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Man y (mathematical) problems, suc h as Can tor's theorem, can b e expressed

v ery elegan tly in higher-order logic, but lead to an exhaustiv e and un-in tuitiv e

form ulation when co ded in �rst-order logic.

Th us, despite the di�cult y of higher-order automated theorem pro ving,

whic h has to deal with problems lik e the undecidabilit y of higher-order uni�-

cation (HOU) and the need for primitiv e substitution, there are pro of problems

whic h lie b ey ond the capabilities of �rst-order theorem pro v ers, but instead can

b e solv ed easily b y an higher-order theorem pro v er (HO A TP) lik e Leo. This

is due to the expressiv eness of higher-order Logic and, in the sp ecial case ofLeo, due to an appropriate handling of the extensionalit y principles (functional

extensionalit y and extensionalit y on truth v alues).Leo uses a higher-order Logic based up on Ch urc h's simply t yp ed �-calculus,

so that the comprehension axioms are implicitly handled b y ��� -equalit y . Leo
emplo ys a higher-order resolution calculus ERES (see [3] in this v olume for de-

tails), where the searc h for empt y clauses and higher-order pre-uni�cation [6] are

in terlea v ed: the uni�abilit y preconditions of the resolution and factoring rules

are residuated as sp ecial negativ e equalit y literals that are treated b y sp ecial

uni�cation rules. In con trast to other HO A TP's (suc h as Tps [1]) extensional-

it y principles are build in in to Leo's uni�cation, and hence do not ha v e to b e

axiomatized in order to ac hiev e Henkin completeness.ArchitectureLeo's arc hitecture is based on a standard set-of-supp ort strategy , extended

in order to ful�ll the requiremen ts sp eci�c to higher-order logic. F urthermore,

it uses a higher-order v arian t [7] of Graf 's substitution tree indexing [4] and

its implemen tation is based on the Keim [5] to olkit whic h pro vides most of the

necessary data structures and algorithms for a HO A TP . The four cornerstones ofLeo's arc hitecture (see the �gure for details see [2]) are the set of usable clauses

(USABLE), the set of supp ort (SOS) { w ell kno wn from theorem pro v ers suc h

as OTTER { and t w o new constructions: The set of extensionally in teresting

clauses (EXT) and the set of HOU con tin uations (CONT). The motiv ation for

these t w o additional sets comes from the main idea of using HOU as a �lter in

order to eliminate in eac h lo op all those newly deriv ed clauses from the searc h

space, whic h cannot b e pre-uni�ed within the giv en searc h depth limit (sp eci�ed

b y a 
ag). Unfortunalet y this �lter is to o strong and eliminates clauses whic h?
The w ork rep orted in this pap er w as supp orted b y the Deutsc he F orsc h ungsgemein-

sc haft in gran t HOTEL.
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Architecture of LEO

process results (tautology deletion)

are nev ertheless imp ortan t for the refutation. Suc h clauses are preserv ed from

elimination and put in to CONT or EXT.

In eac h cycle, Leo selects the ligh test clause from SOS and resolv es it against

all clauses in USABLE, factorizes it and applies primitiv e substitutions { the

higher-order pre-uni�ers that license this are not directly computed but resid-

uated as uni�cation literals. In a �rst-order theorem pro v er, these pro cessed

clauses w ould simply b e in tegrated in to the SOS after uni�cation. A HO A TP

w ould thereb y lo ose completeness for t w o reasons:{ There ma y b e clauses whic h are non-uni�able within the giv en uni�cation

depth limit, but whic h ha v e solutions b ey ond this limit. Up on reac hing the

depth limit, the uni�cation pro cedure generates the clauses induced b y the

op en lea v es of the uni�cation tree. These are stored in CONT for further

pro cessing b y pre-uni�cation.{ There are clauses whic h are not pre-uni�able at all, but whic h migh t b e nec-

essary for a refutation, if one tak es the extensionalit y principles in to accoun t

(these are stored in EXT for extensionalit y treatmen t).

As an example consider the uni�cation constrain t [ �X� ao _ bo = �X� bo _ao ]

F
, whic h is not pre-uni�able, but leads to a refutation if one applies the

extensionalit y rules to it (�rst Func, then Equiv, rest straigh tforw ard).

Of course it w ould b e theoretically su�cien t to in tegrate the clauses in CONT

and EXT directly in to the SOS, but the exp erimen ts sho w that it is b etter to

sub ject them to sp ecialized heuristics and �lters and p ossibly dela y their further

pro cessing. Leo emplo ys a higher-order substitution-tree indexing metho d [7], for ex-

ample in the subsumption tests during incorp oration in to the SOS. Since full

HOU is undecidable, it is only p ossible to use an imp erfect �lter that rules out

all literals where simpli�cation of the induced uni�cation literals fails. Ho w ev er,

it is imp ossible to use these tec hniques to select p ossible resolutions and fac-



torizations, since co-simpli�cation do es not tak e extensionalit y in to accoun t {

see example 1 b elo w, where the refutation w ould b e imp ossible, since the set of

p ossible resolutions found b y indexing is empt y .ExperimentsLeo is able to solv e a v ariet y of simple higher-order theorems suc h as Can tor's

theorem and it is sp ecialized in solving theorems with em b edded prop ositions.Example 1 (Embedded Propositions). pa ^ pb) p( a ^ b), where po!o; ao and bo
are constan ts. Despite it's simplicit y , this theorem cannot b e solv ed automati-

cally b y an y other HO A TP suc h as Tps or Hol.

The clause normal form of the problem consists of three clauses

[ p( a ^ b)]

F
[ pa]

T
[ pb]

TLeo inserts the �rst one in to the SOS and the others in to USABLE. In the �rst

cycle [ p( a^b)]

F
is resolv ed against [ pa]

T
and [ pb]

T
yielding the clauses [ p( a^b) =pa]

F
and [ p( a^b) = pb]

F
. These are simpli�ed to [ a^b = a]

F
and [ a^b = b]

F
and

subsequen tly stored in EXT, since their uni�cation constrain ts are of b o olean

t yp e, whic h mak es them extensionally in teresting. Since uni�cation fails on these

the SOS b ecomes empt y no w, lea ving extensionalit y treatmen t as the only option

for further pro cessing. This no w in terprets the equalities as logical equiv alences

and yields (after subsumption) the clauses

[ a]

F _ [ b]

F
[ b]

T
[ a]

T
from whic h an empt y clause can b e deriv ed in t w o resolution steps.

Among the examined examples are also some in teresting theorems ab out sets,

where the application of the extensionalit y principles are essen tial for �nding a

pro of.Example 2. 2

fXjpXg \ 2

fXjqXg
= 2

fXjpX^qXg
, where p�!o and q�!o are t w o

arbitrary predicates. In Leo w e co de this theorem as:P ( �X� pX ) \ P ( �X� qx) = P ( �X� pX ^ qX )

where the p o w er-set P stands for �X�!o �Y�!o Y � X and \;� are similarly

de�ned from ^;). The curren t default heuristic of Leo's clause normalization

pro cedure, do es not replace the negated theorem b y it's Leibniz form ulation, but

generates the follo wing clause consisting of exactly one uni�cation constrain t

[( �X�!o ( 8Y�XY ) pY ) ^( 8Y�XY ) qY )) = ( �X�!o ( 8Y�XY ) ( pY ^qY )))]

F
This uni�cation constrain t is not pre-uni�able, but note that the t w o functions

on b oth hand sides can b e iden ti�ed with the help of the extensionalit y prin-

ciples. Th us a higher-order theorem pro v er without extensionalit y treatmen t

w ould either giv e up or w ould ha v e to use the extensionalit y axioms, pro vided

they are a v ailable in the searc h space. Leo instead mak es use of its extensional-

it y rules and �rst deriv es the follo wing clause with rule Func ( s� is a new Sk olem

constan t):

[( 8Y sY ) pY ) ^ ( 8Y sY ) qY )) = ( 8Y sY ) ( pY ^ qY )))]

F



Next Leo applies the rule Equiv, whic h �rst replaces the primitiv e equalit y

sym b ol b y an equiv alence and second applies clause normalization. By this w e

get 12 new �rst-order clauses, and the rest of the pro of is straigh tforw ard.

Similar examples are those discussed in [10]. When co ding these theorems as

ab o v e, then Leo disco v ers all pro ofs (except those for examples 56 and 57, where

to o man y simple �rst-order clauses w ere generated), most of them within one

second on a P en tium Pro 200. On these examples Leo outp erforms w ell kno wn

�rst-order A TPs lik e Spass, Otter, Protein, Gandalf and Setheo (seehttp://www-irm.mathematik.hu-berlin.de/~ilf/miz2atp/mizstat.html).

Esp ecially example 111, whic h cannot b e solv ed b y an y of the ab o v e pro v ers, is

trivial for Leo (10msec on a P en tium Pro 200).Conclusion and Availability
The next logical steps to enhance the deductiv e p o w er of Leo will b e to ex-

tend the system to sorted logics [8], to extend the indexing sc heme from co-

simpli�cation to higher-order pattern uni�cation [9], to �ne-tune the heuristics

for extensionalit y treatmen t and �nally to extend the system b y a treatmen t for

primitiv e equalit y .

The source co de and pro of examples (including detailed pro ofs for the exam-

ple discussed ab o v e and those for the problems in [10]) are a v ailable viahttp://www.ags.uni-sb.de/projects/deduktion/projects/hot/leo/.References
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