us

it is necessary to generate OpenMa th con ten t dictionaries from OMDoc do cu-

men ts, or dev elop an alternativ e mec hanism to establish sym b ol iden tit y in OMS .

The generation of con ten t dictionaries is already supp orted in the MBase sys-

tem, but can also b e ac hiev ed b y writing sp ecialized Xsl st yle sheets. F or the

purp oses of this pap er, w e will only assume that one of these measures has b een

tak en.

5 Mathematical Elemen ts

W e will no w presen t the mathematical elemen ts that are not in tegral parts of a

theory , since they are optional (they can b e deriv ed from the material sp eci�ed

in the theory). W e ha v e the follo wing elemen ts:

FMP This is the general elemen t for represen ting mathematical form ulae as Open-

Ma th ob jects, for instance the form ula in Fig. 2. As logical form ulae of-

ten come as sequen ts, i.e. a conclusion is dra wn from a set of assumptions,

OMDoc also allo ws the con ten t of an FMP to b e a (p ossibly empt y) set

of assumption elemen ts follo w ed b y a conclusion . The in tended mean-

ing is that the FMP asserts that the conclusion is en tailed b y the assump-

tions in the curren t con text. As a consequence, <FMP> A </FMP> is equiv a-

len t to <FMP><conclusio n> A < /co nc lus io n> </F MP > . The assumption and

conclusion elemen ts allo w to sp ecify the con ten t b y an OpenMa th ob ject

( OMOBJ ) or in natural language (using CMP s).

assertion This is the elemen t for all statemen ts (pro v en or not) ab out math-

ematical ob jects (see Fig. 7). T raditional mathematical do cumen ts discern

v arious kinds of these: theorems, lemmata, corollaries, conjectures, problems,

etc. These all ha v e the same structure (formally , a closed logical form ula).

Their di�erences are largely pr agmatic (theorems are normally more imp or-

tan t in some theory than lemmata) or pro of-theoretic (conjectures b ecome

theorems once there is a pro of ). Therefore, w e represen t them in the gen-

eral assertion elemen t and lea v e the t yp e distinction to a type attribute.

These t yp e sp eci�cations in OMDoc do cumen ts should only b e regarded

as defaults, since e.g. reusing a mathematical pap er as a c hapter in a larger

monograph, ma y mak e it necessary to do wngrade a theorem (e.g. the main

theorem of the pap er) and giv e it the status of a lemma in the o v erall w ork.

<assertion id="ida.c6s1p4.l1" type="lemma">

<CMP> A semi-group has at most one unit.</CMP>

</assertion>

Fig. 7. An assertion ab out semigroups
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alternative-def Since there there can b e more than one de�nition p er sym-

b ol, OMDoc supplies the alternative-def . It not only con tains the new

de�nition, but also p oin ts to t w o assertions that state the equiv alence with

de�nitions of the concepts that are already kno wn.

example In mathematical practice, examples pla y an equally great role as pro ofs,

e.g. in concept formation (as witnesses for de�nitions, or as either supp orting

evidence or as coun terexamples for conjectures). Therefore, examples are

giv en status as primary ob jects in OMDoc . Conceptually , w e mo del an

example for a mathematical concept C as a triple ( W ; A ; P ), where W =

( W

1

; : : : ; W

n

) is an n -tuple of mathematical ob jects, A is an assertion of

the form A = 9 W

1

: : : W

n

: B , and P is a pro of that sho ws A b y exhibiting

the witnesses W

i

for W

i

. The example ( W ; 9 W

1

: : : W

n

: : B ; P ) is a coun ter-

example to a conjecture T : = 8 W

1

: : : W

n

: B , and ( W ; A ; P

0

) a supp orting

example for T .

OMDoc sp eci�es this in tuition in an elemen t example that con tains a set

of OpenMa th ob jects (the witnesses), and has the attributes

{ for (for what concept or assertion is it an example),

{ type (one of the k eyw ords or for the function)

{ assertion (a reference to the assertion A men tioned ab o v e)

{ proof (a reference to the constructiv e pro of P )

Consider for instance the structure W : = ( A

�

; � ) of the set of w ords o v er an

alphab et A together with w ord concatenation � . Then ( W ; 9 W : monoid ( W ) ; P

1

)

is an example for the concept of a monoid (with the empt y w ord as the neu-

tral elemen t), if e.g. P

1

uses W to sho w the existence of W . The example

( W ; 9 V

monoid

: : group ( V ) ; P

2

) uses W as a coun terexample to the conjecture

C : = 8 V

monoid

: group ( V ), since Q ! : C ( P

2

uses W as a witness for V ).

Fig. 8 giv es the OMDoc represen tation of this example of an example.

<example id="mon.ex1" for="monoid" type="for"

assertion="strings-are-monoi ds" proof="sam-pf">

<CMP>The set of strings with concatenation</CMP>

<OMOBJ><OMS cd="simple-monoids" name="strings"/></OMOBJ>

</example>

<example id="mon.ex2" for="monoid" type="against"

assertion="monoids-are-group s" proof="mag-pf">

<CMP>The set of strings with concatenation is not a group</CMP>

<OMOBJ><OMS cd="simple-monoids" name="strings"/></OMOBJ>

</example>

Fig. 8. An OMDoc represen tation of an example

Finally , there are OMDoc elemen ts that supp ort structuring the kno wledge in

theories. W e ha v e already seen the p ossibilit y to de�ne (parts of ) theories b y

so-called theory morphism sp eci�ed in imports and include elemen ts in sec-

tion 4.1. F ollo wing Hutter's dev elopmen t graph [Hut99], w e can use the kno wl-

edge ab out theories to establish so-called inclusion morphisms that establish the

source theory as included (mo dulo renaming b y a morphism) in the target the-

ory . This information can b e used to add further structure to the theory graph
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and help main tain the kno wledge base with resp ect to c hanges of individual

theories.

An axiom-inclusion elemen t con tains a morphism (see section 4.1), and the

attributes from and to sp ecify the source and target theories. F or an y axiom in

the source theory there m ust b e an assertion in the target theory (whose FMP

is just the image of the FMP of the axiom under the morphism) with a pro of.

These are represen ted b y an empt y by elemen t, whic h has the attributes axiom ,

assertion , and proof with the ob vious meanings.

A theory-inclusio n is a global v arian t of axiom-inclusion that can b e

obtained as a path of axiom-inclusions (or other theory-inclusio n ) whic h

are sp eci�ed in the by attribute.

6 Pro ofs

Pr o ofs are represen tations of evidence for the truth of assertion . As in the case

of de�nitions, there can in general b e more than one pro of for a giv en assertion.

F urthermore, it will b e initially infeasible to formalize totally all mathemati-

cal pro ofs needed for the correctness managemen t of the kno wledge base in one

univ ersal pro of format, therefore OMDoc supp orts a pro of format whose struc-

tural and formal elemen ts are deriv ed from the P D S

4

structure dev elop ed for the


 mega system, but also allo ws natural language represen tations at ev ery lev el.

In the future, it ma y b e necessary and adv an tageous to allo w v arious other pro of

represen tations there lik e pro of scripts (
 mega repla y �les, Isabelle pro of

scripts,. . . ), references to published pro ofs, resolution pro ofs, etc, to enhance

the co v erage.

This mixed represen tation enhances m ulti-mo dal pro of presen tation [Fie97 ],

and the accum ulation of pro of information in one structure. Informal pro ofs

can b e formalized [Bau99 ]; formal pro ofs can b e transformed to natural lan-

guage [HF96].

The OMDoc proof en vironmen t con tains a list of pro of steps. Suc h derive

steps ha v e the attributes id (so it can b e referred to) and the optional type

attribute. It can con tain the follo wing c hild elemen ts (in this order)

CMP This giv es the natural language represen tation of the pro of step.

The rest of the c hildren form the formal con ten t of the deriv e step. T ogether,

they represen t the information presen t e.g. in a P D S no de.

FMP A formal represen tation of the assertion made b y this pro of step, they con-

tain CMP and FMP elemen ts. Lo cal assumptions from the FMP should not b e

referenced to outside the deriv e step they w ere made in. Th us the deriv e step

serv es as a grouping device for lo cal assumptions.

4

The P ro of plan D ata S tructure ( P D S ) w as in tro duced in the 
 mega [BCF

+

97 ]

system to facilitate hierarc hical pro of planning and pro of presen tation at more than

one lev el of abstraction. In a P D S , expansions of no des justi�ed b y tactic applications

are carried out, but the information ab out the tactic itself is not discarded in the

pro cess as in tactical theorem pro v ers lik e Isabelle or NuPrL . Th us pro of no des

ma y ha v e justi�cations at m ultiple lev els of abstraction in a hierarc hical pro of data

structure.
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method is an OpenMa th sym b ol represen ting a pro of metho d or inference rule

that justi�es the assertion made in the FMP elemen t.

premise These are empt y elemen ts whose xref attribute is used to refer to the

pro of- or lo cal assumption no des that the method w as applied to to yield

this result. These attributes sp ecify the D A G structure of the pro of.

proof If a deriv e step is a logically (or ev en mathematically) complex step that

can b e expanded in to sub-steps, then the em b edded proof elemen t can b e

used to sp ecify the sub-deriv ation (whic h can ha v e similar expansions in

em b edded proof en vironmen ts again).

This em b edded proof allo ws us to sp ecify generic markup for the hierarc hic

structure of pro ofs.

<derive id="barshe.2.1.2.proof.a.pro of.D 2.1" >

<CMP>By <OMOBJ><OMS cd="barshe" name="alg-prop-reals.A2"/></ OMOB J>

we have z + ( a + ( � a )) = a + ( � a )

</CMP>

<conclusion> ( z + a ) + ( � a ) = z + ( a + ( � a )) </conclusion>

<method><OMS cd="omega-base-calc" name="foralli*"/>c

<parameter><OMOBJ><OMV name="z"/></OMOBJ></parameter>

<parameter><OMOBJ><OMV name="a"/></OMOBJ></parameter>

<parameter> � a </parameter>

</method>

<premise xref="alg-prop-reals.A2"/>

</derive>

Fig. 9. A derive pro of step

7 Auxiliary Elemen ts

In this section w e will presen t OMDoc elemen ts that are not strictly mathemat-

ical con ten t, but ha v e useful functions in mathematical do cumen ts or kno wledge

bases. F or the OMDoc represen tations of things lik e exercises w e refer the reader

to [Koh00b ] and concen trate on the represen tation of applets and presen tation

information instead.

7.1 Non- Xml Data and Program Co de in OMDoc

Sometimes mathematical services ha v e to b e able to comm unicate (e.g. to the

MBase system for storage) data in non- Xml syn tax, or whose format is not

su�cien tly �xed to w arran t for a general Xml enco ding. Examples of this are

pieces of program co de, lik e tactics of tactical theorem pro v ers, linguistic data

of pro of presen tation system, etc. One c haracteristic of suc h data seems to b e

that it is priv ate to certain applications, but ma y b e relev an t to more than one

user. F or this, OMDoc pro vides the private elemen t, whic h con tains the usual

CMP s and a data elemen t describ ed b elo w. It has the attributes

pto sp eci�es the system to whic h the data are priv ate.

pto-version is its v ersion; Sp ecifying this ma y b e necessary , if the data or ev en

their format c hange with v ersions.
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format / type the t yp e of the data and the format the data are in, the meaning

of these �elds is determined b y the system itself.

requires sp eci�es the iden ti�ers of the elemen ts that the data dep end up on,

whic h will often b e code elemen ts.

theory allo ws the sp eci�cation of the mathematical theory (see section 4) that

the data is asso ciated with.

The data elemen t con tains the data of a in a CDATA section (this is the Xml

w a y of allo wing data that cannot b e parsed b y the Xml parser). If the con ten t

of this �eld is to o large to store directly in the OMDoc or often c hanges, then

it can b e substituted b y a link, sp eci�ed in the xref attribute.

The code elemen t is for em b edding pieces of co de in to an OMDoc do cumen t.

This elemen t has the same attributes as the private elemen t, lik e it, it can

con tain CMP , and data elemen ts. F urthermore, it can con tain do cumen tation

elemen ts input , output and effect that sp ecify the b eha vior of the pro cedure

de�ned b y the co de fragmen t.

7.2 Applets in OMDoc

omlet elemen ts con tain OMDoc sp eci�cations of applets (program co de that

can in some w a y executed during do cumen t manipulation). omlet s generalize

the w ell-kno wn applet concept in t w o w a ys: The computational engine is not

restricted to plug-ins of the bro wser (curren t servlet tec hnology can b e used

and sp eci�ed using code and omlet elemen ts in OMDoc s) and the program

co de can b e sp eci�ed and distributed more easily , making do cumen t-cen tered

computation easier to manage.

<code id="callmint">

<input>None</input>

<output>The result</output>

<effect>None</input>

<data><![CDATA[... the call-mint code goes here ...]]></data>

</code>

<derive id="monp_1">

<CMP> <omlet type="js" function="callMint">Intros. </om let>< /CMP >

<method><OMS name="Intros" cd="COQ"/></method>

</derive>

Fig. 10. An omlet

Lik e the HtML applet tag, the omlet elemen t can b e used to wrap an y (set

of ) w ell-formed elemen ts. It has the follo wing attributes.

type This sp eci�es the computation engine that should execute the co de. De-

p ending on the application, this can b e a programming language, suc h as

javascript ( js ) or Oz , or a pro cess that is running (in our case the L 
 U I

or 
 mega services).

function The co de that should b e executed b y the omlet is sp eci�ed in the

function attribute. This p oin ts to an OMDoc co de elemen t that is acces-

sible in some w a y (e.g. in the same OMDoc ). This indirection allo ws us to
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reuse the mac hinery for storing co de in OMDoc s. F or a simple example see

Fig. 10.

argstr allo ws sp eci�cation of an (optional) argumen t string for the function. A

call to the L 
 U I in terface w ould then ha v e the form in Fig. 11. Here, the

co de in the code elemen t sendtoloui (whic h w e ha v e not sho wn) w ould b e

ja v a co de that simply sends the argstr to L 
 U I 's remote con trol p ort.

The exp ected b eha vior of the omlet can b e implemen ted in the Xsl st yle sheet,

whic h in the case of e.g. translation to Mozilla will put the callmint co de

directly in to the generated html .

<CMP> Let's prove it

<omlet id="bla type="java" function="sendtoloui"

argstr="load(problem='monoid_ uniq )">

interactively

</omlet>

</CMP>

Fig. 11. An omlet calling an external pro cess

7.3 Presen tation

In the in tro duction w e ha v e stated that one of the design in ten tions b ehind OM-

Doc is to separate con ten t from presen tation, and lea v e the latter to the user.

In this section, w e will brie
y touc h up on presen tation issues. The tec hnical side

of this is simple: OMDoc do cumen ts are regular Xml do cumen ts that can b e

pro cessed b y Xsl [Dea99 ] st yle sheet to pro duce con v en tional presen tations from

OMDoc represen tations of mathematical do cumen ts. A t the momen t, w e ha v e

Xsl st yle sheets to con v ert OMDoc to HtML (one eac h sp ecialized to the re-

sp ectiv e bro wsers), L

A

T

E

X, and to the input languages of the 
 mega , InKa , and

� Clam systems (they can b e found at http://www.mathw eb .or g/ il o/o md oc ).

A t the momen t, these hard-co de certain presen tation decisions for the o v erall

app earance of the do cumen ts, but w e are w orking on st yle sheet generators that

mak e these user-adaptiv e.

The mathematical concepts and sym b ols in tro duced in an OMDoc do cu-

men t ( symbol elemen ts) often carry t yp ographic con v en tions, whic h cannot b e

determined b y general principles alone. Therefore, they need to b e sp eci�ed in

the do cumen t itself, so that t yp ographically go o d represen tations can b e gen-

erated from this (and subsequen t) do cumen ts. The presentation elemen t in

<presentation format="TeX">

<xsl:template match="OMA[OMS[position()=1 and

@name='monoid' and

@cd='ida.monoid']]">

(<xsl:apply-templates select="*[2]"/>,

<xsl:apply-templates select="*[3]"/>,

<xsl:apply-templates select="*[4]"/>)\in{\bf MON}

</xsl:template>

</presentation>

Fig. 12. Xsl Presen tation for the sym b ol in Fig. 3
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Fig. 12 allo ws the addition of Xsl st yle sheet information to sym b ols, where they

are de�ned. In this case, the st yle sheet information will cause an OpenMa th

expression

<OMA>

<OMS cd="ida" name="monoid"/><OMV name="M"><OMV name="o"><OMV name="e">

</OMA>

to b e rendered as ( M ; o; e ) 2 MOD in a T

E

X or L

A

T

E

X do cumen t deriv ed from

ida.xml via a suitable Xsl st yle sheet. Of course, this information will need to

b e included in to the resp ectiv e st yle sheets. This is easily realized b y a t w o-stage

st yle sheet pro cess: in the �rst pass, a general (higher-order) st yle sheet extracts

the presen tation information from the relev an t OMDoc do cumen ts, and in the

second stage, this is used to presen t the OMOBJs in the source OMDoc .

The presen tation elemen ts discussed up to no w, allo w sp eci�cation of the

presen tation of OpenMa th elemen ts. T o sp ecify the o v erall structure of mathe-

matical texts, suc h as b o oks, c hapters, sections, or paragraphs, but also en umer-

ations, itemizes, lists, w e use the omgroup elemen t. W e use a general construct

that sp eci�es the presen tation in the type attribute, since the presen tation com-

p onen t (st yle sheet) ma y need to decide on that. omgroup elemen ts con tain an

optional metadata elemen t and then a sequence of omgroup and ref elemen ts.

The �rst allo w the de�nition of a recursiv e do cumen t structure, and elemen ts of

the second kind are used to refer to other OMDoc elemen ts b y the use of xlink

attributes (most notably xlink:href for h yp erlinks).

Note that this represen tation, whic h relies on explicit (h yp er)-references in-

stead of nesting information allo ws the sp eci�cation of more than one do cumen t

using the mathematical material sp eci�ed in the other OMDoc elemen ts. In

particular, it b ecomes p ossible to sp ecify and store more than one lineariza-

tion of the material in a do cumen t, or generate linearization or \guided tours"

(see [SBC

+

00 ] for details).

8 Conclusion

W e ha v e prop osed an extension to the OpenMa th standard that allo ws the

represen tation of the seman tics and structure v arious kinds of mathematical

do cumen ts, including articles, textb o oks, in teractiv e b o oks, courses. W e ha v e

motiv ated and describ ed the language and presen ted an Xml do cumen t t yp e

de�nition for it.

W e are curren tly testing this in the dev elopmen t of a user-adaptiv e in teractiv e

b o ok including pro of explanation based on ID A [CCS99 ] in close collab oration

with the authors. This case study unites sev eral of the application areas dis-

cussed in the in tro duction. The re-represen tation of ID A in the OMDoc format

mak es it p ossible to mac hine-understand the structure of the do cumen t, read

it in to the MBase [FK00 ,KF00 ] kno wledge base system without loss of infor-

mation, preserving the structure, and generate p ersonalized sub-do cumen ts or

linearizations of the structured data based on a simple user mo del. F urthermore,

the OMDoc represen tation supp orts the formalization of (parts of ) the mathe-

matical kno wledge in ID A and mak es it accessible to the 
 mega mathematical
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assistan t system [BCF

+

97 ], whic h can �nd pro ofs that solv e some of the prob-

lems either fully automatically (b y pro of planning) or in in teraction with the

authors. This newly dev elop ed sto c k of formal data (it is not presen t in ID A

no w) will enable the reader to read and exp erimen t with the pro ofs b ehind the

mathematical theory , m uc h as she can in the presen t v ersion with the in tegrated

computer algebra system GAP [S

+

95 ]. Finally , OMDoc will serv e as the input

format for the Lima system (see [Bau99 ]), an exp erimen tal natural language

understanding system sp ecialized to mathematical texts (this can b e used to

dev elop formalization in FMPs from the text in the resp ectiv e CMPs ).

In the con text of this pro ject, w e ha v e dev elop ed �rst authoring to ols for

OMDoc that try to simplify generating OMDoc do cumen ts for the w ork-

ing mathematician. There is a simple OMDoc mo de for emacs , and a L

A

T

E

X

st yle [Koh00a ] that can b e used to generate OMDoc represen tations from L

A

T

E

X

sources and th us help with the migration of existing mathematical do cumen ts.

A second step will b e to in tegrate the L

A

T

E

X to OpenMa th con v ersion to ols.

Mic hel V ollebregt has built a program that tra v erses an OMDoc and substitutes

v arious represen tations for form ulae (including the Ma thema tica , GAP, and

Maple represen tations) b y the corresp onding OpenMa th represen tations.
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