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Abstract. In this pap er w e generalize the notion of metho d for pro of

planning. While w e adopt the general structure of metho ds in tro duced

b y Alan Bundy , w e mak e an essen tial adv ancemen t in that w e strictly

separate the declarativ e kno wledge from the pro cedural kno wledge. This

c hange of paradigm not only leads to represen tations easier to under-

stand, it also enables mo deling the imp ortan t activit y of form ulating

meta-metho ds, that is, op erators that adapt the declarativ e part of exist-

ing metho ds to suit no v el situations. Th us this c hange of represen tation

leads to a considerably strengthened planning mec hanism.

After presen ting our declarativ e approac h to w ards metho ds w e describ e

the basic pro of planning pro cess with these. Then w e de�ne the notion of

meta-metho d, pro vide an o v erview of practical examples and illustrate

ho w meta-metho ds can b e in tegrated in to the planning pro cess.

1 In tro duction

There has b een gro wing concern in the automated theorem pro ving comm unit y

that general purp ose mac hine orien ted pro cedures lik e resolution migh t ha v e

reac hed their limits in practice. Therefore the old discussion of the merits of a

h uman-orien ted vs. a mac hine orien ted approac h to automated theorem pro ving

has b een reviv ed b y researc hers lik e Alan Bundy . In resp onse to his request

for a \science of reasoning" [3 ] a string of systems and theories that aim at

com bining h uman-orien ted deduction metho ds with sophisticated planners ha v e

b een prop osed.

A cen tral concept of kno wledge based reasoning in mathematics and pro of

planning is that of a metho d . A metho d con tains a piece of kno wledge for solving

or simplifying problems or transforming them in to a form that is easier to solv e.

Therefore metho ds can b e quite general suc h as �nding pro ofs b y a case analysis

or complete induction, or the advice to expand de�nitions. On the other hand,

domain sp eci�c metho ds are also v ery common, for instance, a clearly describ ed

pro of sk etc h for pro ving a theorem b y diagonalization or Bledso e's k -parameter

tec hnique for pro ving the completeness of resolution calculi.

During his academic training a mathematician has to accum ulate lots of

metho ds. This b o dy of metho ds is the reasoning rep ertoire whic h together with

the factual kno wledge, to a great exten t forms his tec hnical kno wledge. Another

?
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equally imp ortan t kno wledge source of a mathematician is his abilit y to adapt

existing metho ds to suit a new situation. Muc h of this discussion can already b e

found in George P� oly a's analysis of mathematical reasoning \Ho w to Solv e It"

[12 ], where he giv es h undreds of examples for metho ds that mathematicians ha v e

to learn. Some of these ha v e b een stated v ery explicitly , others are v ery general

and are largely illustrated with the help of examples only . Allen New ell [11 ]

discussed the relev ance of P� oly a's heuristics v ery in tensiv ely , although he did not

ac hiev e a formalization. While sp eci�c metho ds ha v e b een widely implemen ted

as so-called tactics in deduction systems lik e LCF [6 ] or Nuprl [4 ], and extended

to metho ds in Alan Bundy's approac h of pro of planning [2 ], no adequate solution

to the imp ortan t problem of adapting metho ds to no v el situations has b een found

so far. In this pap er w e prop ose an extension of Bundy's framew ork in order to

attac k precisely this question.

Alan Bundy views metho ds essen tially as a triple consisting of a tactic, a pre-

condition, and a p ostcondition. There the tactic is a piece of program co de that

can manipulate the actual pro of in a con trolled w a y . The precondition and the

p ostcondition form a sp eci�cation of the deductiv e abilit y of the tactic, form ulat-

ing declarativ ely the applicabilit y condition of the tactic and a description of the

pro of status after its application. This has b een an essen tial progress compared

with a mere tactic language b ecause within this framew ork it is no w p ossible to

dev elop pro of plans with the help of the declarativ e kno wledge in the precondi-

tions and p ostconditions. F ollo wing a one-sided approac h relying on pro cedural

kno wledge only , the O

y

S

t

e R -CL

a

M system dev elop ed b y Bundy's group, still has

ho w ev er a sev ere dra wbac k: the adaption of metho ds to other problems is almost

imp ossible, b ecause that w ould require the transformation of programs { tactics

are just programs { whic h is kno wn to b e a v ery hard problem in practice.

T o remedy this shortcoming our notion of metho d separates the pro cedural

and the declarativ e kno wledge in the tactic part.

2 General F ramew ork

The w ork in this pap er should b e understo o d in the setting of a computational

mo del that casts the en tire pro cess of theorem pro ving, from the analysis of a

problem up to the completion of a pro of, as an interle aving pr o c ess of pro of

planning, metho d application and v eri�cation. In particular, this mo del ascrib es

a reasoner's reasoning comp etence to the existence of metho ds together with

a planning mec hanism that uses these metho ds for pro of planning. Since only

planning with metho ds and meta-metho ds accoun ts for the creativ e b eha vior of

our approac h, w e will not elab orate on the v eri�cation phase in this pap er.

The theorem pro ving pro cess is cen tered around a partial pro of tree, whic h

accommo dates concepts lik e pr o of sketches , pr o of plans , and pr o ofs b y pro viding

v arious lev els of certain t y for justi�cations of pro of no des. Concretely the system

follo ws the paradigm of a blac kb oard arc hitecture, where all system comp onen ts

ha v e access to the cen tral data-structure of the blac kb oard, whic h in our case in-

cludes the curren t pro of tree, the pro of history , the metho d base, and a database

of mathematical de�nitions, theorems, and pro ofs [8].
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2.1 Metho ds

The concept of a metho d is cen tral to the reasoning pro cess, since metho ds

are the basic units whic h mak e up pro of plans and are carried out to obtain

the pro of b y bridging the gap b et w een premises and conclusions. The b o dy of

metho ds constitutes the basic reasoning rep ertoire of a reasoner, it is constan tly

adapted and enric hed with increasing exp erience.

There w as a long and heated debate in AI as to whether kno wledge should

b e represen ted pro cedurally or declarativ ely . F or b oth p ositions, argumen ts w ere

put forw ard from psyc hological and computational p ersp ectiv es with resp ect to,

among others, 
exibilit y , computational e�ciency , and comm uni cabili t y . It has

b een realized that b oth forms of kno wledge are necessary to sim ulate in telli-

gen t b eha vior. W e b eliev e it is plausible that b oth asp ects pla y an imp ortan t

role in h uman theorem pro ving and in implemen ting h uman-orien ted deduction

systems. Therefore tactics in our metho ds ha v e t w o parts, a declarativ e and a

pro cedural one that in terprets the declarativ e part. Usually in concrete metho ds

the pro cedural part will b e a standard pro cedure.

Generalizing the tactic part of a metho d from a pro cedure (in Bundy's frame-

w ork) to a pair con taining b oth a pro cedure and a piece of declarativ e kno wledge

is signi�can t. By discerning the declarativ e part of tactics, it is no w p ossible to

form ulate meta-metho ds that adapt the declarativ e part of existing metho ds and

th us come up with no v el metho ds. In a framew ork where a tactic only consists

of pro cedural kno wledge, w e w ould in e�ect b e confron ted with the m uc h more

di�cult problem of program syn thesis. Our framew ork is cast so general that it

accommo dates b oth a small set of general purp ose pro cedures whic h op erate b y

applying pieces of domain-sp eci�c declarativ e kno wledge, and an op en-end set

of sp ecial purp ose reasoning pro cedures, in whic h kno wledge needed is already

implicitly incorp orated.

W e de�ne a metho d to b e a 6-tuple with the follo wing comp onen ts:

{ R ating : A function ev aluating the appropriateness of applying this metho d.

{ Pr emises : A list of lines whic h are used to pro v e the conclusions.

{ Constr aints : Conditions that m ust hold b efore the metho d can b e applied.

{ Conclusions : A list of lines whic h are pro v ed b y this metho d.

{ De clar ative c ontent : A piece of declarativ e kno wledge used b y the r ating and

the pr o c e dur al c ontent . W e curren tly only deal with pro of sc hemata.

{ Pr o c e dur al c ontent : Either a standard pro cedure interpr eting the piece of

declarativ e kno wledge, or a sp ecial purp ose inference pro cedure.

View ed within a planning framew ork, the metho d structure can b e parti-

tioned in to di�eren t logic units as illustrated in �gure 1. The pr emises , the c on-

str aints , and the c onclusions slots together sp ecify whether a metho d is applic-

able in a particular pro of state. The r ating is a pro cedure that ev aluates the

declarativ e con ten t of the metho d, the pro of history , and the planning state to

giv e an estimation of the probabilit y of a signi�can t con tribution of this metho d.

Th us the rating is a cen tral part of the heuristic mec hanism that guides the searc h

for plans (for an example of a rating-driv en pro of planning system see [13 ]).

While the sp eci�cation con tains all necessary information for the planner,

the de clar ative c ontent and the pr o c e dur al c ontent slots to gether pla y the role of
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Metho d

Rating

Premises

Constrain ts

Conclusion

Declarativ e Con ten t

Pro cedural Con ten t

Sp eci�cation

T actic

Declarativ e P art

�

�

�

�

Pro cedural P art

�

�

Fig. 1. The Structure of Metho ds

a so-called tactic whic h is a pure pro cedure in systems lik e Nuprl [4 ] or Bundy's

framew ork for pro of planning [3]. F or the purp oses of this pap er it su�ces to

think of the declarativ e con ten t as a pro of sc hema with meta-v ariables, and of

the pro cedural con ten t as a Lisp , C , or Pr olog pro cedure that tak es this sc hema

as an argumen t. The p ossibilities range from the case where the pro cedure is an

in terpreter that matc hes the pro of sc hema and inserts it in to the curren t pro of

tree with the meta-v ariables b ound to a situation where the pro cedure completely

ignores the pro of sc hema and constructs new lines purely pro cedurally . The latter

sub case is what can b e found in [2]. W e only insist that the v alue of the pro cedure

is a subpro of tree that can b e in tegrated in to the curren t partial pro of tree.

2.2 Pro of Planning with Metho ds

T o giv e an accoun t of the pro of planning pro cess itself, w e �rst remem b er that

the goal of pro of planning is to �ll gaps in a giv en partial pro of tree b y forw ard

and bac kw ard reasoning. In our framew ork w e follo w a Strips -lik e planning

paradigm [5], where the planning op erators corresp ond to the metho ds. Th us

from an abstract p oin t of view the planning pro cess is the pro cess of exploring

the searc h space of planning states that is generated b y the planning op er ators

in order to �nd a complete plan (that is a sequence of instan tiated planning

op erators) from a giv en initial state to a terminal state .

Concretely a planning state is a subset of lines in the curren t partial pro of

that corresp ond to the b oundaries of a gap in the pro of. This subset can b e

divided in to op en lines (that m ust b e pro v ed to bridge the gap) and supp ort lines

(that can b e used to bridge it). The terminal state is reac hed when there are no

more op en lines. In the planning pro cess new op en lines en ter the planning state

as subgoals b y bac kw ard reasoning from existing op en lines and new supp ort lines

b y forw ard reasoning from existing supp ort lines. In order to ac hiev e this with a

uni-directional planning mec hanism, the planning direction m ust b e indep enden t

of the reasoning direction.

The k ey feature of our approac h is that the planning op erators are directly

deriv ed from the sp eci�cations of the metho ds. Ho w ev er, the sp eci�cation only
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Metho d def-i (De�nition In tro duction)

Premises Definition : 8 x P ( x ) , 	

x

� expanded-l in e : 	

t

Conclusions 	 defined-li ne : P ( t )

Metho d def-e (De�nition Eliminatio n)

Premises Definition : 8 x P ( x ) , 	

x

	 defined-li ne : P ( t )

Conclusions � expanded-l in e : 	

t

Fig. 2. The sp eci�cation of the metho ds def-i and def-e

giv es a static description (view ed from the completed pro of ) of the metho d whic h

is inadequate for the dynamic b eha vior needed in pro of planning. Statically a

metho d deriv es its c onclusions from its pr emises . Dynamically , it is imp ortan t

to declare whic h lines in the sp eci�cation ha v e to b e presen t in the planning

state for the metho d to b e applicable (w e will call them r e quir e d lines), and

whic h are constructed b y the metho d. W e will do this b y lab eling the latter lines

whic h will b e inserted in to the planning state b y the lab el \ � ". Additionally

it is useful to sp ecify that some of the required lines will not b e used again

b y the planner. W e will mark suc h lines with a \ 	 ". Note that the required

lines consist of the unmark ed ones and those that are mark ed with \ 	 ". This

lab eling in e�ect determines the direction (forw ard vs. bac kw ard) of reasoning

of the metho d. In order to illustrate these lab els, �gure 2 sho ws the sp eci�cation

of t w o simple metho ds. These metho ds are only a simpli�ed v ersion of a more

general class of metho ds applying assertions (de�nitions and theorems). F or a

study of this class whic h appro ximates basic pro of steps encoun tered in informal

mathematical practice see [7 ].

Planning

State 1

(!) 1. 1; ` 8 � symmetric ( � ) , 8 x; y h x; y i 2 � ) h y ; x i 2 �

(!) 2. 2; ` symmetric ( � )

(?) 9. 1,2; ` symmetric ( converse ( � ))

?

�

�

�

�

def-i 1 9

def-e 1 2

Planning

State 2

(!) 1. 1; ` 8 � symmetric ( � ) , 8 x; y h x; y i 2 � ) h y ; x i 2 �

(!) 3. 1,2; ` 8 x; y h x; y i 2 � ) h y ; x i 2 �

(?) 8. 1,2; ` 8 x; y h x; y i 2 converse ( � ) ) h y ; x i 2 converse ( � )

Fig. 3. Using def-i and def-e in the planning pro cess

Figure 3 sho ws an example of e�ect of the metho ds def-e and def-i on the

planning state. In planning states w e mark op en lines b y \?" and supp ort lines

b y \!". The metho d def-i applies a de�nition for the predicate P to an op en line

and def-e applies it to a supp orting line. It is ob vious that in b oth metho ds the

line of the de�nition is required when applying these metho ds b ecause it is not
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sensible to \guess" a de�nition

2

; furthermore this line m ust not b e deleted since

it migh t b e used more than once. Therefore Definition has no lab el. Clearly in

b oth metho ds defined-line m ust b e a required line and expanded-line can

b e constructed b y the metho ds (and therefore is lab eled with \ � "). F urther-

more defined-line in def-i (and analogously in def-e ) is useless after the

application b ecause an op en line m ust b e pro v ed only once.

In �gure 4 w e giv e an abstract view of the planning algorithm. In this al-

gorithm matc hing m ust consider the distribution of lab els in order to apply

the planning op erators in the correct direction. In particular an op en line in the

planning state can only b e matc hed against a line from the c onclusions slot; sim-

ilarly supp ort lines can only b e matc hed against pr emises . During the matc hing

of the required lines (in steps 1.(b) and 1.(c)) and the ev aluation of the con-

strain ts (step 1.(d)) all meta-v ariables should ha v e b een b ound to terms without

meta-v ariables (in fact w e consider this as one of the applicabilit y conditions).

Therefore the new lines of step 4.(a) can b e constructed b y simply instan tiating

the meta-v ariables. The new lines in the pr emises slot are inserted as op en lines

while the lines from the c onclusions slot b ecome supp ort lines.

1. Find all applicable metho ds

(a) Select a line L from the planning state.

(b) Select a metho d M with a required line that matches L .

(c) Match ev ery required line in M with a line in the planning state.

(d) Ev aluate the c onstr aints of M .

2. Calculate the ratings of Metho ds

3. Select the b est metho d

e

M (this is the c hoice p oin t for bac ktrac king)

4. Apply the planning op erator to the planning state

(a) Insert the new lines c onstructe d b y

e

M .

(b) Delete the lines mark ed with a \ 	 " in

e

M from the planning state.

Fig. 4. The planning algorithm

Once a complete pro of plan is found, all metho ds in the pro of plan are suc-

cessiv ely applied. Note that suc h a metho d application phase need not lead

to a complete pro of of the problem at hand, since w e do not require metho ds

to b e sound or complete with resp ect to their sp eci�cations. F urthermore the

pro of segmen ts inserted b y the metho ds ma y still con tain op en lines (see e.g.

the hom1-1 metho d) that de�ne further gaps that still ha v e to b e closed b y the

pro of planner. Therefore the v eri�cation phase ma y result in a recursiv e call to

the planner or in bac ktrac king. While the �rst p ossibilit y calls for a re�nemen t

of the plan found and can b e used to mo del hierarc hical planning, the latter

rejects the plan and calls the pro of planner in order to �nd a di�eren t plan.

No w that w e ha v e understo o d the basic framew ork, w e ha v e a lo ok at the

sligh tly more complex, related example of the hom1-1 metho d (see �gure 5).

Its pro of strategy can informally b e describ ed b y: If f is a given function, P a

de�ne d pr e dic ate and the go al is to pr ove P ( f ( c )) , then show P ( c ) and use this

2

This could b e sensible at a more sophisticated lev el of pro of planning. Ho w ev er, this

\guessing" should b e implemen ted b y a di�eren t metho d in order to clearly separate

it from simply applying a de�nition.
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to show P ( f ( c )) . The v ery idea is that f is a homomorphi sm for the prop ert y

P and that f can b e \rippled out" (compare [2 , 9]). Note that line 5 is an op en

line that do es not o ccur in the sp eci�cation and therefore do es not en ter the

planning state. This leads to an abstraction in the planning pro cess (i.e. there

is less information in the planning state): since line 5 is not considered b y the

planner, after completing the plan it will b e inserted in to the pro of tree as an

op en line b y the application of the tactic of hom1-1 . This will result in a recursiv e

call of the planner in the follo wing v eri�cation phase.

Metho d: hom1-1

rating

rating-hom1-1

prem
1, 2, � 3

constr
|

conc
	 6

dec-con t

1. 1; ` 8 x F orm ula

f

(J1)

2. 2; ` 8 x P ( x ) , 	

x

(J2)

3. 1,2; ` P ( c ) (J3)

4. 1,2; ` 	

c

( def-e 2 3)

5. 1,2; ` 	

f ( c )

(OPEN 1 4)

6. 1,2; ` P ( f ( c )) ( def-i 2 5)

pro c

schema-interprete r

Fig. 5. The hom1-1 metho d

F or example, to pro v e that the con v erse relation of a binary relation � is

symmetric (formally: symmetric ( converse ( � ))), the metho d hom1-1 can b e ap-

plied b y substituting converse , symmetric , and � for the meta-v ariables f , P ,

and c , resp ectiv ely . While in �gure 3 w e �lled the gap b et w een symmetric ( � )

and symmetric ( converse ( � )) whic h w ere b oth existing lines, in this example the

metho d hom1-1 prop oses symmetric ( � ) as a new line whic h can b e used to pro v e

symmetric ( converse ( � )) together with the de�nitions of symmetric and converse .

If the plan can b e completed (b y pro ving the new op en line 3 with some addi-

tional information ab out � ) the pro of resulting from the application of the tactic

hom1-1 w ould lo ok lik e in �gure 6.

1. 1; ` 8 � 8 x; y h x; y i 2 converse ( � ) , h y ; x i 2 � (J1)

2. 2; ` 8 � symmetric ( � ) , 8 x; y h x; y i 2 � ) h y ; x i 2 � (J2)

3. 1,2; ` symmetric ( � ) (J3)

4. 1,2; ` 8 x; y h x; y i 2 � ) h y ; x i 2 � ( def-e 3 2)

5. 1,2; ` 8 x; y h x; y i 2 converse ( � ) ) h y ; x i 2 converse ( � ) (OPEN 1 4)

6. 1,2; ` symmetric ( converse ( � )) ( def-i 2 5)

Fig. 6. The pro of resulting from the application of the tactic hom1-1

Let us ha v e a lo ok at the justi�cations in this pro of fragmen t. Justi�cations

J1 and J2 are found b y the matc hing pro cedure when applying the planning

op erator of hom1-1 , J3 will b e inserted b y the remaining pro of plan. The justi-
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�cations of lines 4 and 6 stand for the subpro ofs generated b y the applications

of the tactics of these metho ds, whereas the justi�cation of line 5 de�nes a new

gap with supp ort lines con taining lines 1 and 4.

3 Extending the Reasoning Rep ertoire b y Meta-Metho ds

It is one of the main features con tributing to the problem solving comp etence of

mathematicians that they can extend their curren t problem solving rep ertoire

b y adapting existing metho ds to suit no v el situations (see [12 ] for mathematical

reasoning and [14 ] for general problem solving). By adopting a declarativ e ap-

proac h for form ulating metho ds, w e prop ose a w a y to mec hanize some asp ects

of this pro cedure. In the rest of this pap er, the emphasis is laid on the notion of

meta-metho d and a description of classes of meta-metho ds, while the in tegration

of meta-metho ds in the planning pro cess is largely left to further researc h.

3.1 De�niti on of Meta-Metho ds

The isolation of the declarativ e part of tactics mak es it feasible to form ulate

meta-metho ds adapting existing metho ds. T o ac hiev e the same e�ect, in a frame-

w ork where tactics consist only of pro cedural kno wledge, w e w ould b e confron ted

with the m uc h more di�cult problem of adapting pro cedures.

A meta-metho d consists of:

3

{ A b o dy : a pro cedure whic h tak es as input a metho d, and p ossibly further

parameters (in particular the curren t state of pro of planning) and generates

a new metho d with the same pro cedural part (see �gure 1).

{ A r ating : a pro cedure whic h tak es as input a metho d, the curren t state of

pro of planning and the pro of history . It estimates the con tribution of the

application of the meta-metho ds to the solution of the curren t problem.

W e illustrate this de�nition with the help of the hom1-1 metho d in �gure 5.

This metho d simpli�es a problem b y generating an in termediate goal, where a

unary function sym b ol is eliminated. Supp ose w e are facing the similar problem

of pro ving that the in tersection of symmetric relations is itself a symmetric

relation. A v arian t of hom1-1 is needed, whic h handles a binary function sym b ol

(i.e. \ \ ") in a similar w a y .

Meta-Metho d add-argum ent (M ,F)

Rating add-argum en t-r at ing

Pro cedure add-argum en t-p ro c

Fig. 7. Meta-Metho d: add-argum ent

In the follo wing w e illustrate ho w the meta-metho d add-argument (�gure 7)

generates a binary v ersion hom1-2 (�gure 8) from the unary v ersion hom1-1 (�g-

ure 5). While hom1-1 is applicable to situations with a unary predicate constan t

P and a unary function constan t f , hom1-2 handles situations with a unary

3

In general, a more complete sp eci�cation will b e necessary for more complex problems

where meta-lev el planning is necessary for the generation of a new metho d.
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Metho d: hom1-2

rating

rating-hom1-1

prem
1, 2, � 3, � 4

constr
|

conc
	 8

dec-con t

1. 1; ` 8 x; y F orm ula

g

(J1)

2. 2; ` 8 x P ( x ) , 	

x

(J2)

3. 1,2; ` P ( c ) (J3)

4. 1,2; ` P ( d ) (J4)

5. 1,2; ` 	

c

( def-e 2 3)

6. 1,2; ` 	

d

( def-e 2 4)

7. 1,2; ` 	

g ( c;d )

(OPEN 1 5 6)

8. 1,2; ` P ( g ( c; d )) ( def-i 2 7)

pro c

schema-interprete r

Fig. 8. The hom1-2 metho d

predicate constan t P and a binary function constan t g . Note that P , f , and g

are meta-v ariables standing for ob ject constan ts.

The meta-metho d add-argument tak es as input a metho d M and a unary

function or predicate constan t F used in M . This meta-metho d is supp osed to

add an argumen t to the k ey constan t sym b ol F , the mo di�ed constan t is called

F

0

. The rating pro cedure yields the v alue zero if F do es not o ccur in M , an a v erage

v alue if F do es not o ccur in the premises and conclusions of M . It pro duces a high

v alue if F is a k ey sym b ol of the metho d M .

The pro cedure add-argument-proc creates a metho d M

0

b y carrying out the

follo wing mo di�cation on the declarativ e part of M :

{ replace F ( x ) b y F

0

( x; y ) and augmen t the corresp onding quan ti�cations,

{ replace F ( a ) b y F

0

( a; b ) ( b has to b e a new meta-v ariable),

{ if a o ccurs in a pro of line, but not in a term F ( a ), a cop y of this line will

b e inserted in to the pro of sc hema, replacing a b y b (in the example line 4 is

copied from 3).

Let us reiterate the crucial adv an tage of separating the pro cedural and the de-

clarativ e kno wledge: the pro cedural part of M can b e tak en o v er for the new

metho d.

1. 1; ` 8 �; � 8 x; y h x; y i 2 ( � \ � ) , h x; y i 2 � ^ h x; y i 2 � (J1)

2. 2; ` 8 � symmetric ( � ) , 8 x; y h x; y i 2 � ) h y ; x i 2 � (J2)

3. 1,2; ` symmetric ( � ) (J3)

4. 1,2; ` symmetric ( � ) (J4)

5. 1,2; ` 8 x; y h x; y i 2 � ) h y ; x i 2 � ( def-e 2 3)

6. 1,2; ` 8 x; y h x; y i 2 � ) h y ; x i 2 � ( def-e 2 4)

7. 1,2; ` 8 x; y h x; y i 2 ( � \ � ) ) h y ; x i 2 ( � \ � ) (OPEN 1 5 6)

8. 1,2; ` symmetric (( � \ � )) ( def-i 2 7)

Fig. 9. The pro of resulting from the application of the tactic hom1-2
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In �gure 9 it is sho wn ho w the hom1-2 metho d simpli�es the problem of

sho wing that the in tersection of t w o symmetric relations is symmetric to o. Ana-

logously a metho d hom2-1 (for handling a unary function sym b ol and a binary

predicate sym b ol) can b e obtained b y applying add-argument with the argu-

men ts hom1-1 and P .

3.2 Pro of Planning with Meta-Metho ds

Meta-metho ds can b e incorp orated in to the planning algorithm of �gure 4. T o

do this, �rstly it m ust b e p ossible to in terrupt the planning with metho ds, in

order to create a new metho d with meta-metho ds. In our approac h this is done

when all applicable metho ds yield a rating b elo w a certain threshold. The harder

question is the c hoice of a meta-metho d and a metho d for the curren t situation.

W e b eliev e that there can hardly b e an y general answ er and w e ha v e to rely

on heuristics. In an in teractiv e pro of dev elopmen t en vironmen t lik e 
- mkrp [8 ]

the user migh t w an t to mak e this c hoice himself. Therefore our main emphasis

lies in the task of o�ering the user heuristic supp ort for this c hoice. Ev en more

c hallenging w ould b e an automation, of course. A trivial answ er w ould b e to

apply all existing meta-metho ds on all existing metho ds and then c ho ose the

applicable one with the highest rating. Suc h a pro cedure can b e fairly exp ensiv e

with a large kno wledge base. The �rst heuristics for c ho osing a metho d to adapt

w e will in v estigate are listed b elo w:

{ Organize metho ds in a hierarc h y of mathematical theories and prefer meth-

o ds that b elong to the same theory as the curren t problem or whose theory

is close to that of the problem in the hierarc h y .

{ Use general con
ict solving strategies lik e those of ops5 [1 ], for instance,

fa v or the metho ds and meta-metho ds with the most sp eci�c sp eci�cation.

{ T ak e only non-applicable metho ds with the highest rating

4

.

Naturally only successful metho ds generated in a short-term memory are

in tegrated in to the p ermanen t base of metho ds. Another w a y to reduce the cost

of the op eration w ould b e to create only the sp eci�cation of the metho ds to b e

generated, select one for application and create the tactic part b y need.

3.3 Classes of Meta-Metho ds

Clearly the success of the approac h outlined in this pap er critically dep ends on

the b o dy of meta-metho ds that is at the disp osal of the planner. In order to get

an idea of the range of p ossible meta-metho ds, consider the follo wing classes.

Generalizati on This t yp e of meta-metho ds is designed to generalize an existing

metho d to extend the class of problems it can solv e.

{ Precondition analysis: a new metho d ma y b e pro duced b y generalizing

or ev en remo ving some of the lines in the sp eci�cation.

{ Syn tactic abstraction: this t yp e of meta-metho ds abstracts a giv en meth-

o d b y replacing terms satisfying certain conditions with corresp onding

meta-v ariables.

4

This presupp oses sophisticated rating functions, whic h yield meaningful ratings ev en

if the metho d in question is not applicable.
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{ Seman tic abstraction: this t yp e of meta-metho ds pro duces more abstract

metho ds b y capturing the nature of an existing metho d. F or example, a

meta-metho d fixpoint-freenes s can abstract a concrete metho d solv-

ing the Can tor problem. It recognizes that the v ery idea of the metho d

is based on the �xp oin t-freeness of a function.

Syn tactical adaption A t least t w o t yp es of gaps require syn tactical adaptions

of metho ds. In the �rst case, the problem to b e solv ed is basically the same as

the one a metho d is designed to solv e, but the original is not applicable due

to a di�eren t form ulation. In the second case, some non-trivial syn tactical

adaption is necessary in order to solv e a related but di�eren t problem.

{ Change of form ulation: Man y mathematical concepts are logically iden t-

ical, in certain sense. F or example, sets can b e view ed as predicates, and

predicates as sp ecial functions that yield only b o olean v alues.

� set-to-predicate generates metho ds b y either replacing form ula-

tions concerning sets b y form ulations concerning predicates, or in

the opp osite direction.

� predicate-to-func tion and set-to-function are similar to

set-to-predicate .

{ Change of syn tactical structure:

� add-argument (illustrated in detail in this section).

� connective-to-qua ntifi er generating a metho d handling prob-

lems con taining univ ersal quan ti�ers from a metho ds con taining the

logic connectiv e ^ .

F or more high-lev el pro cedures lik e learning and analogical reasoning further

classes of meta-metho ds are necessary , for instance, a meta-metho d that creates

new metho ds b y isolating in teresting parts in a metho d.

4 Conclusion

The adv anced problem solving comp etence of a mathematician relies mainly on

his abilit y to adapt problem solving kno wledge to new situations where existing

metho ds are not directly applicable. Up to no w this has not receiv ed enough

atten tion in the �eld of automated theorem pro ving. In this pap er w e ha v e

prop osed a re�ned pro of planning approac h in order to mec hanize parts of this

abilit y . It is our con viction that in the pro of planning framew ork this is only

p ossible with declarativ ely represen ted kno wledge. Therefore w e ha v e de�ned a

new structure for represen ting metho ds whic h supp orts the separation of the

kno wledge in to a declarativ e and a pro cedural part.

Since metho ds describ e the planning op erators (represen ted in the \sp eci�c-

ation") as w ell as the deduction pro cedures (represen ted in the \tactic"), the

separation of the declarativ e and the pro cedural kno wledge is necessary in the

sp eci�cation and in the tactic as w ell. In order to p erform the adaption of meth-

o ds, w e ha v e in tro duced the new notion of a meta-metho d. W e ha v e sp eci�ed

a pro of planning pro cess based on metho ds and meta-metho ds. The approac h

has not only pro v ed to b e useful on the in v estigated examples, but also o�ers

the p ossibilit y to formalize analogical reasoning [10 ] and the basis for learning
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of metho ds. Curren tly w e are implemen ting these ideas in order to gain new

exp eriences from the exp erimen ts and to concen trate on the imp ortan t p oin t of

heuristic con trol through the ratings.
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