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Abstract. W e dev elop an order-sorted higher-order calculus suitable for

automatic theorem pro ving applications b y extending the extensional simply

t yp ed lam b da calculus with a higher-order ordered sort concept and constan t

o v erloading. Huet's w ell-kno wn tec hniques for unifying simply t yp ed lam b da

terms are generalized to arriv e at a complete transformation-based uni�cation

algorithm for this sorted calculus. Consideration of an order-sorted logic

with functional base sorts and arbitrary term declarations w as originally

prop osed b y the second author in a 1991 pap er; w e giv e here a corrected

calculus whic h supp orts constan t rather than arbitrary term declarations, as

w ell as a corrected uni�cation algorithm, and pro v e in this setting results

corresp onding to those claimed there.

1 In tro duction

In the quest for calculi b est suited for automating logic, the in tro duction of sorts

has b een one of the most promising dev elopmen ts. Sorts, whic h are in tended

to capture for automated deduction purp oses the kinds of meta-lev el taxonomic

distinctions that h umans naturally assume structure the univ erse, can b e emplo y ed

to syn tactically distinguish ob jects of di�eren t classes. The essen tial idea b ehind

sorted logics is to assign sorts to ob jects and to restrict the ranges of v ariables to

particular sorts, so that unin tended inferences, whic h then violate the constrain ts

imp osed b y this sort information, are disallo w ed. These tec hniques ha v e b een seen to

dramatically reduce the searc h space asso ciated with deduction in �rst-order systems

([W al88], [Coh89], [Sc h89]).

On the other hand, the inheren tly higher-order nature of man y problems whose

solutions one w ould lik e to deduce automatically has spark ed an increasing in terest in

higher-order deduction. The b eha vior of sorted higher-order calculi, whic h b oast b oth

the expressiv eness of higher-order logics and the e�ciency of sorted calculi, is th us
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a natural topic of in v estigation. In this pap er, w e dev elop precisely suc h a calculus

| an order-sorted lam b da calculus supp orting functional base sorts and constan t

o v erloading | as w ell as a complete uni�cation algorithm for this calculus, whic h

is suitable for use in an automated deduction setting. Calculi in tended for actual

mathematical deduction will no doubt supp ort constan t | if not arbitrary term

| declarations (see Example 37); b y incorp orating constan t declarations in to our

calculus, w e treat deduction issues common to all mathematically useful extensional

order-sorted higher-order logics supp orting functional base sorts.

Although Huet prop osed the study of a simple sorted lam b da calculus in an

app endix to [Hue72], the dev elopmen t of order-sorted higher-order calculi for use in

deduction systems has only in recen t y ears b een pursued ([Koh92], [NQ92], [Pfe92]).

There has, ho w ev er, b een considerable in terest in order-sorted higher-order logic from

the p oin t of view of higher-order algebraic sp eci�cations, the theory of functional

programming languages, and ob ject-orien ted programming ([Car88], [BL90], [Qia90],

[CG91], [Pie91]).

In unsorted logics, the kno wledge that an ob ject is a mem b er of a certain class of

ob jects is expressed using unary predicates. This leads to a m ultitude of unit clauses

in deductions, eac h of whic h carries only taxonomic information and con tributes to

a sev ere explosion of the searc h space. In sorted logics, predicates are replaced b y

sorts carrying precisely the same taxonomic information, so that their attendan t

unit clauses are also eliminated and the searc h space is corresp ondingly pruned.

The incorp oration of sort information is p erhaps ev en more natural for higher-order

than for �rst-order logics: t yp e information in higher-order logics can b e regarded

as co ding v ery coarse distinctions b et w een disjoin t classes of ob jects, so that sorts

merely re�ne an already presen t structure. But more imp ortan tly , the b ene�ts of

sorts for restricting searc h spaces in higher-order deduction will necessarily b e more

pronounced than in �rst-order systems, since the sort hierarc h y propagates in to the

higher-order structure of the logics.

Sorting the univ erse of individuals in higher-order logics giv es rise to new classes

of functions, namely those whose domains and co domains are (denoted b y) the

sorts. But in addition to sorting function univ erses in suc h a �rst-order manner,

classes of functions de�ned b y domains and co domains can themselv es b e divided

in to sub classes since functions are explicit ob jects of higher-order logics. F unctional

base sorts, i.e. , base sorts that denote classes of functions, are th us p ermitted.

Syn tactically , eac h sort A comes with a t yp e, a co domain sort 
 ( A ), and | if of

functional t yp e | also with a domain sort � ( A ). P artial orders on the set of sorts,

capturing inclusion relations among the v arious classes of ob jects, are induced b y

co v ariance in the co domain sort via subsort declarations. But in the presence of

functional base sorts an additional mec hanism for inducing subsort information is

needed: since an y function of sort A is a function with domain � ( A ) and co domain


 ( A ), a functional sort A m ust alw a ys b e a subsort of the sort � ( A ) ! 
 ( A ).

The calculus presen ted here supp orts constructs for restricting the ranges of

v ariables to, and assigning constan ts mem b ership in, certain classes of ob jects.

Dep ending on the partial order induced on the sorts, certain classes of terms built

from these atoms then b ecome the ob jects of study | the partial order restricts the

class of mo dels for the calculus, so that terms m ust meet certain conditions to denote

meaningful ob jects, i.e. , to b e w ell-sorted. Notions of � - and � -reduction generalizing



the corresp onding reductions in the simply t yp ed lam b da calculus are de�ned on the

class of w ell-sorted terms. The former is a straigh tforw ard adaptation of t yp ed � -

reduction, but the delicate in teraction b et w een extensionalit y and partially ordered

sorts necessitates care in de�ning the latter. If X is a term of functional sort A ,

for example, and x is a v ariable whose range is restricted to the subsort B of � ( A ),

then �x:X x denotes the restriction of the function (denoted b y) X to the domain

(sp eci�ed b y) B . In order to prop erly mo del exten tionalit y b y � -reduction, B m ust

therefore b e precisely the (maximal) domain of X in order for �x:X x to � -reduce to

X | otherwise X w ould b e equal to a prop er restriction of itself.

A similar subtle in terpla y b et w een extensionalit y and functional base sorts

renders the natural generalization of Huet's ([Hue75]) classical metho d for uni�cation

of simply t yp ed lam b da terms inadequate in our setting. Nev ertheless, a more lib eral

notion of partial binding, whic h in particular do es not require the bindings to b e

� -expanded, do es su�ce for incremen tally appro ximating answ er substitutions for

arbitrary uni�cation problems mo dulo � � -equalit y on w ell-sorted terms.

As in the simply t yp ed lam b da calculus, the need for \guessing" partial bindings

for pairs so called 
ex-
ex p airs giv es rise to a serious explosion of the searc h

space, but unfortunately , this cannot b e a v oided without sacri�cing the uni�cation

completeness of our algorithm. Huet resolv ed this di�cult y in the simply t yp ed

lam b da calculus b y rede�ning the higher-order uni�cation problem to a form

su�cien t for refutation purp oses: 
ex-
ex pairs are considered to pr e-uni�e d , or

already solv ed. W e conjecture that it is p ossible to de�ne an appropriate notion of

pre-uni�cation in our setting as w ell, but w arn that a naiv e mo di�cation of the

standard metho ds is eviden tly insu�cien t for calculi supp orting functional base

sorts. Sp eci�cally , pre-uni�cation only mak es sense under regular signatures, and

the existence of uni�ers for 
ex-
ex pairs dep ends hea vily on the partial order on

sorts under whic h uni�cation is b eing considered.

Uni�cation in an extensional order-sorted lam b da calculus with functional base

sorts w as �rst in v estigated in [Koh92]. A calculus supp orting functional base sorts

and arbitrary term, rather than only constan t, declarations is prop osed there, but its

presen tation is 
a w ed in serv eral places. Our calculus can b e seen as a sub calculus

of the one prop osed in [Koh92] whic h has b een corrected to b e w ell-de�ned and to

prop erly incorp orate extensionalit y (see the problematic clauses 4 and 5 of De�nition

2.5, and Remark 2.10, there). The notion of partial binding dev elop ed here pa v es the

w a y for remedying b oth the ill-de�ned uni�cation transformations and the 
a w ed

completeness pro of of [Koh92]. F or a detailed treatmen t of our results and the issues

surrounding them, the reader is referred to the full pap er [JK93].

2 The Calculus

The set of typ es T is obtained b y inductiv ely closing a set of b ase typ es T

0

under

the op eration � ! � ; assuming righ t-asso ciativit y of ! , the length of a t yp e

� � �

1

! �

2

! ::: ! �

n

, denoted l eng th ( � ), is n � 1. T yp es are denoted

b y lo w er case Greek letters. In theorem pro ving applications w e migh t ha v e only

t w o base t yp es, o denoting truth-v alues and � denoting the univ erse of individuals,

with all other sub divisions of the univ erse b eing co ded in to sort distinctions among

individuals, as describ ed in the next subsection.



F or eac h t yp e � 2 T , �x a coun tably in�nite set of v ariables x

�

; y

�

; z

�

; ::: of t yp e

� and a coun tably in�nite set of constan ts a

�

; b

�

; c

�

; ::: of t yp e � . W e assume that

no t w o distinct v ariables or constan ts ha v e the same t yp e-erasure.

LC is the set of explicitly simply t yp ed lam b da terms o v er the v ariables and

constan ts. W e omit reference to the t yp e of X when this will not lead to confusion. On

LC , � � -equalit y is generated b y � � -reduction, denoted b y

� �

� ! and determined b y the

usual rules ( �x:X ) Y

�

� ! X [ x := Y ] and �x:X x

�

� ! X . � � -reduction is terminating

and con
uen t ( i.e., c onver gent ) on LC -terms.

The re
exiv e, transitiv e closure of a reduction relation

�

� ! is denoted

�

� !� ! , and

w e write =

�

for the symmetric closure of

�

� !� ! . W e write X � Y to indicate that t w o

LC -terms X and Y are iden tical up to renaming of b ound v ariables. As is customary ,

w e consider LC -terms iden tical up to renaming of b ound v ariables to b e the same.

2.1 Order-sorted Structures

As describ ed in the in tro duction, w e capitalize on the fact that functions are explicit

ob jects of higher-order logic b y allo wing classes of functions de�ned b y domains

and co domains to themselv es b e divided in to sub classes. W e th us p ostulate b oth

functional base sorts | i.e., base sorts that denote classes of functions | as w ell as

non-functional base sorts.

De�nition 21 A sort system is a quin tuple ( S

0

; S ; � ; � ; 
 ) suc h that:

{ S

0

is a set of b ase sorts distinct from the set of t yp e sym b ols. The set of sorts

obtained b y closing S

0

under the op eration A ! B comprises S .

{ The typ e function � is a mapping � : S

0

! T . If � ( A ) 2 T

0

, then A is said

to b e non-functional , and A is said to b e functional otherwise; the set of non-

functional (resp., functional) sorts is denoted b y S

nf

(resp., S

f

). F or all A 2 S

f

,

w e require that � ( A ) = � ( � ( A )) ! � ( 
 ( A )), where the domain sort function �

is a map � : S

f

0

! S , the c o domain sort function 
 is a map 
 : S

0

! S with


 j

S

nf the iden tit y map, and the mappings � and 
 are extended to S b y de�ning

� ( A ) = B and 
 ( A ) = C for A � B ! C 2 S .

Sorts are denoted b y upp er case Roman letters. If the con text is clear, w e

abbreviate b y S the sort system ( S

0

; S ; � ; � ; 
 ). Since w e are ultimately in terested in

sorted terms and their t yp ed coun terparts, w e only consider sort systems for whic h

� is surjectiv e. W e further assume that for eac h � 2 T there exist only �nitely man y

A 2 S

0

with � ( A ) = � .

It will b e useful to ha v e some notational con v en tions for domain and co domain

sorts. F or an y A 2 S , de�ne the follo wing notation: �

0

( A ) � A , 


0

( A ) � A , and for

i � 1, 


i

( A ) � 
 ( 


i � 1

( A )), and �

i

( A ) � � ( 


i � 1

( A )). W rite l eng th ( A ) for the length

of the sort A .

Example 22 F unctional base sorts are useful in the study of elemen tary analysis,

where w e migh t p ostulate a non-functional base sort R denoting the reals and a

functional base sort C with � ( C ) = R and 
 ( C ) = R denoting the class of real-v alued

con tin uous functions on the reals. Since it is not p ossible to distinguish syn tactically

suc h con tin uous functions solely in terms of their domains and co domains, p ermitting

functional base sorts indeed increases the expressiv eness of a calculus.



While t yp es represen t disjoin t classes of ob jects, certain kinds of orderings on

sorts re
ect p ermissible inclusion relations among classes of ob jects sorts denote.

W e capture a consistency condition whic h suc h orderings are required to satisfy

b y de�ning, for a sort system S and a pair of sorts A and B in S suc h that

� ( A ) = � ( B ), the set Con( A; B ) of subsort de clar ations (for S ) to b e the set

f [ A � B ] g if A; B 2 S

nf

, and

Con( � ( A ) ; � ( B )) [ Con ( � ( B ) ; � ( A )) [ Con ( 
 ( A ) ; 
 ( B )) [ f [ A � B ] g

if A; B 2 S

f

. A sort structur e (for S ) is an y set of subsort declarations obtained

b y inductiv ely adding sets of the form Con( A; B ) to the empt y set. Since eac h set

Con( A; B ) of subsort declarations is �nite, sort structures are necessarily �nite. F or

an y sort structure � , w e ha v e [ A � B ] 2 � i� Con( A; B ) � � .

An y sort structure � induces an inclusion or dering �

�

(or simply \ � ") on S ,

inductiv ely de�ned b y the rules of De�nition 23.

De�nition 23 F or an y sort structure � , the inclusion or dering determine d by �

con tains all judgemen ts of the form � ` A � B pro v able b y the follo wing calculus:

[ A � B ] 2 �

� ` A � B

A 2 S

f

� ` A � � ( A ) ! 
 ( A )

� ` A � A

� ` A � B

� ` C ! A � C ! B

� ` A � B � ` B � C

� ` A � C

Clearly w e cannot insist that � ` A � B hold for an y sorts A and B with a

common domain sort C and co domain sorts satisfying � ` 
 ( A ) � 
 ( B ) (assuming,

for example, a standard seman tics). But if � is a sort structure for S , and �

is the equiv alence relation induced b y � , then A; B 2 S

f

, � ` A � B implies

� ` � ( A ) � � ( B ) and � ` 
 ( A ) � 
 ( B ). In addition, for all A; B 2 S , � ` A � B

implies � ( A ) = � ( B ), so that an y sort system S is the disjoin t union of in�nitely

man y subsets S

�

= f A 2 S j � ( A ) = � g of sorts suc h that if A 2 S

�

and B 2 S

�

with

� 6� � , then A and B are incomparable with resp ect to � . Since S has only �nitely

man y base sorts p er t yp e, eac h subset S

�

is �nite. Decidabilit y of the inclusion

ordering determined b y an y sort structure th us follo ws from the next lemma, whic h

is pro v ed b y induction on l eng th ( � ).

Lemma 24 F or any typ e � 2 T and any sort structur e � , if � is the inclusion

or dering determine d by � , then the r estriction �

�

of � to sorts of typ e � is e�e ctively

c omputable.

Theorem 25 The inclusion or dering determine d by any sort structur e � is

de cidable.

It will b e imp ortan t that the signatures o v er whic h our w ell-sorted terms are built

\resp ect function domains," i.e. , that for an y term X and an y sorts A and B suc h



that X has sort A and also sort B , � ( A ) � � ( B ) holds. The pro of that signatures

indeed satisfy this prop ert y (see Lemma 211) dep ends in part on the consistency

conditions for sort structures and in part on the fact that constan t declarations

meet the sort condition of the �fth clause of De�nition 27 b elo w, giv en in terms of

the equiv alence relation Rdom, whic h w e no w de�ne.

De�nition 26 Giv en a sort structure � for S and a pair of sorts A and B in

S , A Rdom

�

B holds if either A; B 2 S

nf

and � ( A ) = � ( B ), or if A; B 2 S

f

,

� ` � ( A ) � � ( B ), and 
 ( A ) Rdom

�


 ( B ).

W e write \Rdom" for Rdom

�

when � can b e discerned from the con text. Then

A Rdom B implies � ( A ) = � ( B ), and � ` A � B implies A Rdom B .

De�nition 27 A signatur e � comprises i ) a sort system S = ( S

0

; S ; � ; 
 ; � ), ii ) a

sort structure � (for S ), iii ) a coun tably in�nite set V ar s

A

of variables x

A

; y

A

; z

A

; :::

for eac h A 2 S , iv ) a set C of t yp ed constan t sym b ols, and v ) a set of c onstant

de clar ations of the form [ c

�

:: A ] for c 2 C suc h that � ( A ) = � . W e assume that if

[ c :: A ] and [ c :: B ] are constan t declarations, then A Rdom B .

The requiremen t that � ( A ) = � for a constan t declaration [ c

�

:: A ] insures that

sort assignmen ts resp ect the t yp es of constan ts. In a theorem pro ving con text, an y

signature w ould ha v e, for eac h � 2 T , only �nitely man y constan t declarations

in v olving constan ts of t yp e � . W e will assume this restriction on signatures.

An y sorted v ariable can naturally b e regarded as a t yp ed v ariable b y \forgetting"

its sort information. Denoting the forgetful functor b y , w e ma y regard the sorted

v ariable x

A

as the t yp ed v ariable x

A

, i.e., as x

� ( A )

. By pruden tly naming the

v ariables, w e can arrange that the forgetful functor is bijectiv e on v ariables, thereb y

a v oiding merely tec hnical complications that could otherwise arise.

2.2 T erm Structure

De�nition 28 Let � b e a signature with sort structure � . The set of wel l-sorte d

LC -terms for � is determined inductiv ely b y the follo wing inference rules:

x 2 V ar s

A

( v ar )

� ` x : A

� ` X : A � ` Y : B � ` B � � ( A )

( app )

� ` X Y : 
 ( A )

[ c :: A ] 2 �

( const )

� ` c : A

x 2 V ar s

B

� ` X : A

( abs )

� ` �x:X : B ! A

� ` X : A � ` � ( A ) � B

( � )

� ` �x

B

:X x : A

� ` X : B � ` B � A

( w eak en )

� ` X : A

Let LC

A

( � ) = f X j � ` X : A g and LC ( � ) =

S

A 2S

LC

A

( � ). F or an y

X 2 LC ( � ) write S

�

( X ) for f A 2 S j X 2 LC

A

( � ) g . Since the inclusion ordering

determined b y an y sort structure � is transitiv e, w e need nev er follo w one application

of the rule (w eak en) b y another in constructing sort deriv ations for w ell-sorted LC -

terms (henceforth called LC ( � ) -terms ). W e consider LC ( � )-terms whic h are iden tical

up to renaming of (sorted) v ariables to b e the same, and omit sort information

whenev er p ossible.



If � is a signature with sort system S and sort structure � , and if � is the

equiv alence relation determined b y � , then LC

A

( � ) = LC

B

( � ) whenev er A � B .

P assing to the quotien t signature �

0

with resp ect to � , i.e. , to the signature with sort

system S

0

equal to S = � obtained b y replacing sorts in S b y canonical � -equiv alence

class represen tativ es, w e arriv e at a signature whose equiv alence relation is trivial

and suc h that LC

A

( �

0

) = LC

A

( � ) for all sorts A . W e ma y therefore assume that

� is a partial ordering for all signatures in the remainder of this pap er. W e also

assume that w e ha v e ridded our sort structures of redundan t subsort declarations

of the form [ A � A ], and that whenev er � ` B � A for a sort structure � ,

l eng th ( B ) � l eng th ( A ) holds. The latter assumption is without loss of generalit y

under a standard seman tics, and implies that l eng th ( B ) � l eng th ( A ) if � ` B � A .

A routine induction on sort deriv ations establishes that signatures are subterm

closed, i.e. , that eac h subterm of a w ell-sorted term is again w ell-sorted.

In an y signature � , if x 2 V ar s

A

, then x has least sort A in � . But b ecause of

constan t o v erloading, not ev ery term will necessarily ha v e a unique least sort. F or

an arbitrary term X , ho w ev er, if � ` X : A and � ` X : B then � ( A ) = � ( B ).

As a result, the fact that � has only �nitely man y sorts p er t yp e implies that, for

X 2 LC ( � ), the set of sorts S

�

( X ) is �nite. It also follo ws that if w e consider the

forgetful functor to b e the iden tit y on t yp ed constan ts, then it can b e extended to

an injection (but not necessarily a bijection) from LC ( � ) in to LC . And if � is a

signature with empt y sort structure and exactly one sort A suc h that � ( A ) = � for

eac h � 2 T

0

, then LC ( � ) is isomorphic to the fragmen t of LC con taining only the

�nitely man y constan ts p er t yp e app earing in constan t declarations in � .

T o pro v e computabilit y of sort assignmen t for LC ( � ), w e extend the function

S

�

( � ) on LC ( � ) to all of LC . F or X 2 LC and � a signature, de�ne S

�

( X ) =

fS

�

( Y ) j Y 2 LC ( � ) and Y � X g . Then X 2 LC n LC ( � ) i� S

�

( X ) = ; . If there

exists a Y 2 LC ( � ) with Y � X , then it is unique; in this case, w e sa y that X 2 LC

is wel l-sorte d with resp ect to � .

Theorem 29 F or X 2 LC and any signatur e � , S

�

( X ) is e�e ctively c omputable.

Pro of: W e will later observ e that � -reduction on LC ( � ) is sort-preserving, and,

assuming this, w e tak e X to b e in � -normal form. Induction on the structure of X

completes the pro of.

Corollary 210 F or X 2 LC and any signatur e � , it is de cidable whether or not X

is wel l-sorte d with r esp e ct to � .

As promised, w e can pro v e (b y induction according to the v arious cases for the

deriv ations of � ` X : A and � ` X : B ) that

Lemma 211 If � ` X : A and � ` X : B , then A R dom B . That is, any signatur e

� r esp e cts function domains.

Lemma 211 guaran tees that for an y term X and an y sorts A; B 2 S

�

( X ) w e

m ust ha v e � ( A ) = � ( B ). This unique domain sort for X is called its supp orting sort

and is denoted supp ( X ). A t �rst glance, requiring signatures to resp ect function

domains app ears to b e a gra v e restriction on the expressiv eness of a calculus, but



functional extensionalit y itself relies hea vily on the notion of implicitly sp eci�ed

domains of functions, whic h unique supp orting sorts syn tactically capture. Indeed,

in mathematics, functions are assumed to ha v e unique (implicitly sp eci�ed) domains,

and m ust therefore b e distinguished from restrictions to sub domains: functions f and

g are the same only if f a = g a for all a in the common (implicitly sp eci�ed) domain

of f and g .

2.3 Order-sorted Reduction

As p er the ab o v e discussion, � -expansion of the term X

A

to �x

B

:X x , whic h

corresp onds to restricting the function denoted b y X to the sort denoted b y B ,

should only again yield the original function if B represen ts the domain of the

function denoted b y X . This restriction is em b o died in the order-sorted � -rule.

De�nition 212 Let � b e an y signature. The follo wing order-sorted reductions are

de�ned for LC ( � )-terms:

{ ( �x:X ) Y

�

� ! X [ x := Y ], and

{ �x

B

:X x

�

� ! X if x

B

62 F V ( X ) and B � supp ( X ).

The �rst rule ab o v e, assumed to happ en without free v ariable capture, is called

(or der-sorte d) � -r e duction ; the second is called (or der-sorte d) � -r e duction . Since

order-sorted � � -reduction generalizes ordinary t yp ed � � -reduction, w e write

� �

� !

for order-sorted � � -reduction as w ell as for its t yp ed v ersion.

It is imp ortan t to our program that the fundamen tal op erations of our calculus do

not allo w the formation of ill-sorted terms from w ell-sorted ones. This ensures that

our uni�cation algorithm nev er has to handle ill-sorted terms. In fact, if X

�

� !� ! Y ,

then S

�

( X ) � S

�

( Y ). A similar although sligh tly stronger result holds for � -

reduction: if X

�

� !� ! Y , then S

�

( X ) = S

�

( Y ).

Order-sorted � � -reduction is con v ergen t. T ermination is a direct consequence

of the corresp onding w ell-kno wn result for the simply t yp ed lam b da calculus, and

w eak con
uence | and, in ligh t of termination, therefore con
uence | follo ws from

w eak con
uence of � � -reduction on LC together with the fact that X

� �

� ! Y implies

supp ( X ) � supp ( Y ). It th us mak es sense to refer to the order-sorted � � -normal form

of an LC ( � )-term, and the order-sorted long ( i.e. , � -expanded) � -normal form of X ,

denoted l � nf ( X ).

3 Order-sorted Higher-order Uni�cation

When considering uni�cation in the simply t yp ed lam b da calculus, it is customary

to w ork mo dulo � -equalit y . W e explicitly k eep trac k of order-sorted � -equalit y , since

the in teraction b et w een extensionalit y and sorts can b e unexp ectedly subtle. Fix an

arbitrary signature � for use throughout the remainder of this pap er.

3.1 Systems and Substitutions

W e will represen t uni�cation problems b y equational systems comprising the pairs of

LC ( � )-terms to b e sim ultaneously uni�ed, and use transformations of suc h systems

as our main to ol for solving the uni�cation problems they represen t.



A p air is a t w o-elemen t m ultiset of LC ( � )-terms. A system is a �nite set � of

pairs. A pair is � -trivial (or simply trivial ) if its elemen ts are � -equal, and � -valid

if its elemen ts are � � -equal; a system is � -valid if eac h of its pairs is � -v alid. As

usual, w e write � ; h X ; Y i instead of � [ fh X ; Y ig , but since � ma y or ma y not also

con tain h X ; Y i , suc h a decomp osition is am biguous. W e use the notation � ; h X ; Y i

to abbreviate � [ fh X ; Y ig when h X ; Y i is not a pair in � . A pair h X ; Y i is solve d

in � if it is either trivial, or for some x 2 V ar s

A

, X

�

� !� ! x , A 2 S

�

( Y ) and there

are no o ccurrences of x in � other than the one indicated. In this case, x is said to

b e solve d in � . If eac h pair in � is solv ed in � , then � is a solve d system .

A substitution is a �nitely supp orted map from v ariables to LC ( � ); a substitution

� induces a mapping on terms, whic h w e also denote b y � . W e write substitution

application as juxtap osition, so that � X is the application of the substitution � to

the term X , and b y D ( � ) and I ( � ) w e denote the set of v ariables in the domain of �

and the set of v ariables in tro duced b y � , resp ectiv ely . A substitution � is wel l-sorte d

if for ev ery x 2 V ar s

A

, A 2 S

�

( � x ). It follo ws that if X 2 LC

A

( � ) and � is w ell-

sorted, then � X 2 LC

A

( � ) as w ell. That the set of w ell-sorted substitutions is closed

under comp osition is not hard to pro v e.

W e can extend equalities on LC ( � ) to (w ell-sorted) substitutions in the usual

manner: Let =

�

b e an equational theory on LC ( � ), W b e a set of v ariables, and �

and �

0

b e substitutions. Then � =

�

�

0

[ W ] means that for ev ery v ariable in x 2 W ,

� x =

�

�

0

x . The subsumption relation �

0

�

�

� [ W ] holds pro vided there exists a

substitution � suc h that � =

�

��

0

[ W ]. If W is the set of all v ariables, w e drop the

notation \[ W ]." If =

�

is the empt y equational theory w e write \ � " and \ � " for the

induced equalit y and subsumption ordering on substitutions.

W e can extend substitutions on LC ( � ) to mappings on systems � � fh X

i

; Y

i

i j

i � n g b y de�ning � � to b e the system fh � X

i

; � Y

i

i j i � n g . The normal form

l � nf ( � ), all of whose unsolv ed pairs comprise terms in long � -normal form, is de�ned

si milarly . If all terms in the unsolv ed pairs of � are in long � -normal form, w e sa y

that � is in long � -normal form . W e write F V ( X ) for the set of free v ariables

o ccurring in the LC ( � )-term X and F V ( � ) for the free v ariables o ccurring in the

terms in the system � .

A w ell-sorted substitution � is a � -uni�er of a system � if � � is � -v alid. If �

is a � -uni�er of � with the prop erties that D ( � ) � F V ( � ) and that for an y � -

uni�er � of � , � �

� �

� holds, then � is said to b e a most gener al � -uni�er of � .

A system � is � -uni�able if there exists some � -uni�er of � . An idemp oten t w ell-

sorted substitution � is a normalize d � -uni�er of a system � if i ) D ( � ) � F V ( � ),

ii ) � is a � -uni�er of � , and iii ) for all unsolv ed v ariables x in � , � x is in long

� -normal form. W rite U

�

( � ) for the set of all normalized � -uni�ers of � . It is clear

that ev ery w ell-sorted substitution � is � � -equal to a w ell-sorted substitution �

0

with

D ( � ) = D ( �

0

) and �

0

x in long � -normal form for eac h x 2 D ( � ). Suc h a substitution

�

0

is said to b e in long � -normal form . Th us for an y � -uni�er � of a system � , there

exists a �

0

2 U

�

( � ) suc h that �

0

=

� �

� [ F V ( � )]. In particular, ev ery � -uni�able

system has a normalized � -uni�er. F or tec hnical reasons, normalized � -uni�ers

will b e imp ortan t in what follo ws. Note that w e relax the standard requiremen t

that normalized substitutions map all v ariables to normal forms, and allo w solv ed

v ariables to b e b ound arbitrarily . This is justi�ed in Lemma 32 b elo w.



The remainder of this section explores the relationship b et w een systems and their

uni�ers. If � is a solv ed system whose non-trivial pairs are h X

1

; Y

1

i ; :::; h X

n

; Y

n

i

with X

i

�

� !� ! x

i

for i = 1 ; :::; n , then these pairs determine an idemp oten t w ell-

sorted substitution �

�

= f x

1

7! Y

1

; :::; x

n

7! Y

n

g , although suc h a pair h X ; Y i

with X

�

� !� ! x 2 V ar s

A

and Y

�

� !� ! y 2 V ar s

A

requires a c hoice as to whic h of x and

y is to b e in the domain of the substitution. W e assume that a uniform w a y exists

for making this c hoice, and so refer to the w ell-sorted substitution determined b y a

solv ed system. Con v ersely , idemp oten t w ell-sorted substitutions can b e represen ted

b y solv ed systems without trivial pairs. If � is suc h a substitution, write [ � ] for an y

solv ed system whic h represen ts it. An y system � can b e written as �

0

; [ � ] where [ � ]

is the set of solv ed pairs in � . W e call [ � ] the solve d p art of � .

T ransformation-based uni�cation metho ds attempt to reduce systems to b e

uni�ed to solv ed systems whic h represen t their uni�ers. The fundamen tal connection

b et w een solv ed systems and � -uni�ers is that solv ed systems represen t their o wn

solutions:

Lemma 31 If � � h X

1

; Y

1

i ; :::; h X

n

; Y

n

i is a solve d system, then �

�

is a most

gener al � -uni�er for � . In fact, for any � -uni�er � of � , � =

� �

� �

�

.

In general, ho w ev er, a system � will not ha v e a single most general � -uni�er. The

next lemma sho ws that w e need not b e concerned with solv ed pairs when computing

� -uni�ers. This is consisten t with the in tuition that the solv ed part of a system is

merely a record of an answ er substitution b eing constructed.

Lemma 32 Supp ose � is a � -uni�able system with solve d p art [ � ] and unsolve d p art

�

0

. If � is a � -uni�er of � , then for every � -uni�er � of �

0

such that D ( � ) � F V ( �

0

)

and � �

� �

� [ F V ( �

0

)] , �� is a � -uni�er of � and �� �

� �

� [ F V ( � )] .

3.2 The Uni�cation Algorithm

One of the k ey steps for sorted higher-order uni�cation is solving the follo wing

problem: giv en a term X � �x

1

:::x

k

:hU

1

:::U

n

2 LC

A

( � ) in long � -normal form, �nd

a term G 2 LC

A

( � ) with head h whic h can b e instan tiated to yield X . This is a

generalization of a problem in LC whic h Huet ([Hue75]) resolv ed b y describing a set

of p artial bindings in long � -normal form capable of appro ximating an y LC -term b y

instan tiation. While Huet-st yle partial bindings su�ce for appro ximating arbitrary

LC ( � )-terms | although not necessarily with bindings of the appropriate sorts

| in our setting, w e cannot require that partial bindings b e � -expanded without

sacri�cing completeness of our � -uni�cation algorithm (see Example 36). Belo w, a

v ariable will b e called fr esh if it do es not app ear in an y term in the curren t con text.

De�nition 33 If h is an atom suc h that either h 2 V ar s

C

or [ h :: C ] is

a constan t declaration in � , then a p artial binding of sort A for he ad h is

an y term of the form G � �y

1

:::y

l

:hV

1

:::V

m

, where i ) l = l eng th ( A ), ii )

m = l + l eng th ( � ( C )) � l eng th ( � ( A )) � 0, iii ) � ` 


m

( C ) � 


l

( A ), iv )

y

j

2 V ar s

�

j

( A )

for j = 1 ; :::; l , and v ) V

i

� z

i

y

1

:::y

l

for 1 � i � m , where

z

i

2 V ar s

�

1

( A ) ! ::: ! �

l

( A ) ! �

i

( C )

is fresh.



F or a giv en sort A and head h partial bindings need not exist due to conditions

ii ) and iii ) of De�nition 33, but b ecause signatures resp ect function domains, when

they do exist they are unique up to renaming of the v ariables z

i

. If � is a signature

without functional base sorts, then the partial bindings are � -expanded; in particular,

if � is a signature with exactly one sort p er (base) t yp e, then the partial bindings

are precisely those obtained for LC . W riting G

h

A

( � ) for the set of partial bindings of

sort A for head h , the fact that � ` G : A for G 2 G

h

A

( � ) justi�es our terminology .

Call a partial binding G � �y

1

:::y

l

:hV

1

:::V

m

a j

th

pr oje ction binding if h � y

j

and an imitation binding if h 2 F V ( G ) [ C . The follo wing transformations on whic h

our algorithm is based are adapted from those of [Sn y91].

De�nition 34 The set � T comprises the follo wing transformations on systems in

long � -normal form (it is p ossible that k = 0 b elo w).

{ decompose: F or an y atom h ,

� ; h �x

1

:::x

k

:hX

1

:::X

n

; �x

1

:::x

k

:hU

1

:::U

n

i = )

� ; h �x

1

:::x

k

:X

1

; �x

1

:::x

k

:U

1

i ; :::; h �x

1

:::x

k

:X

n

; �x

1

:::x

k

:U

n

i :

{ elimina te: If x 2 V ar s

A

, x 62 f x

1

; :::; x

k

g , x 62 F V ( �x

1

:::x

k

:X ), and

� = f x 7! �x

1

:::x

k

:X g is w ell-sorted, then

� ; h �x

1

:::x

k

:xx

1

:::x

k

; �x

1

:::x

k

:X i = ) h x; �x

1

:::x

k

:X i ; � � :

{ imit a te: If x 2 V ar s

A

, h 2 C or h 2 F V ( �x

1

:::x

k

:hU

1

:::U

m

), h 6� x , and

G 2 G

h

A

( � ) is an imitation binding, then

� ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:hU

1

:::U

m

i = )

� ; h x; G i ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:hU

1

:::U

m

i :

{ j -pr oject: If x 2 V ar s

A

, h is a (p ossibly b ound) atom and G 2 G

h

A

( � ) is a

j

th

pro jection binding for some j 2 f 1 ; :::; n g suc h that head ( X

j

) 2 C implies

head ( X

j

) � h , then

� ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:hU

1

:::U

m

i = )

� ; h x; G i ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:hU

1

:::U

m

i :

{ guess: If h is an y atom, and x and y are free v ariables in V ar s

A

and V ar s

B

,

resp ectiv ely , b oth distinct from h , and G 2 G

h

A

( � ), then

� ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:y U

1

:::U

m

i = )

� ; h x; G i ; h �x

1

:::x

k

:xX

1

:::X

n

; �x

1

:::x

k

:y U

1

:::U

m

i :

As part of the transformations imit a te , j -pr oject , and guess , w e immediately

apply elimina te to the new pair h x; G i .

Our sort mec hanism insures that applications of the transformations are suc h that

all terms in v olv ed are w ell-sorted. W e adopt the con v en tion that no transformations

ma y b e done out of solv ed or trivial pairs, whic h accords with the in tuition that

the solv ed pairs in a system are merely recording an answ er substitution as it is

incremen tally built up.



W e emphasize that there is no deletion of trivial pairs in this presen tation. This

guaran tees that if � = ) �

0

, then F V ( � ) � F V ( �

0

), so that when a fresh v ariable is

c hosen during a computation it is guaran teed to b e new to the en tire computation.

This prev en ts us from ha ving to manipulate the \protected sets of v ariables" t ypically

found in completeness pro ofs in the literature, and resp ects the fundamen tal idea

b ehind the use of transformations for describing algorithms, namely that the logic

of the problem b eing considered can b e abstracted from implemen tational issues.

De�nition 35 The non-deterministic algorithm � U is the pro cess of rep eatedly

1. reducing all terms of the unsolv ed pairs in the system to long � -normal form

and then applying some transformation in � T to an unsolv ed pair, and

2. returning a most general � -uni�er if at an y p oin t in the computation the system

b ecomes solv ed.

The c hoice of pair up on whic h Algorithm � U is to act, and the rule from � T to

b e applied, are non-deterministic. W e illustrate use of Algorithm � U :

Example 36 Let [ b :: � ( A )] and [ c :: A ] comprise the set of constan t declarations

in a signature � with a functional base sort A . Let f 2 V ar s

A

, x 2 V ar s

� ( A )

,

and w 2 V ar s

A ! � ( A )

, and consider the � -uni�able long � -normal form system

� � h f x; cb i ; h w c; b i . Applying imit a te with partial binding c to the �rst

pair of � yields h f ; c i ; h cx; cb i ; h w c; b i . An application of decompose results

in h f ; c i ; h x; b i ; h w c; b i , and an application of imit a te with binding �y :b for

y 2 V ar s

A

to the third pair, follo w ed b y some � -reductions giv e the solv ed

system �

0

� h f ; c i ; h x; b i ; h w ; �y :b i ; h b; b i . W e extract the w ell-sorted substitution

� = f f 7! c; x 7! b; w 7! �y :b g , and an ticipating Theorem 38, conclude that � is a

� -uni�er of �

0

and hence of � . If w e instead allo w only � -expanded partial bindings,

then the only p ossible imit a te step binds f to a term of the form �y :c ( z y ) for a

v ariable y and a fresh v ariable z of appropriate sorts. But then elimina te cannot

b e p erformed on the pair h f ; �y :c ( z y ) i (as is required to complete the imit a te step),

since � 6` �y :c ( z y ) : A .

While uni�cation in LC ( � ) is apparen tly more delicate than uni�cation in LC , the

extra care pa ys o� when sort information disallo ws certain undesirable uni�cations

that w ould b e p ossible in an unsorted calculus.

Example 37 Let � b e a signature with base sorts D , I , and R , where the non-

functional sort R denotes the real n um b ers, and the functional sorts D and I denote

the strictly decreasing and strictly increasing functions on the reals, resp ectiv ely .

Supp ose further that � ( D ) = � ( I ) = R and 
 ( D ) = 
 ( I ) = R . Finally , let

[ n :: D ! I ] and [4 :: R ] comprise the set of constan t declarations of � , where

n denotes the \negation functor" mapping eac h function F to � F , and 4 denotes

the real n um b er four.

Let x 2 V ar s

R

, f 2 V ar s

I

, and g 2 V ar s

D

, and consider the uni�cation problem

giv en b y the pairs h f 4 ; ng x i ; h g x; 4 i . It is not hard to see that an application of

imit a te to the pair h f 4 ; ng x i is the only p ossibilit y for computation. Letting z

b e fresh from V ar s

D

, w e ha v e that nz 2 G

n

I

( � ), and so can apply imit a te with

this binding for f to get h f ; nz i ; h nz 4 ; ng x i ; h g x; 4 i . Similarly , w e conclude that only



decompose applies here, resulting in h f ; nz i ; h z ; g i ; h x; 4 i ; h g x; 4 i . Tw o applications

of elimina te yield h f ; ng i ; h z ; g i ; h x; 4 i ; h g 4 ; 4 i , all of whose pairs, sa v e the last

| unsolv able | one, are solv ed. The only alternativ e to eliminating z ab o v e is

applying guess to h z ; g i in the second deriv ed system, but this mak es no progress

to w ard a solution. An ticipating Theorem 313, w e conclude that the original system

is unsolv able, in accordance with the facts that neither the iden tit y function nor the

function whic h is constan tly four is strictly decreasing.

Of course, if D w ere to denote the (not strictly) decreasing real-v alued functions

on the reals, then w e w ould exp ect h g 4 ; 4 i to b e solv able b y binding g to �y : 4.

A calculus allo wing arbitrary term declarations �nds a middle road b et w een the

t yp ed calculus, whic h p ermits to o man y bindings, and one supp orting only constan t

declarations, whic h p ermits to o few: declaring �y : 4 to b e of sort D when y 2 V ar s

R

,

� yields precisely the desired solutions.

3.3 Soundness and Completeness of the Algorithm

The pro of that our transformations are sound is not appreciably di�eren t from the

pro of for the corresp onding transformations for uni�cation in LC .

Theorem 38 (Soundness) If � = ) �

0

, then for any wel l-sorte d substitution � , � is

a � -uni�er of � if it is a � -uni�er of �

0

.

Th us if Algorithm � U is run on initial system � and returns a w ell-sorted

substitution � , then � is indeed a � -uni�er of � . Our main result (Theorem 313)

is a con v erse. W e require a few tec hnical lemmas, the �rst of whic h is pro v ed b y

induction on the deriv ation of � ` Y : A .

Lemma 39 If Y � �x

1

:::x

p

:hU

1

:::U

q

2 LC

A

( � ) is in � � -normal form, then either

h 2 V ar s

C

or [ h :: C ] is a c onstant de clar ation in � for some sort C such that

l eng th ( A ) + l eng th ( � ( C )) � l eng th ( � ( A )) � 0 and � ` 


q

( C ) � 


p

( A ) .

Lemma 310 If X � �x

1

:::x

k

:hU

1

:::U

n

2 LC

A

( � ) is in long � -normal form, then

ther e exist a p artial binding G 2 G

h

A

( � ) and a wel l-sorte d substitution � in long

� -normal form such that D ( � ) is pr e cisely the set of fr esh variables in G , �z has

smal ler depth than X for e ach z 2 D ( � ) , and �G =

� �

X .

Pro of: Let Y � �x

1

:::x

p

:hU

0

1

:::U

0

q

b e the � � -normal form of X , where U

i

�

� !� ! U

0

i

for i = 1 ; :::; q ; p � k , and n = q + ( k � p ). Let C b e the sort whose existence is

guaran teed b y Lemma 39, m = l eng th ( A ) + l eng th ( � ( C )) � l eng th ( � ( A )) � 0,

and G � �x

1

:::x

l

:hV

1

:::V

m

2 G

h

A

( � ), where V

i

= z

i

x

1

:::x

l

for fresh v ariables

z

i

, i = 1 ; :::; m . Then l � l eng th ( � ( A )) = k and n = l eng th ( � ( C )), so that

m = l + n � k = l + q � p . Since � ` Y : A , w e m ust ha v e p � l � k . The

substitution � mapping z

i

to �x

1

:::x

l

:U

i

for i = 1 ; :::; q , and z

i

to �x

1

:::x

l

:x

p � q + i

for i = q + 1 ; :::; m is w ell-sorted, has domain consisting precisely of the set of

fresh v ariables in G , and has the prop ert y that �z has smaller depth than X

for eac h z 2 D ( � ). It is w ell-de�ned b ecause m � q = l � p � 0, and indeed

� ( G ) =

�

�x

1

:::x

l

:hU

1

:::U

q

x

p +1

:::x

l

=

�

�x

1

:::x

p

:hU

0

1

:::U

0

q

=

�

X .

Note that with the Huet-st yle partial bindings, it w ould not necessarily b e

p ossible to �nd G of sort A and a substitution � as required:



Example 311 If � is a signature with a constan t declaration [ c :: A ] for a functional

base sort A , then � ` �x:cx : A using (const) follo w ed b y an application of ( � ). An y

Huet-st yle partial binding that migh t appro ximate the long � -normal form �x:cx

m ust b e of the form �x:c ( z x ) where z is a fresh v ariable of an appropriate sort, but

there is no deriv ation of � ` �x:c ( z x ) : A . Under our de�nition, ho w ev er, G � c is

itself a partial binding of sort A for head h , and � can b e tak en to b e the iden tit y

substitution.

The measure � de�ned b y � ( � ; � ) = h �

1

( � ; � ) ; �

2

( � ) i , where �

1

( � ; � ) is the

m ultiset of the depths of the � -bindings of unsolv ed v ariables in � whic h are also in

D ( � ), and �

2

( � ) is the m ultiset of depths of terms in � , will pro vide the basis for

pro ving termination of Algorithm � U .

Lemma 312 L et � 2 U

�

( � ) and let h X ; Y i b e an unsolve d p air in a system � in

long � -normal form. Then ther e exist a system �

0

and a substitution �

0

such that

� = ) �

0

, � � �

0

[ F V ( � )] , �

0

2 U

�

( �

0

) , and � ( �

0

; �

0

) < � ( � ; � ) .

Pro of: If head ( X ) � head ( Y ) 62 D ( � ), then since h X ; Y i is not trivial, decompose

m ust apply and w e m ust ha v e � 2 U

�

( �

0

). Also, � ( �

0

; � ) < � ( � ; � ) since

�

1

( �

0

; � ) � �

1

( � ; � ) and �

2

( �

0

) < �

2

( � ).

Otherwise, at least one of X and Y has an unsolv ed v ariable x 2 D ( � ) \ V ar s

A

of � as its head; assume X do es. Then since � is w ell-sorted, � ` � x : A , and � x

is in long � -normal form since � is normalized. Supp ose � x � �x

1

:::x

k

:hU

1

:::U

n

.

By Lemma 310, there exist G 2 G

h

A

( � ) and a w ell-sorted substitution � in long

� -normal form satisfying the conclusions of that lemma. Th us if head ( Y ) 62 D ( � )

and h � head ( Y ), then imit a te applies, if head ( Y ) 62 D ( � ) and h 6� head ( Y ), then

j -pr oject applies for some j , and if head ( Y ) 2 D ( � ), then guess applies. T aking

�

0

= � [ � , w e ha v e that � � �

0

[ F V ( � )], � 2 U

�

( �

0

) since � 2 U

�

( � ) and � is in

long � -normal form, and D ( � ) is exactly the set of fresh v ariables in G . Moreo v er,

�

1

( �

0

; �

0

) < �

1

( � ; � ): x is remo v ed from the set of unsolv ed v ariables in � whic h

app ear in D ( � ), and is replaced b y the set of fresh v ariables of G , but for eac h suc h

v ariable z , �

0

z � �z is smaller than � x . Th us � ( �

0

; �

0

) < � ( � ; � ).

Observ e that if head ( X ) � head ( Y ) 62 D ( � ) do es not hold, but X

�

� !� ! x 2

V ar s

A

, x is not free in Y , and � ` Y : A , then elimina te applies. In this case, w e

can tak e �

0

to b e � b y noting that �

1

( �

0

; � ) < �

1

( � ; � ).

The pro of of Lemma 312 sho ws that it is p ossible to restrict decompose

to apply only when head ( X ) � head ( Y ) 62 D ( � ), although there is no w a y

of enco ding this restriction in to the transformations. If w e call a transformation

prescrib ed b y Lemma 312 a � -pr escrib e d transformation, then eac h application of

a � -prescrib ed transformation decreases the w ell-founded measure � . The previous

lemma guaran tees that if � is a � -uni�able system in long � -normal form to whic h

no � -prescrib ed transformation in � T applies, then � is solv ed.

Theorem 313 L et � b e a � -uni�er of � . Then ther e exists a c omputation of

A lgorithm � U on � pr o ducing a � -uni�er � of � such that � �

� �

� [ F V ( � )] .

Pro of: Since ev ery � -uni�er of � is p oin t wise � � -equal on F V ( � ) to some

�

0

2 U

�

( � ), w e pro v e the theorem under the added h yp othesis that � 2 U

�

( � ).



If � is not in long � -normal form, then p erform reductions un til a system in long

� -normal form results. Note that if � � -uni�es � , then � also � -uni�es l � nf ( � ), and

that this reduction is a � U step. W e ma y therefore assume without loss of generalit y

in the remainder of this pro of that � is in long � -normal form. W e induct on the

length of the longest sequence of � -prescrib ed sequence of transformations a v ailable

out of � .

If no � -prescrib ed transformation from � T applies to � , then � is solv ed so

w e ma y return a most general � -uni�er � of � whose existence is guaran teed b y

Lemma 31. This action is a step of Algorithm � U , and � �

� �

� . If some � -prescrib ed

transformation from � T applies to � yielding a system �

0

and a substitution �

0

satisfying the conclusion of Lemma 312, then applying this transformation is a � U

step. By the induction h yp othesis, there is a computation of � U on �

0

pro ducing a

� -uni�er � of �

0

suc h that � �

� �

�

0

[ F V ( �

0

)]. It follo ws from Lemma 38 that � is a

� -uni�er of � , and since F V ( � ) � F V ( �

0

), � �

� �

�

0

[ F V ( � )]. But �

0

� � [ F V ( � )],

so that � �

� �

� [ F V ( � )].

Since w e ha v e not made an y assumption ab out the order in whic h transformations

from � T are p erformed, and since an y application of elimina te to a system reduces

the measure � , w e infer that the strategy of eager v ariable elimination is complete

for uni�cation in our calculus. It is unkno wn whether eager v ariable elimination is

complete for an arbitrary calculus and equational theory , ev en if b oth are �rst-order.
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