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ABSTRACT

MMT implements a prototypical declarative language in a
way that systematically abstracts from theoretical and prac-
tical aspects of individual logics. It tries to develop as many
solutions as possible generically so that logic designers can
focus on the essentials and inherit a large scale implementa-
tion at low cost.

For example, advanced generic features include module
system, user interface, and change management. Here we
focus on MMT’s generic type reconstruction component and
show how it can be customized to obtain implementations
of various logics. As examples, we consider LF as well as its
extensions with shallow polymorphism and rewriting.

1. INTRODUCTION AND RELATED WORK

Generic Large Scale Features.

At small scales, designing and implementing a new logic is
relatively simple: We only need a grammar, an inference sys-
tem, and the corresponding data structures and algorithm.

However, to be practical, we have to supplement this with
a number of advanced features: a human-friendly concrete
syntax with user-defined notations, a type reconstruction al-
gorithm that infers omitted subterms, a module system that
enables reuse, a smart user interface, and a theorem prover
that discharges proof obligations. These features have two
things in common: They are essential for practical applica-
tions, and they require orders of magnitude more work than
the initial implementation.

This impedes evolution. Problems in the initial design
may become apparent only in large case studies, which can
only be carried out after a major investment into advanced
features. Moreover, existing advanced implementations can
often not be reused for new languages: As these implemen-
tations evolve and acquire users, they tend to become locked
to a certain language so that adding a new language feature
often requires a fork or a reimplementation.

MMT derives from the hypothesis that (i) the basic fea-

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

Copyright 20XX ACM X-XXXXX-XX-X/XX/XX ...$15.00.

tures are highly logic-specific, but (ii) many advanced fea-
tures can be realized generically. This motivates a separa-
tion of concerns where small scale definitions of logics are
combined with generic implementations.

The MMT meta-language [RK13] focuses on modeling the
structural properties shared by the vast majority of lan-
guages. And the MMT system [Rabl3] provides a rapid
prototyping functionality for logics. Moreover, the MMT
system can realize many advanced features generically such
as module system [RK13] and user interface [Rabl4a).

In this paper, we present the practical aspects of one fur-
ther generic advanced feature: the type reconstruction algo-
rithm employed by MMT.

Type Reconstruction.

By “type reconstruction”, we mean the problem of infer-
ring unknown subexpressions that were omitted in a given
term. Specifically, we will infer implicit arguments and the
types of bound variables (in both of which we include the
type parameters of polymorphic constants). These unknown
subexpressions can be formally represented as meta-variables
that are existentially quantified on the outside of the expres-
sion. Then, instead of checking a typing judgment ¢ : A, we
have to prove 3X.t(X) : A(X), and the witnesses found for
the X; are the solutions for the unknown subexpressions.

This problem is particularly difficult in expressive type
theories where unification is undecidable. Therefore, imple-
mentations such as Coq [Coql4], Matita [ACTZ06], Agda
[Nor05], or Twelf [PS99] employ sophisticated algorithms to
obtain practical solutions.

These algorithms are so complex that they are often only
understood by a few people close to the original implemen-
tors. A formal description or documentation may be incom-
plete or lacking altogether. [Nor05] describes the algorithm
of Agda for a fragment of the language. [Lut01] describes
an algorithm for the calculus of constructions. Only recently
two major formalizations were presented: [ARCT12] for the
algorithm implemented in Matita (there called refinement),
and [Piel3] for the algorithm implemented in Beluga [PD10]
(which is similar to the one of Twelf).

The basic idea of these_algorithms is to apply bidirec-
tional type checking to ¢(X) : A(X). This leads to equal-
ity constraints about the X;, most importantly when check-
ing the equality between an inferred type and an expected
type. Eventually it produces constraints of the form X; = t;,
which are used to solve X; as t;.

Our approach follows this recipe but deviates crucially
from the above by not fixing the type theory. Instead, our



implementation assumes arbitrary sets of operators/binders,
notations, and typing rules. This open-world assumption
affects the design in interesting ways, making some aspects
more and others less complex. For example, in MMT it be-
comes very natural to use meta-variables both for terms and
for types. This is in contrast with, e.g., Twelf [PS99] and
[Pie13], which carefully avoid the use of type variables.

Our main result is a generic implementation that can be
customized easily by supplying plugins for specific type the-
ories.

We evaluate our system in 3 examples. Firstly, we in-
stantiate our work with dependent type theory (as in LF
[HHP93]). This requires only the straightforward imple-
mentation of 9 simple rules, for which the complexity of
the reconstruction remains hidden. Secondly, we extend LF
with shallow polymorphism by adding only a single rule. Fi-
nally, we obtain an instance of LF modulo a user-declared
rewrite system; this is inspired by Dedukti [BCH12], which
implements the AIl-modulo calculus [CDOT].

Logical Frameworks.

Our results are similar to the ones obtained in logical
frameworks like LF [HHP93] or Isabelle [Pau94]. These fix
a syntax and a type system for the framework language F'
and represent the operators, notations, and typing rules of
L in terms of their counterparts of F. In this sense, the
reconstruction algorithms for logical frameworks are generic
algorithms similar to ours.

We deviate partially from the logical framework approach.
We still represent the operators and notations of L as MMT
theories. But we do not fix a type system for MMT. Instead,
we assume that the type system for L is provided by a plugin
that supplies the code for individual inference rules.

This makes it harder to supply inference rules in practice:
Rules can no longer be specified declaratively but must be
programmed. But this also gives us more freedom: The rules
of L can use case distinctions, side conditions, or arbitrary
computations; they can be generated dynamically; and they
can provide customized error messages. In any case, our
implementation minimizes the programming cost by offering
simple plugin interfaces.

In particular, MMT can serve as a meta-framework in
which logical frameworks are developed. Indeed, our ex-
amples easily implement powerful extensions of LF.

Overview.

We present the MMT language and system in Sect. 2 and 3.
Then we describe the type reconstruction algorithm and our
examples in Sect. 4 and 5. In Sect. 6, we describe how type

Theory X = -|X, c[: E][= E][#N]
Context I' == -|T,z:FE

Term E = clz|cT;EY)
Notation N == (V.| A, |string)”

Figure 1: MMT Grammar

type #  type
kind #  kind

Pi # (VA
lambda # [Vi]A2
apply # A1 A
arrow # A= A

Figure 2: Syntax of LF in MMT

A theory ¥ is a list of constant declarations. A con-
stant declaration is of the form c[: A][= t][#N] where c is
an identifier, A is its type, t its definiens, and N its nota-
tion, all of which are optional. A context I is very similar
to a theory and declares typed variables.

Type and definiens are terms, which are formed from
constants ¢, variables z, and complex terms ¢(I'; B, . .., Ey).

Our complex terms are a very general construct that sub-
sumes binding and application: c is called the head of the
term, I' declares the bound variables, and the E; are the
arguments.

The variables declared in I' are bound in the arguments
FE;, and the usual definition of substitution can be general-
ized easily. If F is a term using the free variables z1,...,2;
and v = t1,...,t is a list of terms, we write E[y] for the
result of substituting each x; with ;.

In a complex term, both bound variables and arguments
are optional. For example, I' = - yields the case of n-ary non-
binding operators; and if the numbers of bound variables and
arguments are both 1, we obtain the usual binding operators
such as A or V. In particular, MMT does not fix the set of
binding operators, which yields very high level of generality.

If a constant ¢ has a notation N, then N is used for the
concrete representation of complex terms with head ¢: V,
refers to the n-th bound variable, A,, to the n-th argument,
and these are interspersed with arbitrary delimiters. Argu-
ments that are not mentioned by the notation are implicit
and inferred by reconstruction.

tp : type # tp
tm 1 tp — type # tm Ay

reconstruction interacts with other generic advanced fea- Sigma: {A}(tmA — tp) — tp # XA
tures of MMT, namely module system, parsing, and graph- pair :{A,BH{a:tmA}tn(Ba) = tn(X[z]Bx) # (As,.As)
ical user interface. In Sect. 7, we revisit some related work pil :{A,B}tn(Z[z:tmA]Bz) > tmA # pil Az
and conclude. pi2 {A,BHt:tn(Z[z:tmA]Bz)}tm (B (pilt) # pil As

The implementation of the MMT system are available at
https://svn.kwarc.info/repos/MMT/doc/html/index.html.
All examples given throughout the paper are reconstructed

successfully.

Figure 3: Syntax of Sigma Types in MMT /LF

The syntax of MMT is generic in the sense that MMT has
no built-in constants c¢. Therefore, to form any terms at
all, we first have to declare some constants for the primitive
operators of the desired logic:

2. THE MMT LANGUAGE

In this section, we fix the syntax of MMT. The grammar is
given in Fig. 1. This is essentially a fragment of the grammar
we used in [RK13] except that notations are novel.

Ezample 2.1 (LF as an MMT Theory). To obtain the syntax
of the logical framework LF, we use the theory shown in


https://svn.kwarc.info/repos/MMT/doc/html/index.html

Fig. 2. It declares one constant for each primitive concept
of LF and a notation for it.

For example, in a A-abstraction lambda(z : A;t), lambda is
the head, = : A the single variable binding, and ¢ the single
argument. The notation declares [z : A]t as its concrete
representation. Similarly, in an application apply(:; f,t),
apply is the head, no variables are bound, and f and ¢ are
the arguments. The concrete representation is f t.

Then we can extend such a theory with the usual typed
declarations:

Ezample 2.2 (Sigma Types as an MMT/LF Theory). Fig. 3
gives a Church-style encoding of dependent product types
in LF, which we revisit in Ex. 5.3.

Here we already use implicit arguments and omitted vari-
able types to be reconstructed later.

X 3 is a valid theory

Fs= T I'" is a valid X-context

T'kst: A t has type A

I's E=F | E and E’ are equal

ks _: A A is inhabitable

I'Fs UUNIV | I'Fs _: A whenever 'y A: U

Figure 4: Judgments

MMT uses the judgments given in Fig. 4. The rules for
theories and contexts are given in Fig. 5. Theories and con-
texts are valid if all declarations are. If a type is provided,
it must be inhabitable; if a definiens is provided, it must
be typed by the type. Variables in contexts may shadow
other variables or constants, but constant names must be
unique within the theory. The corresponding lookup rules
are straightforward.

The rules for theories and context are generic in the sense
that they are fixed by MMT and are the same for every
language represented in MMT. The judgments for terms, on
the other hand, can be defined (almost) arbitrarily.

More concretely, we define: An MMT language is any def-
inition of the judgments for typing, equality, universe, and
inhabitability that is closed under the rules given in Fig. 6.
These rules specify the behavior of equality: binding admits
a-conversion, and equality is an equivalence and congruence
relation.

Ezample 2.3 (LF as an MMT Language). We extend Ex. 2.1
with the following rules where U ranges over {type,kind}

F= T F= T

t UNIV
I' s type : kind ype I' s U UNIV

The latter uses the universe judgments, which is an abbre-
viation to easily make many terms inhabitable: It says that
any term typed by type or kind is inhabitable, i.e., LF-types
and LF-kinds may appear as the types of MMT constants and
variables.

Moreover, we add the well-known typing rules for depen-
dent function types

I'ks A:type F,x:Al—zB:UPi
Pty {z: A}B:U
ks {z:A}B:U P,m:Ath:Blambda

Pbks[z:Alt: {z: A}B

valid theories:
=X [-l—z,:A] [‘l—gt:A] CQZ

[ E X, o A= 1]
valid contexts:
X Fes D' Thxy_: A
Fs - Fe T, c: A
lookup in theories:
FY ¢:AinX FY c¢=tinX
Fsc: A Fec=t

lookup in contexts:

Fex '  x:Ain T, rightmost if multiple
Thksxz: A

Figure 5: Rules for Theories and Contexts

by f:{z:A}B Ttxt:A
Ths ft: B[]

apply

which correspond to the rules (x, *) and (x,0) of pure type
systems. Note that these ensure that only typed but not
kinded variables may be bound by lambda and Pi.

In addition to the equality rules from Fig. 6, we use the
rules for 5 and n-equality.

Assumptions MMT Makes.

A completely generic framework would be useless. In-
stead, it is important to ask exactly which assumptions a
framework makes. We discuss the most interesting ones.

The lookup rules imply that weakening and exchange are
admissible rules, i.e., MMT cannot represent substructural
languages. Because MMT focuses on representing theories,
a substructural version of MMT would be extremely weak
(and we suspect hardly useful).

The lookup of the definiens implies that constants are al-
ways equal to their definiens. Some systems reject this rule
in order to avoid inefficient definition expansion steps. How-
ever, because MMT does not automatically normalize terms,
the presence of this rule only legalizes definition expansion
and does not enforce it.

The congruence rule for typing implies subject reduction.
This assumption is usually reasonable, but it is typically
treated as an admissible. It is necessary to make sure that
MMT can perform equality reasoning in any term.

For the same reason, the congruence rule for complex
terms permits equality conversion under a binder. Special-
ized to lambda, this is called the &-rule. & is sometimes
rejected, but we argue that its nature as a congruence rule
justifies assuming it. (Recall that in the presence of 8, n and
£ together are equivalent to extensionality. We hold that n
should be rejected if extensionality is to be avoided.)

Assumptions MMT Does Not Make.
MMT terms subsume all types, kinds, universes, proposi-
tions, proofs, etc. None of these are distinguished by MMT.
Consequently, typing and equality can be arbitrary binary
relations between terms, and inhabitability can be any unary



a-conversion:
Ai = Ailyr, -, yisa] Bl = Eilyl, - 90
—
Ths c(Ym : Am; B, ... En) = c(ym : A EY ..o EL)

equality is equivalence:

Tbs E=E

TFsE=E TrsE=E

Ity E=E Tty E =E
TFs B/ = E"

equality is congruence:
e e
F,yi_liAi_l |_Z Az:A; F,ymIAm '_E EZZE:

—
Tks c(Ym : Am; Evy ooy En) = c(ym - Al EY ..o EL)

kst A IF'kst=1t Ty A=A
Tkt A
I'kFs_: A ks A=A
by A

—
Notation: ym : Am =y1: A1,...,Ym : Am

Figure 6: Rules for Equality

property of terms (as long as they admit the rules from
Fig. 6.

MMT does not restrict how terms are formed — theories
can declare any constant and use it as an operator or binder
of any arity.

It is always possible to add constants without type or
definiens (as in Ex. 2.1). However, as no lookup rules ap-
ply, ¢ can only be used validly by an MMT language that
postulates judgments about ¢ (as we do in Ex. 2.3).

We do not assume that canonical forms exists. In fact, the
judgments may even be undecidable, and MMT languages
may perform arbitrary theorem proving or computation to
define the judgments.

MwmT hardly restricts what declarations can occur in theo-
ries or contexts. Instead, languages are free to define the in-
habitability judgment. Declarations of inductive and record
types, however, are not directly possible. This is intentional
because we will provide for them in an orthogonal way in
the future.

3. THE MMT SYSTEM

The kernel of the MMT system implements the data struc-
tures for theories, contexts, terms, and judgments. More-
over, it provides the infrastructure for authoring, analyzing,
and maintaining them.

The system is designed to be maximally generic: All al-
gorithms work in the same way for every MMT language.
Whenever language-specific knowledge (e.g., inference rules)
is required, MMT encapsulates it in abstract interfaces (e.g.,
an inference rule could provide a function that takes a goal
and returns subgoals). Language-specific implementations
arise as MMT plugins that register appropriate instances of

these interfaces (e.g., one instance for every needed inference
rule).

The main achievement of MMT is to demonstrate that
the generic parts of complex algorithms can dramatically
outweigh the language-specific ones. In Sect. 6, we briefly
showcase some examples, in particular the module system
and the user interface.

In the following, we give an overview of those abstract in-
terfaces that are most relevant for defining MMT languages.

Lexing and Parsing Rules.

MMT plugins may register additional lexing and parsing
rules. However, because all operators must be declared as
MMT constants and can have very flexible notations, MMT’s
generic implementation of lexing and parsing is almost al-
ways sufficient.

The only exception are literals, in which case additional
lexing rules can be provided as described in [Rabl4b].

Inference Rules.

The type reconstruction algorithm we will describe in Sect. 4
provides several new abstract interfaces for various kinds of
inference rules. These include, e.g., rules for type inference
and equality checking. The central step of implementing an
MwMmT language is to register the appropriate rules.

Substitution.

MwmT’s default implementation applies substitutions im-
mediately. But every subterm caches its free variables so
that substitution only recurses where necessary.

Using an appropriate constant for an additional binder,
plugins can provide alternative implementations that use ex-
plicit substitutions. In that case, additional inference rules
have to be supplied.

Change Listeners.

While MMT validates a theory (by applying the rules in
Fig. 5), it calls change listeners registered by plugins.

In particular, a change listener can provide functions to
be called when a constant declaration is added, deleted, or
updated. A typical application of change listeners is to elab-
orate high-level into low-level declarations.

4. GENERIC TYPE RECONSTRUCTION

The main component of MMT’s type reconstruction algo-
rithm is the solver. It takes a judgment with some unknown
meta-variables and tries to derive the judgment and find so-
lutions for the meta-variables. It does so by performing a
bidirectional type-checking algorithm in which goals are de-
layed if the presence of unsolved meta-variables precludes
progress.

The solver consists of 6 mutually recursively algorithms
and 7 abstract interfaces for inference rules. Plugins may
provide any number of instances for these 7 interfaces. No
instances are hard-coded by MMT.

4 checking algorithms each take a judgment (typing, equal-
ity, inhabitability, or universe judgment) and return a boolean.
Type inference and simplification take a term in context
and optionally return another term. Each algorithm per-
forms some reasoning generically and relegates to rules for
language-specific reasoning. For example, type inference of
constants and variables is handled generically by lookup;



type inference of a complex term uses the head to choose a
type inference rule.

Below we describe the solver as well as the 6 algorithms
and the 7 rule interfaces.

Parsing.

Type reconstruction is implemented independently of pars-
ing. However, the generic notation-based parser of MMT can
provide the input for reconstruction.

In that case, the parser uses the notations to determine the
positions of implicit arguments and omitted variable types
and inserts fresh meta-variables for them.

Because meta-variables represent closed terms, each meta-
variable is applied to the list of bound variables in whose
scope it occurs.

4.1 The Solver

The input to the solver consists of a theory ¥ and a X, M-
judgment J that is to be proved. Here M = X;i,..., X, is
a theory declaring one constant for each unknown meta-
variable. Each X; represents an unknown closed term that
occurs in J and is to be solved.

The solver maintains M statefully. Initially, the X; have
neither type nor definiens. Once these are inferred, they are
added to M.

Check-Delay-Activate Loop.

Additionally, the solver statefully maintains a list G of
open goals, which initially contains only the judgment .J.
Each open goal may be activatable or non-activatable.

The solver performs a loop, which picks the next activat-
able open goal and calls the respective checking algorithm
on it. If this returns false, J has been disproved. Otherwise,
the loop repeats. If no open goal is left to pick, J has been
proved. If open goals are left but no activatable ones, the
solver is unable to prove or disprove J.

Open Goals.

There are two kinds of open goals. A delayed judg-
ments j is a judgment for which no progress is possible
because unsolved meta-variables preclude picking an appro-
priate rule. j becomes activatable if a meta-variable is solved
that occurs in j.

A delayed inference is a function that must be called
on the inferred type of a term ¢, but which cannot be called
because unsolved meta-variables preclude inferring the type
of t. A delayed inference becomes activatable if a meta-
variable is solved that occurs in t.

Solver Interface.
All algorithms and rules have access to the following func-
tions to change the solver’s state:
e check takes a judgment and calls the respective check-
ing algorithm.
e delay check takes a judgment and appends it to G.
e infer takes a term in context and tries to infer its type.
e delay inference takes a pair of a term in context and
a continuation function and appends it to G.
e simplify takes a term in context and simplifies it.
e solve definiens takes a judgment - Fx X = E and
(i) if M already contains a definiens E’ for X, checks
-bs E = E’; or (ii) sets M as the definiens of X in
M.

e solve type takes a judgment - 5 X : E and proceeds
accordingly.
e new meta-variable takes a list Y = Y7,...,Y, of
fresh meta-variables and an existing meta-variable X
and inserts Y into M before X.
check, infer, and simplify give access to the 6 algorithms
mentioned above. If check or infer gets stuck due to un-
solved meta-variables, we can call delay check or delay
inference instead.
solve definiens and solve type are called whenever new
information about a meta-variable is inferred.
new meta-variable is usually called together with solve
definiens to perform a variable transformation. For exam-
ple, in a language with product types, if we find out that X
must be a pair, we can add new meta-variables Y7 and Y3
before X and solve X as (Y1, Y2).

4.2 The Algorithms and Rule Interfaces

Each of the 6 algorithms is partnered with a rule interface
that has the same input/output signature. Each algorithm
determines if an applicable rule is available; if so, it rele-
gates to it. Therefore, each of these 6 rule interfaces names
an MMT constant ¢ and is applicable to all complex terms
with head ¢. For example, an inference rule for lambda is
applicable to all terms whose head is lambda.

Additionally, a 7th rule interface is used for solution rules,
which come up during equality checking.

Inhabitability Checking.

To check I' 5. _: A, we relegate to an inhabitability rule
applicable to A. If no rule exists, we infer the type of A, say
U, and check I' -y U UNIV. If type inference fails, we delay
the judgment.

Universe Checking.
To check I' x, U UNIV, we relegate to a universe rule
applicable to U. If no rule exists, we delay the judgment.

Type Checking.

To check I' Fx ¢ : A, if t is a meta-variable, we call solve
type. Otherwise, we simplify A until a typing rule is appli-
cable to A and relegate to it. If there is no rule, we infer the
type of t as A’ and check I' s A = A'.

Type Inference.
Type inference takes a term ¢ in context I' and optionally
returns a term. We proceed based on ¢:

e If ¢ is constant, meta-variable, or variable, we look up
its type in X, M, or I, respectively. If no type is given,
we return nothing.

e [f there is an inference rule applicable to t, we relegate
to it.

e Otherwise, we return nothing.

Equality Checking.
Equality checking takes a judgment j of the form I' Fx
E = E’ and optionally the known type A of E and E’.
A solution rule r takes an equality judgment j and op-
tionally returns a different equality judgment j’.
e If £ and F’ are identical, we return true.
e If F is a meta-variable X, we call solve definiens.
e If there is a solution rule, which returns j° when ap-



plied to j (or to the symmetric case of j), we check
./
3.
e If none of the above applies, we proceed as follows:
1. If A is not provided, we determine it using type

inference of E or E’. If both fail, we delay j.

2. We simplify A until there is an equality rule ap-
plicable to A. If so, we relegate to it.

3. If there is no applicable rule, we simplify E or E’
and repeat the equality check.

4. If neither E nor E’ can be simplified further:

(a) If G has an activatable goal, we delay j.

(b) Otherwise, if E and E’ have the same head,
we return the conjunction of the results of
checking the equality of all arguments. If the
heads differ, we return false.

The condition in (a) is important because solving addi-
tional meta-variables followed by simplification may change
the heads of F and E’.

Simplification.

Simplification takes a term ¢ in context I'. If it can sim-
plify ¢, it returns the simplified term. Simplification is not
exhaustive and applies at most one simplification rule.

If E is a variable, we return nothing. If F is a constant
or meta-variable with definiens d, we return d. If there is no
definiens, we return nothing.

If F' is a complex term ¢(z1 : A1, ..., Tm : Am; E1,..., Ey),
we return the first term returned by an applicable simplifi-
cation rule.

If no applicable simplification rule returns a term, we iter-
atively call simplification on Eu, ..., E,, A1, ..., Ay (in that
order) until one of them can be simplified. In that case, we
return the result of replacing the respective subterm in E.
If no E; or A; can be simplified, we return nothing.

5. SPECIFIC LANGUAGES

5.1 LF

To implement LF, we build a plugin that adds the follow-
ing 9 rules to MMT. The whole plugin takes about 200 lines
of code.

We provide one inference rule each for type, Pi, lambda,
and apply. Each takes a term F in context I'. For example,
the rule for Pi matches F against {x : A}B, checks I' 5
A : type and returns the result of inferring B in context
I'z: A.

Only the inference rule for apply, which matches E against
ft, is not straightforward. It tries to infer the type of f,
matches it against {x : A}B, checks ' Fx t: A, and re-
turns B[t]. But if f = X is a meta-variable, whose type
is not solved yet, we do not know A and B. Therefore, we
perform a meta-variable transformation: We introduce new
meta-variables X' and X2 before X and solve the type of
X as {x : X'} X?x. Thus, meta-variables of function type
are decomposed into meta-variables of smaller types, which
can then be solved separately. In the more complex case
where f = X x1 ... z, and the type of X is not solved yet,
we proceed accordingly.

We add a straightforward typing rule for Pi, which re-
duces 'k E:{z: A}Btol,z: Atx Ex: B.

We add an equality rule for Pi that implements exten-
sionality (and thus implies 1). It takes I' Fs; E = E’ at type
{z: A}B and checks ',z : A+s Exz = E'z at type B.

We add two simplification rules. The relation between
arrow and Pi is implemented by a rule that simplifies A — B
to {z : A}B for a fresh variable z. And S-reduction takes
([ : AJt) a in context I', checks I' 5 a : A, and returns t[a].

Finally, we add one solution rule. If works on equality
judgments of the form I' by X 1 ... x, = E where X is
an unknown meta-variable and the z; are distinct bound
variables of type A;. In that case, it returns I' by X =
[x1: A1,...,zn : Ap)E’. Intuitively, this rule applies n and
congruence in order to isolate X.

5.2 Polymorphic LF

Full polymorphism is a relatively complex language fea-
ture: It allows lambda and Pi to bind kinded variables as
well. By comparison shallow (or ML-style) polymorphism is
rather harmless and can be combined with most type theo-
ries. It restricts polymorphism to be used only at toplevel:
In a declaration ¢ : A[= t], A may Pi-bind and ¢ may lambda-
bind kinded variables.

In MMT, maybe surprisingly, adding shallow polymor-
phism to LF requires only a single rule: the following in-
habitability rule for Pi. To check I' bx _: {z : A}B, this
rule makes two recursive checks. Firstly, it calls delay in-
ference on A with the continuation function that takes the
type U of A and checks I' Fx U UNIV. Secondly, it checks
I'z: AFs _: B. We call the resulting language PLF.

Inspecting the rules provided for LF above, we see that
this is indeed all we need. The checking and equality rules
for Pi as well as the solution rule and the simplification
rule for S-reduction can be easily reused for kinded vari-
ables. The inference rules for lambda and Pi reject kinded
variables. But at toplevel (i.e., when checking a declaration
¢ : A]= t]) these inference rules are never applied: When
checking - Fx _ : A, we apply the new rule above; when
checking - Fx t: A, A must be functional if we apply the
typing rule for Pi.

Note that we can omit the kind of kinded variables in the
same way as we omit the type of typed variables. We can
also make kinded arguments implicit in the same way as
typed arguments. This does not require any changes to the
type reconstruction algorithm.

Above, it is important that we use delay inference instead
of inference. If we omit the kind of a type variable, A will
be an unknown meta-variable so that the inference will only
succeed later point.

Ezample 5.1 (Polymorphic Equality). Representing languages
with equality in LF is tedious because we have to represent
equality separately at every type, including a congruence
rule for every pair of types. In PLF, we can use, e.g.,

equal :{a:typela — a — type H#As = A3
refl Aoz :alz ==z

cong term: {a: type,z:a,y,b,f:a—=blr=y— fx=fy
cong type : {a,z:a,y,b:a — typelx =y — bz — by

Symmetry and transitivity are now definable.

Ezample 5.2 (Dependently-Typed Higher-Order Logic). We
obtain a dependently-typed analog DHOL of higher-order
logic HOL such that DHOL is to LF as HOL is to simple
type theory:

prop : type
ded :prop — type
equal : {a : type}a — a — prop



Now the propositional connectives and polymorphic quan-
tifiers can be defined from equality in the same way as for
Andrews-style HOL. Prawitz-style DHOL, where universal
quantification and implication are primitive, can be defined
accordingly.

5.3 LF-modulo

We now extend LF to LF-modulo in the style of [CDO07].
To implement it within MMT, we reflect certain constant
declarations as simplification rules at run time.

We achieve this by registering a change listener L. When
MMT has validated a constant declaration ¢ : A[= ¢], it calls
L on it. If A can be interpreted as a simplification rule, L
generates the rule and dynamically adds it to MMT. Thus,
later declarations can make use of it. Similarly, when the
declaration is deleted, L unregisters the generated rule. The
whole plugin requires only about 100 lines of code.

We have some freedom in which declarations we reflect
because we may not be able or willing to reflect any type A.
In the sequel, we describe a very simple solution.

We make two conventions how users can tell our plu-
gin which constants should be reflceted. Firstly, constants
whose name ends in __equal are equality judgments, e.g., we
can extend Fig.3 with

_equal : {a: tp}tma — tma — type H#A> = A3

Secondly, constants whose name ends in __rule are reflected.
These must have a type of the form {z1,...,z,} elr where
e is an equality judgment [ is a term of pattern shape and r
is any term.

The intuition is that such a constant represents the rule
[ ~ r. Our plugin implements that by adding a simplifica-
tion rule that takes l[t1,...,t,] and returns r[t1, ..., txs].

Ezample 5.3 (Dependent Product Types). Consider the dec-
larations from Fig. 3 and the declaration of __equal above.
We add the following declarations for the appropriate con-
version rules

pil_rule :{A,B,a:tmnA,b:tm(Ba)}pil(a,b) =a
pi2_rule :{A,B,a:tmA,b:tm(Ba)}pi2(a,b) =b
pair_rule : {A,B,t:tmn(X[z : tm A]|Bz)}t = (pilt,pi2t)

This encoding is not well-typed in LF. The problem is that
the arguments of = in pi2_ rule do not have the same type,
namely tm (B (pil (pairab))) and tm(Ba).

But in LF-modulo, the simplification rule generated from
pil_rule makes those two types equal.

6. GENERIC FEATURES

The value of our implementation increases dramatically if
it is seen together with other advanced features that MMT
provides generically. Therefore, we sketch the interplay of
some of these features with the present work.

Module System.

The MMT module system [RK13] permits building com-
posed theories using union, instantiation, and translation.
This applies both to the MMT theories we use to represent
languages and to the theories of these languages. Impor-
tantly, this makes it possible to translate developments be-
tween languages, e.g., we can retain the old library when
migrating to a modified language.

The module system is orthogonal to type reconstruction:
When implementing individual rules, modularity is trans-
parent to the developer.

User Interface.

MMT includes a IDE-style user interface [Rabl4a] based
on the jEdit text editor. It includes advanced features such
as context-sensitive auto-completion, search, and change man-
agement.

The results of type reconstruction are added to the ab-
stract syntax tree, which is displayed in a sidebar in the
editor. Moreover, inferred types and implicit arguments are
shown as tooltips when hovering over a variable or constant,
respectively. Hovering over a selected subterm dynamically
runs type inference and displays the result. All IDE func-
tionality degrades gracefully: If reconstruction cannot solve
all unknowns, the IDE works with the partial solution, is
crucial to find errors.

The reconstruction algorithm traces all steps, and indi-
vidual rules may insert custom messages into the trace tree.
For example, the inference rule for apply adds a message
about the expected type to the branch in which it checks
the argument. If reconstruction finds a typing error, the
IDE shows the list of all trace messages on the branch that
led to the error. This is important because early messages
on the trace are often more helpful than later ones.

7. CONCLUSION

Contribution.

We have investigated the type theoretical properties of the
MMT language and system. Our work aims at a systematic
separation of concerns between (i) the small scale definition
of a type theory by giving operators, notations, and typing
rules, and (ii) a large scale implementation that is realized
generically for all languages. This enables a rapid prototyp-
ing effect where developers can focus on the type theoretical
essentials and obtain a major implementation at extremely
low cost.

We have applied our system to obtain implementations of
LF, LF with shallow polymorphism, and LF-modulo. (Due
to the modular nature of MMT, we obtain a fourth exam-
ple by combining the latter two.) We also mention that
[Rab14b] recently developed an abstract interface that per-
mits adding any literals to any MMT language.

We have demonstrated the feasibility of this approach by
describing a generic type reconstruction algorithm at the
MMT level integrating it with other generic features of MMT:
module system and IDE. In all cases, the generic code is
several orders of magnitude larger than the language-specific
generic code.

Related Work.

We revisit some related work specific to our examples.
The closest relatives of our LF implementation are Twelf
[PS99], Beluga [PD10], and Delfin [PS08]. These employ
similar type reconstruction algorithms [Piel3].

The main difference is that they allow free variables, which
are abstracted once their types are inferred (including ad-
ditional variables that only occur in these inferred types).
Our algorithm does not support that at this point and re-
quires all variables to be bound a priori. This makes it more



similar to the ones in Agda [Nor05] and Matita [ACTZ06].

The importance of abstraction already becomes clear in
our examples. For example, in Ex. 5.1, we have to tediously
bind a, b, etc. Therefore, we plan to strengthen our algo-
rithm by generalizing Twelf-style abstraction to MMT. Our
idea is that if no open goals are left and for some meta-
variables only the type but not the definiens has been solved,
we can abstract over these meta-variables and make them
additional implicit arguments.

Moreover, LF-specific algorithms exploit the canonical form
theorem of LF. This is not possible at the generic MMT level
because MMT cannot tell whether canonical forms exist in a
specific case. Finally, our algorithm differs by using kinded
meta-variables, which works very well at the MMT level but
can be unnecessarily complex for a pure LF algorithm.

The closest relative of our LF-modulo implementation is
the Dedukti system [BCH12]. Dedukti does not support
type reconstruction and focuses on fast type checking. It
permits more general rewrite rules than we but requires all
rewrite rules for the same toplevel symbol to be grouped
together.

Our polymorphic variant of LF can be seen as combin-
ing features of two logical frameworks: the dependent types
of LF and the polymorphic higher-order logic of Isabelle
[Pau94].

Future Work.

We expect that our approach can be generalized substan-
tially. We plan to add a subtyping judgment and generalize
existing reconstruction algorithms that support subtyping
to the MMT level. This should also include the reconstruc-
tion of implicit coercions. Here the description in [ARCT12]
is a good starting point.

We have tentatively added support for a second kind of
equality rule to handle a goal E = E’ : A: Here, instead
of the head of A, we use the pair of heads of £ and E’ to
choose an applicable rule. We expect that this will generalize
unification in the style of canonical instances [GGMR09] or
unification hints [ARCT09] to MMT.

In orthogonal work, we are developing a generic treatment
of inductive and record types in MMT. Once available, we
plan to generalize our implementation of type reconstruction
accordingly. We cannot say yet how difficult this will be.
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